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* Lines on the torus

IN 11-1112%2

f- →

Any line is either closed

or dense in IT
"

IR
"

→

A-
"
= 1RYzn

*
The closure of a line is

a k - tones for some then .



IR
"

IT
"

__RYzn
→

?⃝¥2
"

Any maximal plane is
either

closed or dense in IT
"

IR
"

→ In

f- ☒
The closure of a line is

a k - torus in IT
"

for some 1 E KE n
.



Generalizations
of these phenomena

to hyperbole manifolds

of finite / infinite
volume .
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Hedlund 's thin 11936 )
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geodesics horooycles

Isomtlltt)=PSLz1R

Any complete hyp . surface =§Ñ,
( closed )

PCPSLZIR✗
discrete
subgp

Co-opt



t.tt#-.cFIH2
f- ¥2

Hedlund ( 1936) S : closed hyp. surface

Any Koro cycle is dense in S

Rmk_ Not true for geodesics



Tutt)=ps↳lR Tls) = ¥541k
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→E
U=fU+=( ! f) HEIR}

horoqdes ← U - orbits

Hedlund 's -1hm

txt ¥4
"?
If = ¥4K
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Veeck 's thin 11975 )

11-1^-11×1 , . , Xni , g) 1 y> o }
,

ds= DEF

¥4141T
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geodesic maximal
k - planes horo spheres

Isomt UH " )= 50in , 1)

Complete hyp .
n -mflds = pttl

"

( closed ) p < Socal )
(cocpt) discrete subgp



¥44k
¥

"

Veech ( 1975 ) M : closed hyp n -mfld

Any max .

horo sphere is dense in M



FAH
" ) = soin , 1) FCM)= pYÑn , "

☒☒

¥
"" " *

Max. horo spheres ← U - orbits
.

V- ✗ c-5¥" "
, ×J = ☒Cni )



horocydes

What are the closures of

horo cycles in ¥
"

?
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Ratner 's -1hm ( 1991 )

G : conn semi -simple linear lie gp

(e.g SLNIR
,
soon

,
1)
,

- - )

P < G lattice ( =
discrete subgp
of finite co-Vol )

leg slit CSLNR)

¥9 H : conn subgp gon by
un:potent elements

-1hm ( Ratner ) conj . by Raghunathan

✗ c- ¥
,

xtT=xL

where H C L C G
T
conn

.
closed subgp



spec-calcase-Anysoiz.D-orbit.in#3lRisYclosedordense.~
⇒ Oppenheim conjecture ( 1929 )

proved by Margulis ( 1987 )

② : irrational indef . quad form
in n73 variables

.

⇒ o c- ¥-0T



→EH

M :=pYH
"

hyp mfld with Vol CMKN

• horoc-yc.IE = properly immersed
submtld

☒nil)
g H

= one - dim
'
l subgp of

uy÷÷÷÷¥:*:)



• g-eod.pt = properly immersed

submfld

t.ME#e..-Exgeodk-
plane ← orbits of

50Th
, 1)
in S¥niD



For n =3
, any geod plane
is closed or dense

closed

⑧ dense

For n74
, there may be

intermediate cases
.



4. Does Ratner 's -1hm still hold

in N - Vol setting ?

for certain hyp 3-mflds ☒µI E ✗ IR
,

some geod planes have wild closures

( McMullen -Mohammadi -0 .
)

yes
-

for convex cocpt hyp mflds
with Fuchsian ends



P L 50in , 1) =G Zariski dense

M = ¥
"

.

.
? °

. .

Det
.
The limit set A .

.
. . - . -

. . .

IR"%y=S
"

• core M =

pyhull IN a ptt"=M
Smallest
convex submfld homotopy

¥¥÷=¥



Assume M is convex compact
( = Core M is compact )

Det M has Fuchsian ends

if 2 Core M = totally geodesic

*¥F¥¥¥É←
$
"

- ^

=É¥¥
"

⇒

"



For n=2
,

→A
simple closed geod

For n>is

closed

hypmflds
>

dosed HYP my
convex

mflds wept
with prop . hypmflds
embedded with
co -dim 1

good plane Fnchensidan

CFDBkB→ €BB→



Thin M : convex cocpt
hyp n33 - mfld

Fuchsian ends

horocyc.IT
are properly immersed

sub -mflds
.

geodipane

(=3.
McMullen -Mohammadi -0)

n24 Lee -0
.



orbitsofcirdess.nl
- A = U Bi Bing =¢

*

round balls

"=3

c. Fool
11

{ Cc Tso }
Cnn +0

where

" "

c. so :&-sphere
175) closed

÷



M3

huge def . space of

hyp 3-mflds
n=3

with

ibly
many

ends
with

hypninfld Fuchsianerds}
h74

No local
deformations .

Teich (9) ✗Teicher)
I

deformations
of M



Thm ( McMullen -Mohammadi -0 .
)

M : convex cocpt hyp 3-mtld
with quasi

- Fuchsian ends

µ* = interior of core M

geo d. plane AM
*
is closed or dense

in µ
*

Rmk_ Cannot Replace M
*

by M

( ex . by Zhang )



1st difficulty in carrying
out

un :p . dynamics in inf - volume
setting

U={ Ut It c- IR }

§ cpt ?⃝
Any U - orbit re

4
set

v01 * a

'
'

*mu - orbit
Cpt subset

11014+9=0

Almost all U-orbit spends 0% time
in a apt subset .



If M has Fuchsian ends,

7- apt subset rc § at

G- c- IRI ✗ UTER }
~ thick Cantor set

.

Moreover

{1- c- IRI ✗ Ut c-R -
"

nbd - of }
singular set

"

~ thick Cantor set



Thank

you !






