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1 Rational Cherednik algebras

1.1 Smash-product algebras.

We are interested in filtered deformations of the algebra C[Symn(C2)] = C[(C2)⊕n]Sn = C[h⊕h∗]Sn . Here and for the
rest of these notes we denote h := Cn. The deformations of C[h⊕h∗]Sn we are going to produce arise from deformations
of a closely related noncommutative algebra, the smash-product C[h⊕ h∗]#Sn. Let us define this algebra in a greater
generality.

Let A be an associative algebra with an action of a finite group G by algebra automorphisms. The smash product
algebra A#G is, as a vector space, simply A ⊗ CG. The product is given on pure tensors by (f1 ⊗ g1)(f2 ⊗ g2) =
f1g1(f2)⊗g1g2 and is extended bilinearly. Note that the assignment g 7→ 1⊗g (resp. a 7→ a⊗1) identifies CG (resp. A)
with a subalgebra of A#G. Consider the trivial idempotent e = 1

|G|
∑
g∈G g ∈ A#G and the corresponding spherical

subalgebra e(A#G)e. Note that this is not a unital subalgebra of A#G, but e is the unit in the spherical subalgebra.
The connection of the smash product algebra with the algebra of invariants is given by the following result, whose
proof is an exercise.

Proposition 1.1 The map a 7→ ae = ea = eae from AG to e(A#G)e is an isomorphism of algebras.

Let us now explain how deformations of C[h⊕h∗]#Sn are related to deformations of C[h⊕h∗]Sn . First of all, note
that the smash-product C[h⊕ h∗]#Sn is graded, with Sn on degree 0 and h, h∗ on degree 1. Let A =

⋃
n≥0A≤n be a

filtered deformation of C[h ⊕ h∗]#Sn, that is, grA = C[h ⊕ h∗]Sn . Note that it follows that CSn ⊆ A≤0, so we can
consider the spherical subalgebra eAe. This algebra inherits a filtration from A, (eAe)≤n = eA≤ne.

Proposition 1.2 We have gr(eAe) = e(C[h⊕ h∗]#Sn)e = C[h⊕ h∗]Sn .

So we can get filtered deformations of C[h ⊕ h∗]Sn from those of the smash-product algebra. Even though this
algebra is no longer commutative, a presentation by generators and relations is easier. Namely, we have:

C[h⊕ h∗]#Sn = (T (h⊕ h∗)#Sn)/(x⊗ y − y ⊗ x, x, y ∈ h⊕ h∗).

Note that T (h ⊕ h∗)#Sn inherits a filtration from T (h ⊕ h∗) (again, we put CSn in degree 0). So, to get a
deformation of C[h ⊕ h∗]#Sn we can correct the commutation relation on T (h ⊕ h∗)#Sn by [x, y] = β(x, y), where
β(x, y) ∈ (T (h ⊕ h∗)#Sn)≤1 = CSn ⊕ (h ⊕ h∗) ⊗ CSn. This is what we’re going to do to define rational Cherednik
algebras. But before, let us look at another motivation via Dunkl operators.

1.2 Dunkl operators.

For i 6= j ∈ {1, . . . , n}, let sij ∈ Sn denote the transposition i ↔ j. For each reflection sij ∈ Sn, let Pij ⊆ h denote
the reflection hyperplane associated to sij , that is, Pij = {xi = xj}, where xi ∈ h∗ is the standard i-th coordinate
function. Let hreg = h \

⋃
i<j Pij . Note that hreg is the locus where the action of Sn is free, that it is Zariski open,

and hreg = h \ {
∏
i<j(xi − xj) = 0}. Let D(hreg) be the algebra of algebraic differential operators on hreg. Note that

Sn acts on hreg and therefore it also acts on D(hreg).

Definition 1.3 For any i = 1, . . . , n, t, c ∈ C, the Dunkl operator is defined to be

Di = t
∂

∂xi
− c

∑
j 6=i

1

xi − xj
(1− sij) ∈ D(hreg)#Sn. (1)
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Note that for σ ∈ Sn we have σDiσ
−1 = Dσ(i). Also, for j 6= i:

[Di, xj ] = csij ,

and

[Di, xi] = t−
∑
j 6=i

csij .

Finally, we have the following important technical lemma.

Lemma 1.4 Dunkl operators Di, Dj commute.

Proof. The proof is left as an exercise for the reader.�

In our discussion, we will need a slightly modified version of the construction above. Namely, let ~ be a variable
and consider Rees~(D(hreg)#Sn), the Rees algebra with respect to the usual filtration on D(hreg) by the order of a
differential operator (and Sn is in filtration degree 0). Recall that this is

⊕
n≥0(D(hreg)#Sn)≤n~n ⊆ D(hreg)#Sn[~].

Then, let

D~
i = ~

∂

∂xi
− c

∑
i 6=j

1

xi − xj
(1− sij) ∈ Rees~(D(hreg)#Sn).

Clearly, the relations above also hold in this setting if we replace t by ~. The reason why we pass to the Rees
algebra is the following: note that for t 6= 0, setting ~ = t we recover the notion of Dunkl operators above. However,
this is no longer true for t = 0. Recall that Rees~(D(hreg)#Sn)/(~) = gr(D(hreg)#Sn) = C[hreg × h∗]#Sn. So we
have:

D0
i = yi − c

∑
i 6=j

1

xi − xj
(1− sij) ∈ C[hreg × h∗]#Sn,

where yi ∈ h in the right hand side is dual to xi ∈ h∗.

1.3 Rational Cherednik algebras of type A.

For c ∈ C, let H~,c be the C[~]-subalgebra inside Rees~(D(hreg))#Sn generated by h∗, Sn, and Dunkl operators D~
i ,

i = 1, . . . , n.

Proposition 1.5 The algebra H~,c is the quotient of (C〈x1, . . . , xn, y1, . . . , yn〉#Sn)[~] by the ideal generated by the
following relations

[xi, xj ] = 0, [yi, yj ] = 0, [yi, xj ] = csij [yi, xi] = ~−
∑
j 6=i

csij . (2)

For i, j = 1, . . . , n.

Proof. Denote the algebra defined in the proposition by H ′. By the results of Subsection 1.2 it is clear that we
have an epimorphism H ′ → H~,c defined via xi 7→ xi, yi 7→ D~

i , Sn 3 σ 7→ σ. Let us show that this is injec-

tive. It is clear by its definition that H ′ is generated, over C[~], by elements of the form (
∏n
i=1 x

ai
i )
(∏n

i=1 y
bi
i

)
σ.

Note that the algebra Rees(D(hreg)#Sn) can be filtered by the ordered of a differential operator, and its associated
graded is (C[hreg × h∗]#Sn)[~]. The symbols of the elements (

∏n
i=1 x

ai
i )
(∏n

i=1(D~
i )bi

)
σ in (C[T ∗(hreg)]#Sn)[~] =

(C[hreg ⊕ h∗]#Sn)[~] are clearly linearly independent, so the result follows. �

Now we specialize ~ to be a complex number.

Definition 1.6 For t, c ∈ C, the rational Cherednik algebra Ht,c associated to t, c is the quotient of the algebra
C〈x1, . . . , xn, y1, . . . , yn〉#Sn by the following relations:

[xi, xj ] = 0, [yi, yj ] = 0, [yi, xj ] = csij [yi, xi] = t−
∑
j 6=i

csij . (3)

For i, j = 1, . . . , n. In other words, Ht,c = H~,c/(~− t).
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So, for example, H0,0 = C[x1, . . . , xn, y1 . . . , yn]#Sn, and H1,0 = D(Cn)#Sn.

Note that, by definition, for every t ∈ C×, c ∈ C, using Dunkl operators we get an injective homomorphism

Θt,c : Ht,c → D(hreg)#Sn, (4)

given by Θt,c(xi) = xi, Θt,c(yi) = Di. For t = 0, we get

Θ0,c : H0,c → C[hreg × h∗]#Sn, (5)

given by similar formulae.

Remark 1.7 From the relations (3) it’s not hard to see that, if λ ∈ C×, then we get a natural isomorphism Ht,c →
Hλt,λc. Hence, we have essentially two different cases: t = 0 and t 6= 0.

The algebra Ht,c clearly inherits a filtration from the grading in C〈x1, . . . , xn, y1 . . . , yn〉#Sn, where in the latter
algebra Sn has degree 0. The next theorem tells us that Ht,c is indeed a filtered deformation of the smash-product
algebra C[h⊕ h∗]#Sn.

Theorem 1.8 (PBW theorem for Rational Cherednik Algebras) gr(Ht,c) = C[h⊕ h∗]#Sn.

Proof. It is easy to see that we have a map C[x1, . . . , xn, y1, . . . , yn]#Sn � gr(Ht,c). From the commutation
relations it is clear that any element of Ht,c can be written as a linear combination of monomials of the form

(
∏n
i=1 x

ai
i )
(∏n

i=1 y
bi
i

)
σ, so the map is surjective. The PBW theorem, then, is equivalent to the claim that these

monomials form a basis of Ht,c, and this follows from the proof of Proposition 1.5. �

Recall that e = 1
n!

∑
σ∈Sn σ is the trivial idempotent in CSn. Then, we get.

Corollary 1.9 The spherical subalgbera eHt,ce is a filtered deformation of C[h⊕ h∗]Sn .

1.4 Rational Cherednik algebra as universal deformation.

In this subsection, we explain how a closely related algebra to Ht,c satisfies a certain universality property with respect
to deformations. Take elements xi = xi − 1

n

∑n
j=1 xj , yi = yi − 1

n

∑n
j=1 yj ∈ Ht,c. Note that

∑
xi = 0 =

∑
yi. Let

H+
t,c be the subalgebra of Ht,c generated by xi, yi and Sn. Note that we can present the algebra H+

t,c by generators
and relations as the quotient of C〈x1, . . . , xn, y1, . . . , yn〉#Sn by the relations:

n∑
i=1

xi = 0,

n∑
y=1

yi = 0, [xi, xj ] = 0, [yi, yj ] = 0, [yi, xj ] = csij −
t

n
, [yi, xi] = t

n− 1

n
−
∑
j 6=i

csij . (6)

It follows from the theory developed above that H+
t,c is a filtered deformation of the algebra C[h+ ⊕ (h+)∗]#Sn,

where h+ = {(a1, . . . , an) ∈ Cn :
∑
ai = 0} is the reflection representation of Sn. Take any deformation of the

form Hκ := T (h+ ⊕ (h+)∗)#Sn/([x, y] = κ(x, y)), where T (•) denotes tensor algebra and κ(x, y) is a map κ :∧2
(h+⊕ (h+)∗)→ CSn, κ(x, y) =

∑
σ∈Sn κσ(x, y)σ. Let us see why κ must be of the form (6). We will see that some

κσ are identically 0. First, it is an exercise to see that if grHκ = C[h+ ⊕ (h+)∗]#Sn, then κ must be Sn-equivariant
(otherwise the condition fails already in filtration degree 1). Note that

[κ(u, v), w] =
∑
σ∈Sn

κσ(u, v)(σ(w)− w)σ, (7)

this follows easily from the definition of the smash-product algebra. Now, the Jacobi identity in Hκ tells us that we
must have:

[κ(u, v), w] + [κ(v, w), u] + [κ(w, u), v] = 0

for any u, v, w ∈ h+⊕ (h+)∗. Since grHκ = C[h+⊕ (h+)∗]#Sn, the map (h+⊕ (h+)∗)⊗CSn → Hκ is injective. Then,
by (7), for every σ ∈ Sn, u, v, w ∈ h+ ⊕ (h+)∗ we have:

κσ(u, v)(σ(w)− w) + κσ(v, w)(σ(u)− u) + κσ(w, u)(σ(v)− v) = 0. (8)
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It follows that, if rank(σ − 1) > 2, then κσ must be identically 0. Since the action of Sn on h+ ⊕ (h+)∗ is lifted
from an action on h+, it follows that κσ must be identically zero unless σ = sij for some i, j or σ = 1.

Consider the case σ = sij . Note that, if k 6= i, j then sij(xk) = xk. It follows from (8) that κsij (xk, •) = 0. Simi-
larly, κsij (yk, •) = 0. Now, 2xj = xj − xi −

∑
k 6=i,j xk, and similarly for xi. From here it follows that κsij (xj , xi) = 0.

Using a similar formula for the y′s, one has that κsij (yi, xi) = −κsij (yi, xj).

Now, note that κ1 is a Sn-invariant skew-symmetric form on h+ ⊕ (h+)∗. By irreducibility of h+ and Schur’s
lemma, there is, up to scaling, a unique such form, namely the canonical symplectic form on h+ ⊕ (h+)∗ = T ∗(h+).
Finally, the Sn-equivariance of the form κ forces us to have relations of the form (6).

The discussion above makes us see that the algebra H+
~,c, where ~, c are formal variables in degree 2 (so that H+

~,c is

graded), should be a ’universal’ deformation of C[h+ ⊕ (h+)∗]#Sn. It turns out that is the case. First, let us explain
what we mean by a universal deformation. Recall that a graded deformation of a Z≥0-graded algebra A of degree n
over a vector space P , is a free, graded S(P )-algebra A where P sits in A in degree n, and such that A/AP = A.

Definition 1.10 A universal graded deformation of a Z≥0-graded algebra A of degree 2 is a graded deformation Aun
over a vector space Pun, where Pun sits inside Aun in degree 2, such that, for any other deformation A′ of A over a
vector space P ′ where P ′ sits in degree 2, there exists a unique linear map Pun → P ′ such that the deformations A′
and S(P ′)⊗S(Pun) Aun are equivalent (via a unique equivalence).

In the next subsection, we’ll see that H+
~,c is indeed a universal deformation of C[h+ ⊕ (h+)∗]#Sn.

1.5 Hochschild cohomology.

Let A be an associative algebra, and let M be an A-bimodule. The space of Hochschild n-cochains on M , Cn(A,M),
is the space of C-linear maps A⊗n →M . We have a map d : Cn(A,M)→ Cn+1(A,M) given by the formula:

df(a1 ⊗ a2 ⊗ · · · ⊗ an+1) = f(a1 ⊗ · · · ⊗ an)an+1 − f(a1 ⊗ · · · ⊗ anan+1) + f(a1 ⊗ · · · ⊗ an−1an ⊗ an+1) + · · ·
+(−1)nf(a1a2 ⊗ · · · ⊗ an) + (−1)n+1a1f(a2 ⊗ · · · ⊗ an+1).

It is an exercise to see that d2 = 0, so that we have a complex C0(A,M)→ C1(A,M)→ · · · . The cohomology of this

complex is called the Hochschild cohomology and is denoted by HH
i
(A,M). We denote HH

i
(A) := HH

i
(A,A). Note

that, using the standard resolution of the A-bimodule A, we can see that, actually, HH
i
(A,M) = ExtiA-Bimod(A,M).

Now assume that A is Z-graded, and that M is a Z-graded A-bimodule. We can modify the construction above
to get a notion of graded Hochschild cohomology as follows. Define Cn(A,M)m = {f ∈ Cn(A,M) : f((A⊗n)i) ⊆
M i+m}. Note that d(Cn(A,M)m) ⊆ Cn+1(A,M)m. So we can define HH•(A,M)m to be the cohomology of the
complex d : Cn(A,M)m → Cn+1(A,M)m, and define HH•(A,M) :=

⊕
m HH•(A,M)m. Note, however,that in general

HH
i
(A,M) 6= HHi(A,M). The following result is well-known in deformation theory.

Theorem 1.11 Assume that

• HH2(A)−2 is finite dimensional.

• HH2(A)i = 0 for i < −2.

• HH3(A)i = 0 for i < −3.

Then, modulo uniqueness of the map in the universal property, a universal graded deformation of A exists, with
Pun = (HH2(A)−2)∗.

For a proof of Theorem 1.11 see, for example, [7]. A condition that guarantees uniqueness of the map in the
universal property for a universal graded deformation is that HH1(A)i = 0 for i ≤ −2. We will not check this. Instead,
we will see uniqueness in the case of interest for us by more elementary methods.

So we need to compute HH2(A)i, i ≤ −2 and HH3(A)j , j < −3 for A = C[h+ ⊕ (h+)∗]#Sn. Let us sketch how to
do this. Let A = C[h+ ⊕ (h+)∗]. For σ ∈ Sn, define the A-bimodule Aσ as follows: as a left A-module, Aσ is just A.
The right multiplication is twisted by the action of σ: (a1σ)a2 = (a1σ(a2))σ. Note that Sn acts on the direct sum⊕

σ Aσ, γ(aσ) = γ(a)γσγ−1. Then, we get a Sn-action on
⊕

σ HHi(A,Aσ). We state without proof the following
result.
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Proposition 1.12 We have an isomorphism of graded vector spaces HHi(A#Sn) ∼=
(⊕

σ∈Sn HHi(A,Aσ)
)Sn

.

So we need to compute HHi(A,Aσ) for σ ∈ Sn. For σ ∈ Sn, pick a basis v1, . . . , v2(n−1) of h+ ⊕ (h+)∗ such that
σ = diag(σ1, . . . , σ2(n−1)). Note that every number σi is a root of 1, so we can think of σi as a member of a cyclic
group acting on Cvi. Then, we get:

Aσ :=

2(n−1)⊗
i=1

C[vi]σi.

And, by the Künneth formula,

HH•(A,Aσ) =
⊗

HH•(C[vi],C[vi]σi),

where the homological degree on the left hand side equals the sum of the homological degrees on the right hand side.
So we have reduced the problem to computing the Hochschild cohomology HH•(C[vi],C[vi]σi). Now we can use the
standard Koszul resolution of C[vi] to compute these cohomology. Since this resolution has length 1, one immediately
gets that HHj(C[vi],C[vi]σi) = 0 for j ≥ 2, regardless of the value of σi. If σi = 1, then HH0(C[vi],C[vi]) = C[vi] with
its usual grading, and HH1(C[vi],C[vi]) = C[vi], with its grading shifted by 1. If σi 6= 1, then HH•(C[vi],C[vi]σi) is
1-dimensional, concentrated in degree 1, and HH1(C[vi],C[vi]σi)

−1 = C.

Since the action of Sn on h+⊕ (h+)∗ is lifted from an action on h+, any σ ∈ Sn has an even number of eigenvalues
different from 1. From here it follows easily that HH2(A,Aσ)j = 0 for j < −2, and HH3(A,Aσ)j = 0 for j < −3. It
also follows that, unless σ = sij for some i, j, every element in HH•(A,Aσ) has homological degree at least 4. Then,

only reflections are important when computing HH2(A)−2. In fact, dim
(⊕

i,j HH2(A,Asij)
)Sn

= 2 see, for example,

[7, Exercise 7.10]. In the computation, a very important fact one uses is that h+ is an irreducible Sn-module.

So C[h+ ⊕ (h+)∗]#Sn does have a universal deformation over a vector space of dimension 2. It follows from our
computations in the previous subsection that this deformation must coincide with H+

~,c. Finally, note that, since V

and CSn generate H+
~,c over C[~, c], any self-equivalence of H+

~,c as a deformation of C[h+ ⊕ (h+)∗]#Sn must be the

identity. Hence, H+
~,c is a universal deformation.

1.6 Spherical RCA.

We return to the study of the rational Cherednik algebra Ht,c. Denote the spherical subalgebra eHt,ce by Bt,c.
Consider the Ht,c − Bt,c-bimodule Ht,ce. An exercise is to show that EndHt,c(Ht,ce) = Boppt,c . It is clear that we have
a map Ht,c → EndBt,c(Ht,ce). It turns out that this map is an isomorphism.

Theorem 1.13 (Double centralizer property) Ht,c
∼= EndBt,c(Ht,ce).

Let us outline an strategy to prove Theorem 1.13. First, we prove it in the associated graded case t, c = 0. We prove
injectivity first, which is easier, and then surjectivity of the natural map C[h ⊕ h∗]#Sn → EndC[h⊕h∗]Sn (C[h ⊕ h∗]).
After this, we can give a filtration to EndBt,c,(Ht,ce) that will reduce the general case to the associated graded one.

Injectivity of the double centralizer map in the associated graded case is straightforward. Surjectivity is harder.
To prove it, one observes that surjectivity would hold if the action of Sn on h ⊕ h∗ were free. Of course, this is not
the case here. But we can restrict to a subset of codimension 2 where this holds, and the codimension claim implies
that the map is surjective. We provide details in the Appendix, see Subsection 4.1.

Recall that for t = 0, we have the Dunkl embedding Θ0,c : H0,c → C[hreg × h∗]#Sn. Passing to spherical sub-
algebras, we get an inclusion of B0,c in C[hreg × h∗]Sn . In particular, we see that the algebra B0,c is commutative.
So it follows that the Poisson bracket {•, •}0,c induced in C[h ⊕ h∗]Sn is identically 0. Also note that the bracket
{•, •}t,c induced by Bt,c depends linearly on (t, c). It follows that {•, •}t,c = {•, •}t,0. Finally, it is easy to see from
the relations (2) that {•, •}t,0 = t{•, •}, where the latter bracket is the usual bracket on C[h⊕ h∗]Sn .

Denote by Zt,c the center of the rational Cherednik algebra Ht,c. For any values of the parameters (t, c), we have
a natural map Zt,c → Bt,c given by m 7→ em. Using the double centralizer theorem we can prove that, for t = 0, this
is actually an isomorphism.
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Theorem 1.14 (Satake isomorphism) The natural homomorphism Z0,c → B0,c is an isomorphism.

Proof. We provide an inverse homomorphism. Since B0,c is commutative, for any b ∈ B0,c multiplication by b provides
an endomorphism of the right B0,c-module H0,ce, and this endomorphism commutes with any other endomorphism.
By the double centralizer property, this endomorphism corresponds to a unique element ϕ(b) ∈ Z0,c. It is easy to
check that this is inverse to Z0,c → B0,c, m 7→ em. �

We remark that there is a natural Poisson bracket on B0,c. Namely, it is easy to see that this algebra is the
quasiclassical limit of B~,c, the spherical subalgebra of the algebra H~,c introduced in Definition 1.5. Then, we can
define the Poisson bracket as {a, b} := 1

~ [a, b] mod ~, where a, b are lifts of a, b to H~,c.

1.7 sl2-actions on the rational Cherednik algebra.

To finish this section, let us mention some sl2 actions on the rational Cherednik algebra Ht,c and its spherical subalgebra
that will be of importance later. First, assume t 6= 0, so we may as well asume t = 1. Consider the following elements
in H1,c:

E := −1

2

∑
i

x2
i , F :=

1

2

∑
i

y2
i , h :=

∑
i

xiyi + yixi
2

.

The following can be seen via a direct calculation:

Proposition 1.15 The elements (E,F,h) form an sl2-triple in H1,c, where the Lie bracket is the usual commutator.

Moreover, the induced sl2 action on H1,c is locally finite, this follows from our calculations below, see Section 3,
where the element h is of special importance. Note that [e,E] = 0, [e,F] = 0, [e,h] = 0, this is an exercise. It follows
that the spherical subalgebra eH1,ce contains the sl2 triple (Ee,Fe,he), and the induced sl2 action on eH1,ce is locally
finite so, in particular, it integrates to an action of SL2.

We would like to get an sl2-triple in the spherical subalgebra B0,c. We’ve seen in the previous subsection that this
is a Poisson algebra, with the Poisson bracket induced by the commutator in B~,c. We have the following result.

Proposition 1.16 The elements (E,F,h) form an sl2-triple in B0,c, where the Lie bracket is the natural Poisson
bracket on B0,c. The induced sl2-action on B0,c is locally finite, and it integrates to an SL2 action.

2 Representation theory at t = 0.

2.1 Irreducible representations of H0,c.

Note that the Satake isomorphism is filtered, where both Z0,c and B0,c have the inherited filtration from the one on
H0,c. By Corollary 1.9, it follows that grZ0,c = C[h⊕ h∗]Sn , so grH0,c is a finitely generated module over grZ0,c. It
follows that H0,c is finitely generated over Z0,c, so every irreducible representation of H0,c is finite dimensional.

By Schur’s lemma, the center Z0,c acts on every irreducible H0,c-module by a character. For a central character
χ : Z0,c → C, let (χ) be the ideal in H0,c generated by the kernel of χ.

Theorem 2.1 Any irreducible representation of H0,c has dimension n!, and is isomorphic to the regular representation
as an Sn-module.

We divide the proof of the preceding theorem in two parts. First, we show that any irreducible representation of
H0,c has dimension ≤ n!. This is a consequence of the Amitsur-Levitski identity for H0,c, which we show first. After
that, we show that any irreducible representation of H0,c must be a multiple of the regular representation of Sn.

Recall that we have the Dunkl embedding H0,c ↪→ C[hreg × h∗]#Sn. Note that the latter algebra may be
embedded in C(x1, . . . , xn, y1, . . . , yn)#Sn. But this algebra is isomorphic to the algebra of n! × n! matrices over
C(x1, . . . , xn, y1, . . . , yn)Sn . It follows that any polynomial identity satisfied by Matn!(C(x1, . . . , xn, y1, . . . , yn)Sn) is
also satisfied by H0,c. In particular, we have the following.
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Theorem 2.2 (Amitsur-Levitzki Identity) For any N ×N matrices A1, . . . , A2N with entries in a commutative
ring R, we have ∑

σ∈S2N

sgn(σ)Aσ(1) · · ·Aσ(2N) = 0.

Moreover, this identity is not valid for matrices of size > N .

Lemma 2.3 Any simple representation of H0,c has dimension ≤ n!.

Proof. Let M be a simple representation of H0,c of dimension m. By the Density theorem, the matrix algebra Matm(C)
must be a quotient of H0,c. Then, the Amitsur-Levitzki identity (with N = n!) must be satisfied by Matm(C). But
this identity is not valid in any matrix algebra of size larger than n!. Then, m ≤ n!. �

We would like to give another proof of Lemma 2.3 that avoids making use of the Amitsur-Levitzki identity. This
proof is due to Pavel Etingof. First, we see that Lemma 2.3 holds when Z0,c acts by a generic central character.

Proposition 2.4 If χ is a generic central character then H0,c/(χ) is a matrix algebra of size n!. In particular, H0,c

has a unique irreducible representation with central character χ, and this representation is isomorphic to CSn as an
Sn module.

Proof. Recall the Dunkl embedding Θ0,c : H0,c → C[hreg×h∗]#Sn. Let δ =
∏
i<j(xj−xi). Note that δ2 is central in

H0,c, so we can localize H0,c[δ
−1]. Also note that Θ0,c can be extended to an isomorphism H0,c[δ

−1]
∼→ C[hreg×h∗]#Sn.

Since the action of Sn on hreg × h∗ is free, for a generic central character χ, the quotient H0,c/(χ) = H0,c[δ
−1]/(χ) is

C[Oχ]#Sn, where Oχ is the free orbit of χ. It is easy to see that this last algebra is a matrix algebra of size n!× n!,
and its unique irreducible representation is C[Oχ], which is isomorphic to CSn as Sn-modules. �

Now, for a finite dimensional algebra A over a field K, let d(A) be the maximal K-dimension of an irreducible
A-module. The proof of Lemma 2.3 is based on the following result.

Proposition 2.5 Let B be a C[t]-algebra which is a free C[t]-module of finte rank. For a ∈ C, let Ba := B/(t− a)B.
Then, the set of complex numbers a such that d(Ba) ≤ d(B0) is finite.

Proof. Fix a C[t]-isomorphism B
∼→ C[t]N . Let K := C(t) be the field of algebraic functions, and L :=

⋃
n C((t1/n))

be the algebraic closure of C((t)).

Now let B′ := B⊗C[t]K, so that B′ is N -dimensional. We claim that d(B0) ≤ d(B′). To see this, let B′′ := B′⊗KL.
Note that dL(B′′) = dK(B′). Now let 0 = V ′0 ⊆ V ′1 ⊆ · · · ⊆ V ′m = B′ be a Jordan-Hölder filtration of B′ (as a left
B′-module), and let V ′′i = V ′i ⊗K L, so that each V ′′i can be seen as a point in the Grassmanian GrL(dimK V

′
i , N).

Note that each of these points is actually defined over some subfield C((t1/k)) of L. So we can take the limit when
t → 0, to get a filtration of B0 by the limiting submodules V 0

i . Then, dim(V 0
i /V

0
i−1) = dim(V ′i /V

′
i−1) ≤ d(B′). The

claim follows since any simple B0-module appears in any Jordan-Hölder filtration of B0.

The filtration V ′i is defined over some finite extension, say R, of C[t, (t−a1)−1, . . . , (t−as)−1] for some a1, . . . , as ∈ C,
that is, V ′i = Vi ⊗R K, where Vi is a filtration of BR := B ⊗C[t] R. This is an exercise. By the Density theorem, for
each i the map B′ → EndK(V ′i /V

′
i−1) is surjective. It follows (after extending the set {a1, . . . , as} if needed), that the

action map BR → EndR(Vi/Vi−1) is surjective.

Now pick a ∈ C, a 6= a1, . . . , as. Fix a maximal ideal a′ of R over (the maximal ideal of C[t] corresponding to) a.
Reduce the filtration Vi mod a′. So we get a filtration V ai of Ba such that the action map Ba → EndC(V ai /V

a
i−1) is

surjective. Then, V ai is a Jordan-Hölder filtration. Moreover, dim(V ai /V
a
i−1) = dim(V ′i /V

′′
i ), so d(Ba) = d(B′). Then,

d(B0) ≤ d(A). �

To derive Lemma 2.3 from Proposition 2.5, observe that the invariant subalgebras C[x1, . . . , xn]Sn , C[y1, . . . , yn]Sn

are central in H0,c. It follows by the PBW theorem that H0,c is a S = C[x1, . . . , xn]Sn⊗C[y1, . . . , yn]Sn -algebra which
is a free S-module of finite rank (n!)3. For P ∈ Spec(S), we can restrict to a generic line ` passing through P . We can
introduce coordinate a coordinate t on ` so that t(P ) = 0. The result then follows by Propositions 2.4 and 2.5.

Now we show the second part of Theorem 2.1.
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Lemma 2.6 Any irreducible representation of H0,c is isomorphic to a multiple of the regular representation of Sn.

Proof. We show that the trace of every element 1 6= σ ∈ Sn at a finite dimensional representation of H0,c is 0. Take
j ∈ {1, . . . , n}, with σ(j) = i 6= j. Then, in H0,c we have:

[yj , xisijσ] = xi(yjsijσ − sijσyi) + [yj , xi]sijσ = 0 + csijsijσ = cσ.

So that σ is a commutator and therefore has trace 0 on every finite dimensional H0,c representation. It follows
that any such representation is a multiple of the regular representation of Sn. �

2.2 Generalized Calogero-Moser space.

Definition 2.7 For c 6= 0, the generalized Calogero-Moser space is V = Spec(Z0,c) = Spec(B0,c).

In the next subsection, we will see that the word ‘generalized’ is superfluous.

Note that, since grB0,c = C[h⊕h∗]Sn , the generalized Calogero-Moser space is reduced. Also note that B0,c admits
a graded quantization: the spherical subalgebra B~,c of the rational Cherednik algebra H~,c (that is, we replace ’t’ by
a variable), so that B0,c has a natural structure of a Poisson algebra. Our goal for this section is to prove the following.

Theorem 2.8 The generalized Calogero-Moser space is smooth.

Since V = Spec(B0,c), Theorem 2.8 is equivalent to the statement that the global dimension of B0,c is finite. On
the other hand, we know that the global dimension of H0,c is finite: its associated graded is C[h ⊕ h∗]#Sn, which
has finite global dimension, and for any filtered algebra A, its global dimension cannot exceed the global dimension of
grA. Hence, Theorem 2.8 is deduced from the following result.

Proposition 2.9 The algebras H0,c and B0,c are Morita equivalent.

Proof. By Morita theory, the statement of the proposition is equivalent to e ∈ H0,c being a full idempotent, that is,
H0,ceH0,c = H0,c. Assume this is not true, so that H0,c/H0,ceH0,c 6= 0. Let M be a simple module over this latter
algebra. Then, M is a simple H0,c-module such that eM = 0. This is a contradiction with Theorem 2.1.�

A consequence of Proposition 2.9 is that simple H0,c modules are in correspondence with simple B0,c = Z0,c-
modules, which, in turn, are in correspondence with central characters. It follows that for any central character χ, the
algebra H0,c/(χ) is a matrix algebra of size n!, and therefore there is a unique H0,c-module where Z0,c acts by χ.

Now we see that V is actually symplectic. Note that the set of points where
∧top

Π vanishes has codimension at
least 2, where Π is the Poisson bivector. This is so because it also holds in the degeneration Symn(C2) of V . Since V
is smooth and

∧top
Π is a regular function, this implies the following.

Corollary 2.10 The generalized Calogero-Moser space V is symplectic.

2.3 Calogero-Moser space.

In this subsection, we introduce the so-called Calogero-Moser space, and prove that it is isomorphic to the generalized
Calogero-Moser space of the previous subsection.

Let G = PGLn(C), andM = T ∗Matn(C). Using the trace form, we may identifyM = Matn(C)⊕Matn(C). Also,
note that Lie(G) = sln(C). The group G acts on M by simultaneous conjugation. This action is Hamiltonian, with
moment map µ : (X,Y ) 7→ [X,Y ], cf. [3, Section 4.4]. Let O := {A ∈ sln : rank(A + I) = 1}, where I denotes the
identity matrix. Note that this is a single conjugacy class, namely O = GLn.diag(n− 1,−1,−1, . . . ,−1).

Definition 2.11 The Calogero-Moser space Cn is the scheme µ−1(O)//G.

In other words, Cn is the Hamiltonian reduction ofM at the orbit O, so Cn = Spec((C[M]/C[M]µ∗IO)ad g), where
IO is the ideal in Sg corresponding to the closed coadjoint orbit O.

Proposition 2.12 The action of G on µ−1(O) is free.
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Proof. Let (X,Y ) ∈ µ−1(O). So (X,Y ) determines a representation of the quiver with one vertex and two loops.
This representation is simple because no proper subcollection of (−1,−1, . . . , n− 1) adds up to 0. Details of this are
left as an exercise. From here, the result follows by Schur’s lemma.�

It follows, see [3, Theorem 4.4], that Cn is a smooth symplectic variety, of dimension dim(M) − 2 dim(PGLn) +
dim(O) = 2n. The space Cn is closely related to a Hamiltonian reduction considered by Barbara and Yi. Let M′ =
T ∗(Matn(C) ⊕ Cn). Recall that G′ = GLn acts on M′ in a Hamiltonian way, with moment map µ′ : T ∗(Matn(C) ⊕
Cn)→ gln, µ′(X,Y, i, j) = [X,Y ] + ij. Barbara and Yi considered the Hamiltonian reduction ofM′ at 0, µ′−1(0)//G′.
In the next result, we see that Cn is the Hamiltonian reduction of M′ at −I (which is a single orbit on gln).

Proposition 2.13 The reductions µ′−1(−I)//G′ and µ−1(O)//G′ are naturally identified.

Proof. We have a natural projection ρ :M′ →M, (X,Y, i, j) 7→ (X,Y ). It is clear that ρ(µ′−1(−I)) = µ−1(O). Now,
if (X,Y, i, j), (X,Y, i′, j′) ∈ ρ−1(X,Y ) where (X,Y ) ∈ µ−1(O), then there exists a unique t ∈ C× such that i′ = ti,
j′ = t−1j. It follows that ρ identifies µ−1(O) = µ′−1(−I)//C×, where C× acts on µ−1(O) as the center of GLn. From
here, the result follows. �

The description of Cn as a Hamiltonian reduction of the variety M′ is useful because the moment map µ′ is flat.
On the other hand, we will need to see Cn as a Hamiltonian reduction ofM when looking at the connection of Cn with
V , the generalized Calogero-Moser space from the previous subsection.

Corollary 2.14 The Calogero-Moser space Cn is connected.

Proof. Recall that the moment map µ′ is flat. This was proved by Barbara in her lecture. It then follows that we have
a filtration on C[µ′−1(−I)//G′] = [C[M′]/C[M′]µ′∗(I)]G

′
, where I is the ideal in S � corresponding to the closed orbit

−I, whose associated graded is C[µ−1(0)//G′]. Barbara proved that we have an isomorphism µ−1(0)//G ∼= Symn(C2),
which is connected. It follows that gr(C[Cn]) doesn’t have zero divisors, hence Cn is irreducible. Since we know it’s
smooth, it must be connected. �

Note that Cn carries an SL2 action, given by

(
a b
c d

)
(X,Y ) = (aX+bY, cX+dY ). This action will be important

later.

We describe, in coordinates, a dense open subset of Cn. Namely, consider the set U of conjugacy classes of
pairs of matrices (X,Y ) such that X is diagonalizable with pairwise distinct eigenvalues, say X = diag(x1, . . . , xn),
xi 6= xj . We have a map ϕ : T ∗(hreg/Sn) → U , given by the formula (x1, . . . , xn, y1, . . . , yn) 7→ (X,Y ), where
X = diag(x1, . . . , xn), yij = 1/(xi − xj), i 6= j, and yii = yi. We show in the Appendix that this map is surjective.
Actually, it is an isomorphism of Poisson varieties.

Proposition 2.15 The map ϕ is an isomorphism of symplectic varieties.

To prove Proposition 2.15, we take a closer look at the symplectic structure on Cn. Recall that this is given as
follows. Pick an element α ∈ O. Then, µ−1(α)//Gα = µ−1(O)/G, where Gα is the stabilizer of α in PGLn. Similarly
to a result shown in Barbara’s lecture, we see that there exists a unique 2-form ω (that turns out to be symplectic)
on µ−1(α)//Gα such that ι∗ω = π∗ω, where ι : µ−1(α) → M is the inclusion and π : µ−1(α) → µ−1(α)//Gα is the
projection.

Take α to be the anti-identity matrix, that is, the matrix that has 0’s on the diagonal and 1’s everywhere else.
Clearly, α ∈ O and we have a map ϕ : T ∗hreg → µ−1(α), given by the same formula as above. This map is clearly
a morphism, and hence so it is π ◦ ϕ : T ∗(hreg) → µ−1(α)//Gα. Note that π ◦ ϕ is Sn-invariant, so it descends to
ϕ : T ∗(hreg/Sn) → µ−1(α)//Gα. It is an exercise to check that this map is injective. We show in the appendix that
its image is precisely U .

Let us check that ϕ is compatible with symplectic forms. This is somewhat technical but completely straightforward.
Let ωM be the canonical symplectic form on M = T ∗Matn, so that ωM =

∑
i,j dxij ∧ dyji, and let ωα be the form

on the reduction. Also, let ω =
∑n
i=1 dxi ∧ dyi be the symplectic form on T ∗hreg, and ω be the induced form on

T ∗(hreg/Sn) = T ∗(hreg)/Sn. In other words, ω = π∗Snω. Now,

ϕ∗ωM =
∑
i,j

dϕ∗(xij) ∧ dϕ∗(yij) =

n∑
i=1

dxi ∧ dyi +
∑
i6=j

0 ∧ d 1

xi − xj
= ω.
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So it follows that:

π∗Snω = ω = ϕ∗ωM = ϕ∗π∗ωα = π∗Snϕ
∗ωα.

Then, ω = ϕ∗ωα and ϕ is indeed a morphism of symplectic varieties.

We have constructed two deformations of Symn(C2). One is the generalized Calogero-Moser space from the previous
subsection, the other one is the Calogero-Moser space. It turns out these are the same.

Theorem 2.16 The spaces V and Cn are isomorphic as Poisson varieties.

Proof. Without loss of generality, we may assume V = Spec(Z0,1). By the results of Subsection 2.1, we can regard V
as the moduli space of irreducible representations of H0,1. Let E be an irreducible representation of H0,1. Recall that
dim(E) = n!, and that, as a Sn-module, E is isomorphic to the regular representation of Sn. Now let Sn−1 ⊆ Sn

be the subgroup of elements that do not permute the element 1. Note that ESn−1 has dimension n, as these are just
functions on the cosets Sn/Sn−1. We will need a description of a basis on ESn−1 : if we identify E with CSn, then
ESn−1 is generated by v1 = e = 1

(n−1)!

∑
{σ ∈ Sn : σ(1) = 1}, v2 = es12, . . . , vn = es1n. Also note that, since in H0,1

the elements x1, y1 commute with any element of Sn−1, the action of x1, y1 induces operators X1, Y1 : ESn−1 → ESn−1 .
What we will see now is that the operators (X1, Y1) define an element of Cn. To do so, we need to check that the rank
of [X1, Y1] + I is 1.
By the relations defining H0,1 we have that:

[X1, Y1] =
∑
i 6=1

s1i|ESn−1 .

Note that
∑
i6=1 s1i commutes with e. It follows that [X1, Y1]vi =

∑
j 6=i vj . Then, [X1, Y1] + I has rank 1. Also

note that, since E is only well-defined up to isomorphism, the pair (X1, Y1) is only well-defined up to the action of
Sn. Then, this defines a point on Cn. Let us look more closely at this map.

Consider the open set U ⊆ V consisting on representations on which xi − xj acts invertibly for every i, j. Recall
the Dunkl embedding Θ0,1 : H0,1 → C[x1, . . . , xn, y1, . . . , yn,

1
xi−xj ]#Sn. So U consists of those representations that

can be obtained by restricting a representation of the latter algebra via Θ0,1. It follows that any E ∈ U has the form
E(λ,µ), (λ, µ) ∈ hreg × h∗, where E(λ,µ) is the space of functions on the Sn-orbit O(λ,µ), and the action of H0,c is given
by Dunkl operators: if a = (a1, . . . , an), b = (b1, . . . , bn) are such that (a, b) ∈ O(λ,µ) and F is a function on O(λ,µ):

(xiF )(a, b) = aiF (a, b), (yiF )(a, b) = biF (a, b) +
∑
j 6=1

F (sija, sijb)

ai − aj
, (σF )(a, b) = F (σ−1a, σ−1b).

Now, the space E
Sn−1

(λ,µ) has as a basis the characteristic functions of Sn−1 orbits on O(λ,µ). It is clear from the

presentation above that, in this basis, the matrices of the operators X1, Y1 are given by:

X1 = diag(λ1, . . . , λn), (Y1)ij =
1

λi − λj
, j 6= i, (Y1)ii = µi. (9)

Then, we have an isomorphism f : U→ U . Let us check that this is actually an isomorphism of symplectic varieties.
Let δ =

∏
i<j(xi − xj), so that δ2 is Sn-invariant. Note that, by definition, U = Spec(B0,1[δ−2e]). Via the Dunkl

homomorphism Θ0,1, B0,1[δ−2e] = C[hreg × h∗]Sn . We claim that the Poisson bracket on B0,1[δ−2e] is the natural
Poisson bracket on C[hreg×h∗]Sn induced from the symplectic structure on T ∗(hreg/Sn). Recall that the Poisson struc-
ture on B0,c is induced from the commutator on B~,c. So we need to take a small detour and consider the algebra H~,c.

Note that the adjoint action of the element δ2 ∈ H~,c is locally nilpotent. Then, the localization H~,c[δ
−1] makes

sense. Now consider the algebra D~(h) of homogenized differential operators on h, see Yi’s notes, [9, Subsection 1.3] .
The localization D~(h)[δ−1] also makes sense, and actually D~(h)[δ−1] = D~(hreg). Moreover, we have a Dunkl embed-
ding Θ~,c : H~,c ↪→ D~(hreg)#Sn, defined by a similar formula to the usual Dunkl embedding Θt,c. This embedding
identifies H~,c[δ

−1] = D~(hreg). It follows that B~,c[δ
−2e] gets identified with D~(hreg)Sn . Since Sn acts freely on

hreg, the latter algebra is D~(hreg/Sn). It follows that the bracket on B0,c[δ
−2e] is the usual one on C[hreg × h∗]Sn .

For more details, see [8].

Now the claim that f : U→ U is an isomorphism of symplectic varieties is basically Proposition 2.15.
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Since U is dense in V and U is dense in Cn, f is actually a birational symplectomorphism, hence an open embedding.
We claim now that f∗ : C[Cn]→ B0,1 is surjective. Indeed, we can see from (9) that, f∗(Tr(Xp)) =

∑n
i=1 x

p
i . Also note

that f commutes with the SL2-actions on V and Cn. Thus, f∗(Tr(Y p)) =
∑n
i=1 y

p
i . Since f∗ is a Poisson isomorphism

and
∑
i x

p
i ,
∑
i y
p
i , p > 0, are Poisson generators of B0,1. Now f∗ is surjective, and C[Cn], B0,1 are integral domains of

the same dimension. It follows that f∗, hence f , is an isomorphism. �

We’d like to indicate some future directions. We have seen that the spherical subalgebra B0,c can be obtained via
classical Hamiltonian reduction along an orbit on T ∗(Matn(C)). It turns out that the algebra B1,c can be obtained
via quantum Hamiltonian reduction. Recall the sheaf of algebras Aλ quantizing Hilbn(C2) constructed by Ivan in his
lecture. It was an exercise in his lecture to see that Γ(Aλ) quantizes the algebra of regular functions on Hilbn(X)
(this is a consequence of the Grauert-Riemenschneider vanishing theorem). Since the Hilbert-Chow morphism is a
resolution of singularities, this is precisely C[h⊕h∗]Sn . In this lecture, we have constructed an algebra quantizing this,
namely, the spherical rational Cherednik algebra B1,λ.

Theorem 2.17 The algebras B1,λ and Γ(Aλ) are isomorphic.

A version of this algebra was also considered by Yi. Namely, Yi considered the quantum Hamiltonian reduction
R(g,D(g ⊕ Cn), 0), where g = gln. Ivan proved that if we consider a diferent fiber of the moment map, say Rλ =
R(g,D(g⊕ Cn), λ), then Γ(Aλ) and Rλ are isomorphic. It follows that B1,λ = R(g,D(g⊕ Cn), λ). Proof of Theorem
2.17 will be given in a subsequent lecture.

3 Representation theory at t 6= 0.

In this section, we assume t 6= 0. Then, by Remark 1.7, we may assume t = 1. Denote Hc := H1,c.

3.1 Category O.
By the PBW theorem, we have a decomposition Hc

∼= S(h∗)⊗CSn⊗S(h) as vector spaces. Compare this decomposition
with the decomposition U(g) ∼= U(n−)⊗U(t)⊗U(n) of the universal enveloping algebra of a semisimple Lie algebra g
with triangular decomposition g = n−⊕t⊕n. Then, we will call Hc

∼= S(h∗)⊗CSn⊗S(h) the triangular decomposition
of Hc. Motivated by this, we can define a category O for Hc, which is analogous to the Berstein-Gelfand-Gelfand
category O for g that we saw in Kostya’s talk last semester, [10, Section 1].

Definition 3.1 The category O for the algebra Hc is the full subcategory of the category of all Hc modules consisting
of all modules M satistying the conditions

(O1) M is finitely generated.

(O2) h acts on M by locally nilpotent operators.

Since, by Theorem 1.8 grHc is a Noetherian algebra, it follows that Hc is also Noetherian. Then, O is a Serre
(closed under submodules, quotient modules and extensions) subcategory of the category of all Hc-modules.

Again by analogy with the Lie algebra case, there is a notion of Verma modules for Hc. Namely, let τ be an
irreducible representation of Sn. We let h act on τ by 0, so that τ becomes a S(h)#Sn-module. Then, define the
Verma module

∆(τ) = Hc ⊗S(h)#Sn τ.

Note that, by the triangular decomposition of Hc, we have that as vector spaces ∆(τ) = C[h] ⊗ τ . By definition,
we have the following result.

Proposition 3.2 (Frobenius reciprocity) For any module V ∈ O, HomHc(∆(τ), V ) = HomSn(τ, V h), where
V h := {v ∈ V : hv = 0}.

We would like to see that Verma modules actually live in O. To see this, we introduce the following element, called
the grading or Euler element of Hc:

h :=

n∑
i=1

xiyi +
n

2
−
∑
i<j

csij .
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Proposition 3.3 We have

h =

n∑
i=1

xiyi + yixi
2

.

So that the notation used here is consistent with the notation used in Subsection 1.7.

Proof. We have xiyi + yixi = [yi, xi] + 2xiyi = 1−
∑
j 6=i csij + 2xiyi. From here, the result follows. �

The reason why this element is interesting is because the adjoint action of h gives a grading on Hc, as follows:

Proposition 3.4 We have

(i) [h, x] = x, x ∈ h∗, (ii) [h, y] = −y, y ∈ h (iii) [h, σ] = 0, σ ∈ Sn.

Proof. A direct computation. �

Note that the previous proposition implies that any finite dimensional module is in O. In fact, we can decompose
such a module in the direct sum of its generalized h-eigenspaces. Parts (i) and (ii) tell us that h and h∗ act by locally
nilpotent endomorphisms.

Now, let N be an irreducible Sn-submodule of an Hc-module that is annihilated by every y ∈ h so that, in particular
h acts on N . Then, by Proposition 3.4 (iii), the action of h on N is by a scalar. For an irreducible Sn-module τ , let
cτ be the scalar determined by the action of h on 1⊗ τ ⊆ ∆(τ). In other words,

cτ =
n

2
−
∑
i<j

csij |τ .

Note that h acts semisimply on the Verma module ∆(τ). In fact, by Proposition 3.4 (i), the eigenvalues of h on
∆(τ) are of the form cτ + m,m ∈ Z≥0, and the (cτ + m)-eigenspace of ∆(τ) is ∆(τ)[cτ + m] = C[h]m ⊗ τ . Also, by
Proposition 3.4 (ii), the action of y ∈ h∗ maps ∆(τ)[cτ +m] to ∆(τ)[cτ +m− 1]. Then, y acts locally nilpotently on
∆(τ). Since ∆(τ) is clearly finitely generated, we get that ∆(τ) ∈ O. Analyzing the h-action on ∆(τ), we get the
following proposition, which is analogous to the Lie algebra case.

Proposition 3.5 A Verma module has a unique simple quotient.

Proof. Exercise �

For a Verma module ∆(τ), we denote by L(τ) its unique simple quotient. Note that 1⊗τ ⊆ ∆(τ) projects injectively
to L(τ). Moreover, if N is an irreducible module in O then, by (O2), Nh 6= 0. By Frobenius reciprocity, there exists
a Verma module ∆(τ) with HomHc(∆(τ), N) 6= 0. So N = L(τ). In other words, the L(τ) form a complete list of
irreducible objects in O. Also note that L(τ) 6∼= L(µ) if τ 6∼= µ.

Proposition 3.6 Category O is artinian, that is, every object has finite length.

Proof. First, we claim that Verma modules have finite length. In fact, the multiplicity of an irreducible L(µ) in a
Verma module ∆(τ) is bounded by the dimension of a certain graded component of ∆(τ) (which one?). From here,the
claim follows. It also follows that any module in O must have a simple submodule. Now use the fact that Hc is
Noetherian to construct a Jordan-Hölder series for any object of O. We leave details to the reader. �

Finally, we show that h acts locally finitely, with finite dimensional generalized eigenspaces.

Proposition 3.7 The Euler element h acts locally finitely on every object of O and each generalized h-eigenspace is
finite dimensional. In particular, every module in O is graded with finite dimensional homogeneous components.

Proof. This follows from the fact that category O is artinian, as the claim clearly holds for simples L(τ). �
This last result tells us that the definition of category O for rational Cherednik algebra is analogous to that of

category O− for Lie algebras g with nondegenerate Z-grading, cf. [4]. It also allows us to define a notion of character
for a module in O. Namely, for M ∈ O, its character is the following formal series on t:

chM (σ, t) =
∑
β∈C

tβ TrM [β](σ) = Tr(σth), σ ∈ Sn.

so that, if σ = 1, we recover a more familiar notion of a character,
∑
β∈C dim(M [β])tβ . By their construction, characters

of Verma modules are easy to compute.
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Proposition 3.8 The character of the Verma module ∆(τ) is

ch∆(τ)(σ, t) =
χτ (σ)tcτ

deth∗(1− tσ)
,

where χτ is the usual character associated to the Sn-representation τ .

Proposition 3.8 follows easily from the fact that, since σ : h∗ → h∗ is diagonalizable,
∑
n≥0 t

n Tr(Snσ) = 1/ det(1−
tσ).

3.2 Highest weight structure on O.
Consider the Verma module ∆(τ). Assume that a simple module L(µ) appears as a constituent in a Jordan-Hölder
filtration of ∆(τ). Since all the h-eigenvalues of L(µ) must also be h-eigenvalues of ∆(τ), it follows that cµ = cτ +m
for some m ∈ Z≥0. Recall that the h-eigenvalues on the radical (= unique maximal submodule) of ∆(τ) are of the
form cτ +m with m > 0. So we have that, if τ 6= µ, then cµ = cτ +m for some m > 0. This motivates the following
definition.

Definition 3.9 We define a partial order on the set of irreducible Sn-representations as follows: µ <c τ if cµ − cτ is
a positive integer.

Note that, by the first paragraph of this subsection, if HomHc(∆(µ),∆(τ)) 6= 0, then µ ≤c τ . Also note that every
endomorphism of ∆(τ) is determined by its values on 1 ⊗ τ , and it has to send 1 ⊗ τ to 1 ⊗ τ . It follows, then, that
EndHc(∆(τ)) = C.

Let us examine the partial order ≤c more carefully. Recall that irreducible representations of Sn are labelled by
Young diagrams of size n (i.e. partitions of n). For a Young diagram τ , a basis of the corresponding irreducible
Sn-module is given by the set of standard Young tableaux of shape τ , that is, an enumeration of the boxes of τ that
is increasing along each row and column.

For a box (i, j) ∈ τ , define its content:

ct(i, j) = j − i.

By looking at the action of h on a basis element corresponding to a standard Young tableaux of shape τ , we have
that

cτ =
n

2
− c

∑
(i,j)∈τ

ct(i, j).

Note that, if c = r/m, with r,m ∈ Z, (r;m) = 1 and 0 < m ≤ n, then the partial order induced by c is not trivial.
We also remark that if ≤c is trivial, then category O is semisimple. However, category O may be semisimple even if
≤c is not trivial.

Proposition 3.10 Assume that for any two irreducible representations τ, µ of Sn, cτ − cµ 6∈ Z>0. Then, category O
is semisimple.

Proof. This follows from the fact that, if cτ − cµ 6∈ Z>0, Ext1
Hc(L(τ), L(µ)) = 0. This is an exercise. (A hint: take an

extension 0→ L(µ)→M → L(τ)→ 0. Look at the highest weight vectors of L(µ), L(τ) in M). �
The partial order ≤c also endows category O with many upper-triangularity properties. This is made precise in

the following notion.

Definition 3.11 Let C be an abelian, C-linear, artinian category, with finitely many simples and enough projectives.
Let Λ be a labeling of the set of simples. For λ ∈ Λ, denote by L(λ) the corresponding simple object and by P (λ) its
projective cover. A highest weight (or quasi-hereditary) structure on C is given by a partial order on Λ and a set of
objects (the standard objects) {∆(λ)}λ∈Λ satisfying the following conditions:

(HW1) If HomC(∆(µ),∆(λ)) 6= 0, then µ ≤ λ.

(HW2) EndC(∆(λ)) = C for every λ ∈ Λ.

(HW3) There exists an epimorphism P (λ) � ∆(λ) whose kernel admits a filtration by standard objects ∆(µ) with µ > λ.
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So far, we have seen that O is abelian, C-linear and artinian, and that, together with the partial order introduced
above, it satisfies conditions (HW1), (HW2), this is a consequence of Frobenius reciprocity. It remains to see that
category O has enough projectives, and that projectives admit a required filtration.

Theorem 3.12 Category O is a highest weight category.

Proof. Let us construct a projective cover for L(τ). First of all, consider the induced modules

∆m(τ) = Hc ⊗S(h)#Sn (τ ⊗ S(h)/(hm)).

Of course, ∆(τ) = ∆1(τ). Note that the h-action on ∆m(τ) is locally finite with eigenvalues cτ −m+k, k ∈ Z≥0. It
follows that ∆m(τ) ∈ O. Also, by Frobenius reciprocity, for any Hc-module M , HomHc(∆m(τ),M) = HomSn(τ,Mhm).
Consider the module ∆(τ) := lim←−m ∆m(τ). For any module M ∈ O, we have that lim−→m

Mhm = M , so,

HomHc(∆(τ),M) = lim−→
m

HomHc(∆m(τ),M) = HomSn(τ, lim−→
n

Mhn) = HomSn(τ,M).

So wee see that ∆(τ) is projective relative to objects in O. However, ∆(τ) doesn’t live in O. To get an object from
O, we need to make a more careful construction. In fact, we will obtain a direct summand of ∆(τ) that actually lives
in O. This is somewhat technical, and we’ll try to do it as painless as possible.

Note that Hc is Z-graded by eigenvalues of ad(h), so that the zeroth graded component is CSn, the positive
component is S(h∗) and the negative component is S(h). The modules ∆m(τ) are all Z-graded by eigenvalues of h,
too. In general, consider a Z-graded Hc-module M =

⊕
M i. Since h ∈ Hc sits in degree 0, it acts on the graded

components of M . For each i ∈ Z, a ∈ C, let M i[a] be the generalized h-eigenspace of M i with eigenvalue a. Note
that the action of h sends M i[a] to M i−1[a − 1], and the action of h∗ sends M i[a] to M i+1[a + 1]. It follows that
Wa(M) =

⊕
M i[a+ i] is a graded submodule of M .

Now let ∆̃m(τ) := Wcτ (∆m(τ)). Note that ∆̃1(τ) = ∆(τ). Since there is a graded epimorphism ∆m+1(τ) � ∆m(τ)

for every m and the functor Wcτ (•) is exact, we get a natural epimorphism ∆̃m+1(τ) � ∆̃m(τ). We claim that this is
an isomorphism for m� 0, and leave the proof of this claim as an exercise for the reader.

Let ∆̃(τ) be the module ∆̃m(τ) for m � 0. Clearly, ∆̃(τ) ∈ O. We claim that it is projective in O. Let M ∈ O.

Since any morphism must respect h-eigenvalues, HomO(∆̃(τ),M) = HomO(∆̃(τ),Wcτ+Z(M)), so we may assume
M = Wcτ+Z(M). We can give a grading to M by letting the i-th graded component be the generalized h-eigenspace

with eigenvalue cτ + i. An exercise now is to show that Hom(∆̃(τ),M) = HomSn(τ,Mcτ ). Since the functor M 7→Mcτ

is exact, this shows that ∆̃(τ) is projective in O.

Note that ∆̃(τ) has a required filtration by Verma modules. Indeed, it is filtered with succesive quotients being
Wcτ (∆m(τ)/∆m−1(τ)) = Wcτ (∆(τ ⊗Smh)), where Smh denotes the m-th symmetric product of h. This module splits
into a certain sum of Verma modules, say ∆(τ ′). Note that we must have cτ ′ = cτ −m, so τ < τ ′. Note, however,

that the module ∆̃(τ) need not be a projective cover for L(τ). The existence of a required filtration for the projective
cover of L(τ) is guaranteed by Proposition 3.13 below. �

Proposition 3.13 Let τ, µ be irreducible representations of Sn. Assume that τ 6<c µ. Then, Ext1
Hc(∆(τ),∆(µ)) = 0.

We leave the proof of Proposition 3.13 as an exercise, but we do check that this implies that a direct summand of
a standardly filtered object is again standardly filtered. In fact, assume M = M1 ⊕M2 is standardly filtered, with
succesive subquotients being ∆(τ1), . . . ,∆(τm). Let i be such that τi is maximal (with respect to ≤c) among the
{τ1, . . . , τm}. Then, by Proposition 3.13, we have an exact sequence 0 → ∆(τi)

⊕m → M → M ′ → 0, where M ′

is standardly filtered and contains no ∆(τi). It follows that Hom(∆(τi),M) = Hom(∆(τi),∆(τi)
m). Note that any

nonzero map here is injective. Since Hom(∆(τi),M) = Hom(∆(τi),M1)⊕Hom(∆(τi),M2), we must have an embedding
∆(τi) ↪→M1 or ∆(τi) ↪→M2. Now we can mod out by the image of ∆(τi). By induction on the composition length of
M , we get the result.

3.3 Finite dimensional representations and spherical values.

In this subsection, we construct finite dimensional representations of the algebra H+
c := H+

1,c, see Subsection 1.4. The

reason why we have to restrict to this algebra is the following. Consider the elements x =
∑n
i=1 xi, y =

∑n
i=1 yi ∈ Hc.
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Note that these elements commute with H+
c . Also note that the subalgebra of Hc generated by x, y is isomorphic to

D(C). It then follows by the PBW theorem that we have a decomposition Hc = H+
c ⊗D(C), so the algebra Hc does

not admit finite dimensional representations. The decomposition Hc = H+
c ⊗ D(C) shouldn’t be too surprising, it is

a consequence of the decomposition h = h+ ⊕ C as a Sn-module, where h+ is the reflection representation and C the
trivial representation of Sn.

Now, recall that h
+

= h/C, where C gets identified with the diagonal in h. Then, the representation ∆(triv) may be
identified with the space of polynomials in C[x1, . . . , xn] that are invariant under simultaneous translation xi 7→ xi+a.
The following proposition can be proved by a computation.

Proposition 3.14 Assume c = r/n, where r is a positive integer not divisible by n. Then, ∆(triv)h
+

contains a copy
of the reflection representation of Sn. This copy sits in degree r and it is spanned by the functions:

fi(x1, . . . , xn) = Res∞[(z − x1) . . . (z − xn)]r/n
dz

z − xi
.

We remark that the space spanned by the f ′is is indeed n−1 dimensional, as
∑
i fi = 0. Then, we have a morphism

∆(refl) → ∆(triv). Let I denote the image of this morphism, and let V be the quotient ∆(triv)/I. Note that V can
be regarded as a C[h+] module.

Proposition 3.15 Let d be the greatest common divisor of r and n, d = gcd(r, n). Then, the support of V is the
union of the Sn-translates of the subspaces of h/C, defined by the equations:

x1 = x2 = · · · = xn
d
, xn

d+1 = · · · = x2nd
, . . . , x(d−1)nd+1 = · · · = xn. (10)

Proof. Since, as a C[h+]-module, I is generated by f1, . . . , fn, a point (x1, . . . , xn) ∈ Cn is in the support of V if and
only if fi(x1, . . . , xn) = 0 for every i = 1, . . . , n. This hapens if and only if

∑n
1 λifi(x1, . . . , xn) = 0 for every λi, that

is:

Res∞

 n∏
j=1

(z − xj)r/n
n∑
i=1

λi
z − xi

 dz = 0.

Assume the x1, . . . , xn take distinct values a1, . . . , ap with multiplicities m1, . . . ,mp. Then, the point (x1, . . . , xn)
is in the common zero set of f1, . . . , fn if and only if:

Res∞

∏
j=1

p(z − aj)mj
r
n−1

(
p∑
i=1

νi(z − a1) · · · ̂(z − ai) · · · (z − ap)

) dz = 0

for every collection of νi ∈ C, where a hat means that we omit the respective factor. Since the νi can be arbitrary,
this happens if and only if

Res∞

 p∏
j=1

(z − aj)mj
r
n−1zidz

 = 0, for i = 0, . . . , p− 1.

We claim that this implies that
∏p
j=1(z − yj)mj

r
n−1 is a polynomial. Note that this holds if and only if every mj

is divisible by n/d, and therefore the claim implies the proposition. We prove this claim in the following lemma. �

Lemma 3.16 Let a(z) =
∏p
i=1(z − ai)µi , where µi ∈ C,

∑p
i=1 µi ∈ Z and

∑p
i=1 µi > −p. Moreover, suupose that

Res∞ a(z)zidz = 0, for i = 0, . . . , p− 2.

Then, a(z) is a polynomial.

Proof. Let g(z) be a polynomial. Then,

0 = Res∞ d(g(z)a(z)) = Res∞(g′(z)a(z) + g(z)a′(z))dz.

Recalling the form of a(z), this says that:
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Res∞

(
g′(z) +

∑
i

µi
z − ai

g(z)

)
a(z)dz = 0.

Pick the polynomial g(z) = zl
∏p
i=1(z− yi). Then, g′(z) +

∑
i

µi
z−ai g(z) is a polynomial of degree at most l+ p− 1.

Note that the coefficient of zl+p−1 is l + p+
∑
i µi 6= 0 since

∑
µi > −p. Then, Res∞ zl+p−1a(z)dz is a linear combi-

nation of residues of the form Res∞ zqa(z), with q < l + p− 1. Using the hypothesis of the lemma, by induction this
implies that Res∞ zma(z) = 0 for every m ≥ 0. Then, a(z) is a polynomial. �

Note that, in our case, we have that
∑
imi

r
n − 1 = r − p, because

∑
imi = m. Then, Lemma 3.16 does imply

Proposition 3.15.

Corollary 3.17 Assume that gcd(r, n) = 1. Then, the representation V = ∆(triv)/I is finite dimensional.

Proof. In this case, the support of V is a single point. Since V is finitely generated over C[h+], it must be finite
dimensional. �

Now, since V is finite dimensional, we can construct a resolution of V by Verma modules and therefore compute
its character. Namely, we claim that we have a resolution

0→ ∆(∧n−1 refl)→ · · · → ∆(∧2 refl)→ ∆(refl)→ ∆(triv)→ V → 0. (11)

In fact, consider S(refl) ⊆ S(h∗), where the former algebra is the one generated by the functions fi constructed
in Proposition 3.14. Since V is finite dimensional, S(h∗) is a finitely generated S(U)-module. By a theorem of Serre,
this module is free, of rank rn−1 (recall here that c = r/n). Consider the Koszul resolution associated to the S(U)-
module S(h∗). It has precisely the form (11). It only remains to check that the differential maps are actually maps of
Hc-modules. But this follows easily by Frobenius reciprocity. From the resolution (11) and the formula for characters
of Vermas given in Proposition 3.8, it follows that the character of V is:

chV (σ, t) = t
(1−r)(n−1)

2
det(h+)∗(1− σtr)
det(h+)∗(1− σt)

.

It turns out that we have constructed all irreducible finite dimensional representations of H+
c , for positive c.

Namely, the following result is proved in [1, Theorem 1.2].

Theorem 3.18 The only values of c ∈ C for which nontrivial finite dimensional representations of H+
c exists, are

c = ±r/n, where gcd(r, n) = 1. If c > 0, the unique irreducible finite dimensional representation of H+
c is L(triv). If

c < 0, the unique irreducible finite dimensional representation of H+
c is L(sign).

Note that the claims for c > 0 and c < 0 are equivalent, since we have an isomorphism H+
c → H+

−c, xi 7→ xi,
yi 7→ yi, σ 7→ sign(σ)σ, so that, in the induced equivalence O−c → Oc, L(triv) gets sent to L(sign).

Finally, let us mention results regarding to spherical values, that is, those c for which the rational Cherednik
algebra Hc is Morita equivalent to its spherical subalgebra, eHce. These are precisely the values of c for which eHce
is smooth, that is, it has finite global dimension. This is a result of Bezrukavnikov, see [5]. It is possible to show
that, if c = −r/n, 0 < r < n, gcd(r, n) = 1, then the idempotent e ∈ H+

c kills the finite dimensional representation
L(sign), so that the algebras Hc and eHce cannot be Morita equivalent. This is clear, for example, when c = − 1

n : the
representation L(sign) is 1 dimensional, isomorphic to sign as a Sn-module and with zero action of both h and h∗.
Using an inductive argument based on parabolic restriction functors for rational Cherednik algebras, Bezrukavnikov
and Etingof proved the following, [2, Corollary 4.2].

Theorem 3.19 The parameter c is spherical if and only if c is not a rational number in (−1, 0) with denominator
≤ n.

4 Appendix

In this Appendix, we give some of the most technical proofs that are in the text.
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4.1 Proof of the Double Centralizer Property

Injectivity of the natural map C[h⊕ h∗]#Sn → EndC[h⊕h∗]Sn (C[h⊕ h∗]). Note that hreg × h∗ is open and dense in
h⊕h∗, and the action of Sn here is free. Let

∑
σ∈Sn fσσ be in the kernel of C[h⊕h∗]#Sn → EndC[h⊕h∗]Sn (C[h⊕h∗]).

Then, for every g ∈ C[h ⊕ h∗],
∑
fσσ(g) = 0. Now pick v ∈ hreg × h∗. Since Sn acts freely on v, for any collection

of complex numbers {zσ}σ∈Sn we can find a regular function g such that g(σ−1v) = zσ, so
∑
fσ(v)zσ = 0. Then,

fσ(v) = 0 for every σ ∈ Sn. But hreg × h∗ is dense in h⊕ h∗, so fσ = 0 for every σ ∈ Sn.

Surjectivity of the natural map C[h ⊕ h∗]#Sn → EndC[h⊕h∗]Sn (C[h ⊕ h∗]). First, we make the following observa-
tion: If a group Γ acts freely on a smooth affine variety X, then the homomorphism C[X]#Γ→ EndC[X]Γ(C[X]) is an

isomorphism. This follows because both algebras are locally free over C[X]Γ of rank |Γ|2, so to show bijectivity, it is
enough to show injectivity fiberwise, and this can be done as in the previous step of this proof.

Now, since Sn acts on C2n = T ∗h by symplectomorphisms, the fixed point locus of any permutation σ ∈ Sn

has codimension at least 2. So the codimension of C2n \ C2n,reg is at least 2. For a point v ∈ C2n,reg, we can find
an invariant function fv ∈ C[h ⊕ h∗]Sn with fv(v) 6= 0, f |C2n\C2n,reg = 0. Now let C2n,reg

v := {x : f(x) 6= 0}.
This is an affine open set on C2n,reg, Sn-stable since fv is Sn-invariant. Cover C2n,reg by a finite number of
sets of the for C2n,reg

v , say C2n,reg =
⋃
Vi, with fi the function used to define Vi. An observation here is that

EndC[Vi]Sn (C[Vi]) is just the localization of EndC[h⊕h∗]Sn (C[h ⊕ h∗]) at fi. In particular, we have a morphism
ιi : EndC[h⊕h∗]Sn (C[h⊕ h∗])→ EndC[Vi]Sn (C[Vi]). Since fi is Sn-invariant, ιi is injective.

Now let f ∈ EndC[h⊕h∗]Sn (C[h⊕ h∗]). Consider ιi(f). Since the action of Sn on Vi is free, there exist fσi ∈ C[Vi]
such that ιi(f) =

∑
σ∈Sn f

σ
i σ. We claim that, for every σ, i, j, fσi |Vi∩Vj = fσj |Vi∩Vj . This follows, again, because the

action of Sn on Vi ∩ Vj is free. So the fσi glue to form a regular function fσ on C2n,reg. Since the codimension of
C2n \ C2n,reg is at least 2, fσ is actually regular in C2n = h⊕ h∗. We are done with surjectivity.

Since Ht,ce is a finitely generated eHt,ce-module, we can equip it with a filtration compatible with that of eHt,ce
making gr(Ht,ce) a finitely generated gr(eHt,ce)-module, and we can use this filtration to equip EndeHt,ce(Ht,ce) wih
a filtration such that grHt,c → gr EndeHt,ce(Ht,ce) is precisely the isomorphism H0,0 → gr EndeH0,0e(H0,0e). This
can be done as follows. Set EndeHt,ce(Ht,ce)

≤p := {ψ ∈ EndeHt,ce(Ht,ce) : ϕ(Ht,ce
≤q ⊆ Ht,ce

≤p+q for every q}. It
is an exercise to show that this filtration satisfies the claims above. It follows that the original morphism Ht,c →
EndeHt,ce(Ht,ce) is an isomorphism.

4.2 An isomorphism of symplectic varieties.

Here, we show that the map ϕ : T ∗(hreg/Sn)→ U constructed in Subsection 2.3 is surjective. Recall that U is the set
of conjugacy classes of pairs of matrices (X,Y ) such that X is diagonalizable with pairwise distinct eigenvalues, say
X = diag(x1, . . . , xn), xi 6= xj .Then, the entries of XY − Y X are (xi − xj)yij . It follows that the diagonal entries are
0. Recall that T + I has rank one, so that T + I = a⊗ b for some vectors a = (a1, . . . , an), b = (b1, . . . , bn)T . Since the
diagonal entries of T + I are 1, we have that ai = b−1

i , so the (i, j)-entry of T + I is aia
−1
j . If we conjugate the pair

(X,Y ) by diag(a1, . . . , an), we get that T + I is the matrix whose every entry is 1. Then, (xi − xj)yij = 1 for i 6= j,
so yij = 1/(xi − xj). The diagonal entries of Y are unconstrained. This implies the claim on surjectivity of ϕ.

We describe, in coordinates, a dense open subset of Cn. Namely, consider the set U of conjugacy classes of pairs of
matrices (X,Y ) such that X is diagonalizable with pairwise distinct eigenvalues, say X = diag(x1, . . . , xn), xi 6= xj . We
have a map ϕ : T ∗(hreg/Sn)→ U , given by the formula (x1, . . . , xn, y1, . . . , yn) 7→ (X,Y ), where X = diag(x1, . . . , xn),
yij = 1/(xi − xj), i 6= j, and yii = yi. As we show in the text, this turns out to be an isomorphism of symplectic
varieties.
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