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SUMM/RY

bt

Three typeg of nroblems werc tockled.

) The thcory of the word statistics was resured, in
the spirit of the ~uthor's 1951-1954 thesory, but under more gener
conditions. Tho mrin postulete is thot zll the different disting
able sentences of given coding cost (ond, in some cases, given
number of words) have equal vrobabilities. It wes shown that
the nunber of words, of cost less thon u nry be written os:

r(u) = Viexp(b'u - b'C_) - 1]

The number V, which wos neglected by Shennon, is the inverse
of the information ver word. It pleoys the role of the "volume"
in the present "thermodynamicol®” theory.

Severnl types of "syntax" were considered. It was shown
thot the formula

p(r) = (B-1) V2 (r + ©) B
holds, whatever the syntax, as soon as th: volume V and the

temperature 1/B sre¢ l-rge. This formuls is the counterpert of
the formula for perfcet gases. The reasons for the success of
such » macrosconic theory sre shown to be the same =s those for
the success of the theory »f the nerfect gns.

Te modificotions required by the other cases are sketched,

(For detoils, see o paper published by the Institut de
Statistique de 1'Universitd de P-ris.)

B) 4 theory of the law of Pareto was given. The main tool
is the derinition of the Pareto Ldvy varisbles snd sequences.
. PL veriable is & stoble varioble, with finite mecn, ond with
moximum nositive skewnsss. L PL process 1s one in which the joint
distributions »f the vrlues of u, over several reriods of time
is » multivsrirte steble distribution, with finite means end
maximum skewncss. It 1s shown thot the PL sequences possess all
the clerggicel nronertics as asymptotic oropertics. The Champernown
tronsformation is also an nsymptotic property of PL sequences.
Saveral types of ‘explrnations" of the PL laws -re given.

C) & theory of entropy and o theory of divisibilityware addec

to the suthor's gporoach to the foundations of thermodynamics.



INTRODUCTION: & LONG RANGE PROGR"M OF RESEARCH IN STATISTICS.

e L O S S A A S e S

During any recent period'of time, this author's resesrch activity
has turned out to overlap on wmony Drobloms,‘and to be & rather
srbitrary cross-section of the development of s certain single long-
range interdisciplinary resesrch orogrom. 4 report on recent develop=-
ments may therefore be neaningless, without » previous statement of
the general program, snd a sketch of its development.

The point of departure wss 2 study of some statistical properties
of the natural languages. Thesc have an obvious proctical importsnce,
in communication cngineering, since thé most often transmitted of all
messsges are texts'in_natural lénguages (But thé field of the numerical
laws of léngusge also offered é most fascinsting challenge, to snyone
interested in widening - into social scicnece - the field of application
of the methods of the nstural sciences). The study of languago was
first cerried out as an aprlication of informotion theory
(1951-1954)s A set of models wos develomed, which explained very
well the empirical lews of word frequency distribution, discovered
empirically by J.B. Estoup and G. K. Zipf. In fact, the theoretical
formuls, given by the theory, wsas cven s generalization of the law of
Estoup and Zipf, and it gave = much botter fit to the dsta. The
mair foature of the method wes thrt the simnlicity end universality
of the properties of the words is due to thst they are each formed of
many letters; this composition "smoothes" the complicated statistical
properties of the letters.

In meny wsys, howsver, informstion theory is only an aprlication,
to the field of the abstrsct signals, of some general methods of
statistical thermodynanics, o science of bulk chenomens of vhysics.
The theory of langusge could thercfore bc considered directly as an

epplication of thermodynemical ideass, to the study of e Thulk!" system,
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not composed of material particles. & motivation, but no convincing
proof yet, wss given of the idea, that the improved frequency lew is

a M"linguistic" counterpart of the structure of the perfect gasss of
physics. However, of course, if such an application of thermodynamies
were not to be shocking, one should refer to a set of foundations,
which does not use any too particular kinetic consideration; in

fact, a thérmodynamic theory of langusge should better be accompanied
by a special study of the foundations themselves. This would be a

new motivation for the study of foundations: to distinguish the part
of thermodynamics, which is so genersl that it could also conceivably
apply to systems more general thsn sets of molecules. In particular,
the inforhastion-theoretical interpretstion of the model of language
could be preserved all through thé theory, and this new use of thermo-
dynamicsl methods could contributé to their understanding in general
contexts, - However, this suthor's first study of the foundations
{(1952) was stillltoo much based upon considerstions of the relationship
betwesn entropy and information,.and it wes no more successful than
gimilar contemporéry studics.

But the M"uncritiesl™ application of thermodynamical methods was
again successful, in the study (in 1954-1955) of other problems of
great practicel (snd conceptusl) interest: the problem of the classi-
fication of the items of o finite set, through successive dichotomies
(and through intermediate c-tegories), snd the connected problem
of information retrieval. The practical importance lies here in the
fact thet the design of "good files" is well known to be omne of the
stumbling blocks in the efficient desizn of some very large organlzations.
(The theoretical interest is slso clear: for exsmole, in the case of
biological taxonomies, the structure of the classifications, - which
are already availsble in this case - was widely believed to nrdvide
certain information sbout the orgsnizstion of the living beings, for
examnle about the laws of evolution). The 1954~1955 study was limited
to the examinstion of J.C. Willis's law, giving the distribution of
the species smong gerers. This law wss explained on the basis of

"thermodynamicel® considerstions, (without reference to ovolution).
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There src meny difforonccs between the laws of Estoup-Ziof end
of Willis (ond some sumerficisl rescmblonces: they con both be
written in the form y = P x ° , with oporopriate intornretations of
X and of y, and with -~oprooriate vslucs for P and 2. But this hordly
gocs any further). But there is also & deep common fcoture: when
the "energy", u, is properly defined, tho number, s(u) of configura-
tions of the system, having each the given encrgy u, increases very
much more repidly than is cver the cesc in ohysics. As to tho
"phnse svace™, it ceznnot be ~n euclidcan sonce, 25 in ovhysics, but
it is somo simple function spreec. Finally, the partition or gonerating
function: g(b) =2§ s(u) 2xo(-bu) hos now a sinzulsrity in the right
helf-planc, wherecas in physics, the origin is the singularity of
lergest resl veluc. One consequence is thot the distribution of sums
of very meny identicsl and independent random veriables is no longer
neccssarily geussian. It mey be onc of the non-gaussian stable
nrobeability distributions of Psul “dvy (cxpressions which were, until

‘recently, considercd as entirely nethological).

The-part of thermodynemics, which cean bo. goneralized,. should
therefore exclude any sssumption, which would moke the vhose space
necesserily ouclidean, or which would mrke the sum of meny components,
necesserily geussian. . new oxiomaties for this vart vas develoned
in 1955-19%6, which is both statisticol and vhononenological®, in
that it nover involves th: otoms as Mhiddon varisbles". (In some
ways, this onproceca turned out to be equivalent to osn old - »nd
undsservedly ncgleeted - approoch, uscd by L. Szilerd in 1925). The
new foundations are not yet sufficient to cover 211 the non-physical
anvplicrtions of thermodynsmics. But they turncd out to have a most
interesting fosture: the mein tool which they usc 1s the mothematicel
theory of stetistical egtimetion of n-ramsters, which is zlso the
main tool of the theory of tho detection of wesk signals in noise.

The theory of the foundations of noisc cen thus be bazed on the ssme



principles, as the theory of climinastion of noise, in communication.
Such a unity is quite desirable, and it wes planned in 1956 mostly

to go shead with the dcvelopment of such an avpproach to the foundations,
and to let non-physical applications aside, for » while.

These plans could not be followed, ~nd, finally, more striking
progross was made in the study of the epplications (3). It sppesrs
that the suthor's ectivity has by now becn dursbly oriented aslong
the lines of » long rango progrsm, hoving two nspects: the study of
physic-1l =nd non-physical apnlic-tions of thormodynsmics, and the
study of the "universal" foundations. It seems thet the progress
in either sspect is very much conditioned by thot in the other, and
it is planned to pursue both fairly simultrneously, in the nesr
future.,

The topics most studied in 1956-1957 werc

I. The vroblem of word frequencies, which was recsumed after
several years. . A research poper on this topic has been published under
the title "Tudrie mothdmatious do la loi de Zipf"; publisher:
Institut_de Stotistique de 1'Universits de Paris. f£n Engligh -
tranglotion, with complements, is being kindly mado by members of
the IBM Loborstoricse.

IZ. The problem of the lsw of Pareto, relative to income dis-

tribution, » new topic, providing » different type of gencralization
of thermodvnamics. & resasrch peper on this tople is for advenced.
ITII. The problem of foundstions« ! rescsrch paper on this topic
is in orogress.
Chapters I, II, ond III of the following sccount aro each
devoted to one of the above items. Chapters I and II contein
furthur considerations on the rel-tionship of these applications to
other oroblems. Chapter II includes some results obtained, during s
summar stay st Corncll University, on Contract with the ONR Logistics

Project of Golumbia University.

Iy

' hg, progrogs made in the theory of foundations, onc should
SN e eV i AN S
o aohrétericos Re gava a% in o



CHAPTER I, THE NEY GEIER.LIZTD “ORM Or THE N"THERMODYN/MIC'L" THECORY
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0¥ ZIPF!S M'CROSCOPIC L,n17 Q7 YWORD FRENUENCIES.
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1,1 St-toment of tho low of Estoup snd Zipf. Everyone has a

stronz fealing of tho very greot complication of the stetistical
nroperties of continuous semples of nntural texts, whon these semples
arse considered ns either scqueonces of leotters or of phoncmes. Besides,
these strtistical promertics clearly differ very much from language
t0 langusge end from ~uthor to nuthor. One could think then that even
more comoliceted statisticel pronerties would be observed for the
higher-scale units, such 2s the words, which are cach mede out of
many lettors. However, this is not the cose. It hos besn observed,
at least sinee J.B. Estouplelé) and it is felirly well known since
G.K. Zinf, thet the stotisticsl distribution of the words is essentislly
independent from the langusge and from the ~uthor considered.
"Egsentially® means'in this crse that the distribrtion devends only
unon very few (tue) numerical peramcters. O course, meaning, etces.
could not be taken account of, in such a type of law. It turns out,
that the best wey of writing the exverimentr1l result starts by »
"neutral® rolabeling of 211 the words: one uscs as rank, r,‘tho
position in which they ore found, in the orderimg of n~ll the words of
a large semplo, by decroasing frequency. The empiricsl deta turn
then, in most cesecs, to bs oxcellontly reoresented by the following
law, which is a genernlization of Estoun ond Zipf's originel expression
o(r) = (8-1) ¥ tr s WP

where »(r) is the probrbility of the word of ronk r, ~nd where B and
V 2re the twe poremeters. Wor large values of r,

log p(r) = logé (5-1) ye -B log r
That is: on bilog-rithaic onper, log p(r) (ns a function of log r)
is a straight line. For smoll valucs of r, the cmpirical points

fall on both sides of the abovs concove curve, with devistions on



both sidcs ndding to zero.

In § 1.3, it will be shoun thnt the fornula can be cntirely
"exblpined, by considering lbng'seqﬁences of words ss thermodynomic
systems, ond by spplying to thom the physicel principle, that e1l
the configurstions of a microcrmnonicsl system src cquiprobsble. In
fact, not only the formuls csn be exploincd by the thermodynamic
theory, but it wnrs itsclf obteined by this theory, ond turned out to
be suncrior to the 1ass?éehﬁréiﬁféfmui5;ﬂfifét éuggosted'by the
exverimenters. The theory will also nrovide for scveral possible

deviations from thc sbovc formula.

e e b e e e e e e e i R b e e i

1.2.1 Zquirepsrtition of probrbility smong thoe distinguishoble
.?""""&":"%_ o
configusratlions or

given cnorgy. Lesume the following principles

To eny "thermodynemic® system, ono ma~y attrc™ a2 quentity, u,

called its "onorgy'. Lot dr (u) bo the numbor of distinpuishnble

confizurations of the system, such thot their emorgy U is such thot

uSﬁ;(iﬁdu. tthan u is fixcd nnd known, o1l those configurations

have equal probabilities.

07 coursc, thc firet difficulty of such a thoory, in tho case
of non-hysicel systems, will bc,to definc the "onorgy" corrcctly.
In the cesc of physical systems, thore is no such difficulty, snd the
function r(u) moy be identified to the volume of the shell of encrgy
u, in the phsse spsce of the system. This vhasc space is euclidean;
in the course of thz nrgument, the numbor of its dimensions will tend
to infinity, but oll the rrguments aro mede on finite dimensionsl
snaccs. For the perfset Moxwsll Bolizmenn ges, formed of N molecules,

r(u) = K v u 22

Therefore,
» : |
g(b) ={ exp(-bu) ar(u) = K''VD
For othor physicol systoms, r{u) and g(b) moy toke other forms.

~3N/2

But it is alusys sssum:d very eorly, in physical orgumonts, thot g(b)

hes no singulsrity in the positive hslf plame (rcol pert of b > 0).
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Bosidos, onc nssumes that r(oo) = oo  (this is certesinly truc,
as soon As u is unbounded). Therefore, therce is ~lusys a singulerity
Jor b =0, '

As pointed out by J.W. Gibbs, those conditions ore not required
by the L-ws of mechonics =ané of non-statistic-1l thormedynamics.
Howcver, they destroy the gonersality of strtistical thermodynemics,
at on esrly strze. One could thorerfora concoive of at leagt two
tyves cf gencrslizeotions,

) g(b) could be regulsr ‘or b = 0; this rcquires r(oo)g oo,
and 1 must be bounded i~ r(v) is intoger-velued. In thet coso,
z2(b) will be everywhere regulnr. Such systems hove recently beon
considercd in the study of neg-dive tempersturcs: thoy had nlso
oceurrcd in the study of some quite exceptional linguistic systems
(s §1.35 ).

B) z(b) may h-vo singul-ritics in the positive hal’-plane;
since dr(u)Z, 0, one o the singulsrities, having meximum reel velue,
must be real; let it be cnllcd "lending singularity®™ or b'. Physical
systems Jor which b'> O could absorb or sbeondon an infinite amount
of hast, without oxceeding » certein tomporeture 1/b!', ond without
work; they o-rs therefore comnletely foreign to our common cxperience
of nsture, os Glbbs found out for all the examplss which he investigatec

One exception is the infinite thermostat, for which r(u) = K exp(t
but such » thermost-t only exists at a single temnersture 1/b'.

However, the physienl intuition becomes worthless in the non-
“hysical apnlicotions which ore the objeet of the sresent theory.

Ono ConSlat nt fc «tur of the 1or-0hy31o anlicstions o#'

thermodynsmicg, involved in the »rescnt resc 7rch orogram, is thet

their ohesc sprco is not euclidenn, but is some simple infinitely

dimensionsl function sprce. The function r(u) then increascs so

rapidly, thet g(h) has singulrritics in the right helf plrne. The

theory of such gystems somectime preserves, and somatime distorts,

the usual feoturcs of gas theory, in » most fascinsting pattern.
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1.2.2 Possibility of - macroscovic deoseription, when b is ngar

= Anddg i O -“"7 ! 2 (] s
the looding singul-rity bl Tho scecond step of thormostrtisties is

to introduco the canonicel distribution:
df (uhb) = g*l (b) cxp (=buw) dr{u) , where F:: PY‘[U<IL:\
In the physicol case; b' = 0, this way bc obtained os boing cither
the most vrobeble, or the averaze, distribution of cnergy for o small
pert of » 1 -rge microc-nonicrl system. It may bs scon thet this
identity no longer nccessorily holds, if b' # 0; but tho cononical
formuls kecps its importanco. It mny be noted theot the oroperties
of thermodynemic systems of molcculos ~re simplest, when the tomvera-
ture is high, that is, b necor 0. Then, the low encrgy levels rerely
occur, ~nd thc form of r{u) for u sn~ll is not importaont. But the
form of r(u) for l-rge u only devends upon the behavior of g(b)
nerr its loading sinsul-rity b', so thet the very possibility of =
simple maero descrintion of » gystem is linkod to the nossibility
of sooroximsting g(b) by its nrincipsl veluc ncar the singul-rity.
The: macro deserintion blous up, whon the tempcreture becomes smalls
One ¢-n prococoed likewisc, for non-ohysicrl thermodynonic systems.

If the tomdorature 1/b is oxtremely high, thet is, if b-is very nesr

its minimum b' onc can construct » mrero theory, with very few
v 5

norametors,; by only considerins the bohovior of U(b ne-r b,

Furthermorc, =1l ths thworics which onu noy cncounter mey be clasgsi-

fied, on the only basis of the mathemntical charactor of the locading

singularity.

To Mexnlelin® why = rtein set of empiriesl data scems to
corraspond to s certei ( 1) or g(b), onc mny, in the first anproxima-
tion, simoly justify the bohevior of g{b) ncar b = b', thet is, certain
broad fosburss of the ph se sorce. L1 the oresent aoplications
sre still in this first eoiro:imation at-ge.

The only singuleriti.s considercd so far src voluc ot B! £ O,
and branching noints. In both cases, the nsture of the singularity
of the sum of N systems is casily deduccd from th-t of sinzle systems.

{In the Psreto ersc, no good oynlrartion wes yoi found of the



2

sinzulsrity rcouizad by the detr. Thercfore, the Prreto theory will
bo “resented on difiercnt grounds).
The suceess of th. thormodynsanmic eporosch will be transleted in
the fect that the concrote nature of the ohenomens
concerncd will heeome irrelevent, once the g(b) Tunction is derived.
Moreovar, on: finds that b 1s consistently closc to b'; or even
equal to b'. Onc should not ycot look for very dugo reesons Tor this
frct, becausc, for 1l vge b, -the predictions of thermodyncemics becone
so involved, thot tho veriiicstion of the »rincinlcs involved would

be most dif icult at best. Bosides, the striking fact (ot this
staze) is thrt o macrosconic description, ~nd theory, spoly gt all:
it is nuite plrusible thot the proscat limited and scattered set of
nuncricsl dots is “covily biased in favor of the cnses where the
rosults are simnlc. When eny vporticuler ficld is studied exhoustively,

on:z is bound to 7ind an incrcasing number of cxceptions, ~nd tihcse

£

10y becoms the more interesting mart of the hole ~pprooch.

1.2.3. :bsolute tonmoeraturce Lot g(b) be only defincd for

by b' or for bg b'. The nhsolute temisrsture is defined in ohysies
rs  1/b; its seale is quitc ~rbitrsry, unless it is chosen so as
Lo meke Boltzmenn's constant % aqu-l te 1. In the e-ses where b! %‘o,
the choics of = scelec of tcmporaturc is much more . straizhtforwerd:
one ney definc

1/B=b"/b (B =conitel 03tn )
Such non-physical systenis con thus only b. defincd for tempcretures
less then 1. {Thie ~bov. dofinition i= ~leo cquivelont to - choice
of the unit of u, so thrt b'! becomes = 1.)
turs sre pleved by b!/(b=b'), ~nd not by b'/b.)

1.2.4 On tornodrnerics ~t unit tomnercture, #nd on stable
o 7 b

(On“ Pinds however th-t some of the i;olos of the whysicel temdera-

non zenssisn distributions. In the “hysic-l ecse, g{b') = g(0) = oo.

=1
Therefore, the cononicr~l formula AF (w/b) = g (k') oxp(-bfu) dr(w)

gives F = 0 “or »11 u, which is without ~ny interest. The stote
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b = b' remoins without intercst, ~s long as the lesding singulerity
is o pole. But, in the cnse of othor tyoss o lesding singularity,
g(b') may be I inite; thon, the canonical “ormule is n genuine pro-
bability distribution, cven ot the singular point.

Consider mow the sum of = lrrge number of systems, independent
end identicsl, and sueh thot g(b!) # co. Write dr'(u) = exp (~b'u) dr(u).
(This unction of u must decrcasc ropidly cnough, so thot r' (oo) = g(b') #
oo). It is no longer nocessarily possiblc to »pply herc the local
central limit thoorem, which Khinchin uscs in the physie-l casec.
Even if the sum tends to o limit (whon properly normed), the linmit
may be any one o° Paul Ldvy's stablec probnbility distributions, that

ig, distributions having a charactcristic function of the form:

exp [C \tla {1 + ITETSS tg E.‘g&.l}
where 0<A$ 2, and {SB\ £ 1. w8 shell roturn to tho enso in Qﬁ
The most striking property of such veorisblcs 1s thet if, in this case,
a large microcanonical system is divided 1nto two perts having the
seme probebility distribution, cach part is no longcr probably equal
to & of the wholc, plus or minus » small fluctuation; on the contrary,
one psrt will most »probebly teke up most of tho wholo, lceving only

o smoll remeins to the other; only, ong docs not know in advence

vhich part will be the gre-ter.

(This ¥ will ke skotehed repidly, since s complcte account has
appasrcd in the author's "Théoric mathdmrtique de le loi de Ziof",
Institut de Stotistique de 1'Universitd de Paris, Junc 1957).

1.3.1 Introduction. The princinles sand mothods of statistical

thermodynamics (classical and gquantum) were spplied, with some minor
and some Wajor modifications, to the study of the stetisticrl
structure of a clnss of objécts, tho words. / number & known
properties of the words of notural langusges werc thus explained,

by being reduced to criteorie, thet ere both simple and robust, in
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that the finel results of tho thoory src not modified by slight
modificrtions of the eriteris, nnd do not dopend upon some ~rbitrary
assumptions, which must bc mrde at the beginning.of the theory.
Several conjectureé were mode, concerning aspccts of noturel language
that have not yect been explored cxverimentolly.

1.3.2. The cost of transmission os %“encrgy". Morvphology.

Number of different words of given cost volume. The macroscovic

systems of the theory will bc the words, sequences of lesser, a-tomic
units, celled letters (in contrast to the words, the letters will

not be identified to the lettcrs of asturrl lancusge; but discrete
units much lesser than tho words must cxist). In ~ continuing scquenc
of letters, a natural word will be eony string, contained botwoen two

successive oeccurrcnces of = certoin improner letter, cslled the space.

The morphology of longunge will nlunys bz t-ken to bo of Mexwell

Boltzmann tyoc, theot is: »1ll pormutrtions of different letters will

be different words ( some mev never oceur rctuanlly: this should be

exprossed here by a zcro probability of occurrcnce ). Therefore, the
nunber ofﬂgiffercnt words, in whi~h the letter Lm'occurs n(m) times,
will be [| n(m) ! /‘??n(mﬂl (wherens, in physics, permutations
should not be distinguished, go thet onc must somchow suppress the
term [;;n(mjl !

The encrgy sttoched to cach letter will be the cost of trans-
mitting it over a certcin channel; th's cost will be sssumed to deperd
at most upon the letter itself, snd the one which preceeds it in a '
continuing string. The cost of o word will be the sum of the costs
of all tho letters which composc it.

It is shown that the gencrating function. g(b) takes the
following form, when the cost, Cm, depends only upon the letter,

L (LO being the spece) ) .

g(b) = exp (-bC ) [ 1 - exp(-—me)]
4s to r(u), it veries by intcgrel jumps, since tho words are discrete.
In the case where the Cm ore not 211 multiplos of sorg common unit,

the behavior of r(u) may be very compliceted. However, it is then
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possible to spproximrto the distribution of encrgies of words, by
a continuous distribution, with o function rﬂ(u) raplacing r(u).

In any csse; such a function rﬁ(u) must be such thot go(b)ifexn(-bu) dro(u)

be nn spproximetion to g(b). One ney ‘toke
= =~ -
g (b) = exp(~bco) L C, exp(—b'cmz] {b=~b')

f

-

This gives

H

r(u) Vl:exn (b‘(uQCO) -1

where

-\
i 1 —h!
7 Lp Cm oxp{-b Cm)]
is the only remaining influcnco of the initially postulsted set of

H

letter coste.

The sbove formula will not foil to be comprred with the formula
relative to the number of sonfig rrations of o perfact ges (contaiﬁbd
in the volue V) which have on cnergy less then u. In the quentun
theory of nerfecct gesos, thoso confipgurstions arc discrete, =nd they
depend upon the shene of the resorvior; but, for o large volume,
one may introduce an apnroximete continuous distribution of lewels,
and tho denendence uvon the shaps reduces to o simple promortionality
to the volume of tho reservoirs In other terms, it seoms thet V
will play the role of tho volume. (However, the universal function
which multiolies V is no longer n power of u, but ~n CXﬂgnentinl;
this change is duc to the fact that onc keevs the factor 2 n()f,
and to the fact thot the number of lotters in » word is not fixod,
vhich rocalls the case of »hotons; howsveor, tho orosent system is
a Moxwell Boltzmenn system, ond not » Bose Tinstein system, like the
photons). The intorpretation of V as volune is linked to a most
interesting vhcnomenon, » countorpart of Gibbs's peradox of thermo-
dynamiés, for whiech we must rofor to pe. 26 of our snecial report.

1.3.3. Syntax. Tempersturc. Councidor now the sentenccs, which

ave seguences of words. Two models of syntax were studied. In the

Maxwell Boltzmann syntax, all the vermutstions of different words

are considered as beiug correct and distinet sentences. In the
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Bose Einstein syntsx, the permutstion will not chenze the sentence;

no restriction will be set s oriori on the length of the Bose
Finstein sentences, but it will be shown that, s posteriori, the
length of most sentences will be "essentially” bounded. The number

of words in o sentence may be fixed in advance (uniform sentences)

or be determined by suc-escive occurrences of some special word:

the "full stoo" (natural sentences). It may be noted, that these

definitions have somethinz quite unususl from the viewnoint of
chysics. (In natural 1.B. sentences, the :1.B. count is sssocizted
with variable length, whereas in physics, verisble length is found
only with the B.E. count. In the B.E. syntax, the words, which are
built according to the '1.B. countyare composed according to the B.E.
count; in physirs, only the opposite iz found.)

The besic postulate is still that 211 sentences of ~ziven energy
(the number of words in the sentence moy be fixed in advence, or not)
haove the saae nrobsbility of oc:urrence. If so, it is no longer true
that the most probable and the sverage frequencies of words in
sentences are necessarily equal. But in the cese of the uniform

sentences, the two snecifications are identical, =2nd lead to
b i

ﬁ(r) = [é_l exp (bur) - 01 -1 c

- C

0 in the M.B. case
I 1 the B.E. case

where r is the index of the word in some arbitrsry list of words.

ol

The velues of Z and of b are dectermined by the rclrtionshios:
N =.5 ar(y) [-Z_laxp(by) - Q}ru Vjoxp(x) dx [Z'-loxp(Bx) - é]-l

=1 i 3
bly = ¥gdr(y) yh! [Z exp{by) - C] oy {Jéxp(x) dx [Z' exd'Bx) - q
where 2! = 2 ;X?{bCO) and B = b/b!

Thus, Z' end B are functions of the ratios N/V e¢nd b'w/V. The

1

influence of the B,E. syntex will depend upon the effect of the vslue
1 The
3, FIp

role of V will therefore opsin bz the ssme as the role of volume in
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physics.

1.3.4 The vevrfeet worde In particuler, if B is very close to

one (high temperaturc) the syntax hes no influence uvon the ratios

N(r)/N, snd, in all casus, thermodynamics predicts thet
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p(r) = Nr)/N = exp(-—bur) [Ur exp(-bu) dr(u)] -1

There 1s no way, howsver, of checking the predictions of
thermedynamics, as long as they sre prescnied in such a form, because
u is not something which can be easily messured. There is undoubtedly
some weakness in s thoory starting from the .
identification to cnergy of » non-messursble quantity, but this
wecaknoss is not hermful, after all. First of all, experimentslly,
onc csn short circult u, in the verification of the predictions of
thermedynamics. This is because u is a well-defined function of
the numbor of words of cnergy less thsn u, and this number is itself
equal to the numbsr of words more frequent than s word of cnergy u.
Suppoge thet the sbove arbitrary index r is chesen to be the rank of
& word, in the ordering of all words by docreasing frequencies;
it can then te identificd to the r of the formula for r{u).

Further,

2 A
r(u)~o r(u) = V,[%xp (b! (u—CO) -l‘j
Eliminating u between r (u) and p(r), one obtasins, if V is large,
o(r) v Blr) = (8-1) VoL (rem) 7B

Let us return to the conditions of validity of this Drediction;
First, onc must have a B close to 1 (high temperature) and a large
V- (large volume). But, besides, tho foraula for r (u) is an arproxi-
mation valid for large u, based upon an approximation of g(b) near
b'., Therefore, the formula ﬁa(r) is itsclf strictly velid cnly for
1arée r. For small values of r, o{r) will differ from po(r), but
pu(r) was constructed in such a way, thrt the positive and negative
differences will add to zero. These differences are due to the
details of the letter costs, of vhich thoe macroscopic theory cannot
take any account. To these differences, masy ~1so bec added the chance
fluctuations, ineviteble in small samplos.

As mentioned, the formuls po(r) does in fact give an oxcellent
nrediction of emnirieal facts. Besides, its conditions of validity

are now cloarly shown to be formolly the same ns those of the validity
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of the theory of the perfoct gns. Henco tha‘proposcd terminology:
"perfoet words".

In the memoir , the nrovertles of porfeet words are studied
in more detail, e

‘143s5s Other statos of the worde The word sltatistles will

differ from that of tho porfoct word if the volume or/and the tem-
poraturc ere smell, or if there is some srtificinl bound on u, so
that the temworature cen go beyond the value 1.

If the syntax is M.B., but the volumec is vory small, there is

no simple macroscopic prediction of p(r) for small r. Tho curve of
iog p(r) as » function of log r may present o1l kinds of behaviors,
more comnlicnted then g simnle coneovity. But for large r, the
formula for p(r) rewaine valid. That is: 50 1
-B, & -B | -
Pr { v/ knowing thot > 5, soy) =1 |& x

; 4
If tho syntax 1s B.E., and V ig small, t'iere arc two typcs of

effects. Flrst, some modifications of the curve p(r) for small 7,
which cannot be deseribed in macroscopic terms, Sccond, and more

important, it is found theot the averngs numbcr of words in a sentence,

othor than tho mest frequent ward, is bounded. Therefore, whon the

length of 2 sentence is mede to inerease without bound, one can sdd

nothing but now ropetitions of the most frequont word. {Except in

the sluays prescnt sm~ll poercentoge of cxcoptional cascsd The hound

on the "essentlal" number of words in o sentoncc is of the same order
of mngnitude os the average numbcr of lotters in a word. 4ssumo that
the number of repetitions of the most freguent word can be disrogarded

This rosult meons, thst tiic Bose Einstein syntsx will never necd to

be applicd to sontonees, which nre so long, that it would be obviously

absurd to postulate thet the words in this scnionce can be nermuted

without change of meaning. Thus, the B.Z. syntax contains the limlts

to its own roplicability. This pheromcnon is the linguistic counter-

part of the Bosc Binstein condensation of gascs. Let the number of
words excead the bound sbove; the axcess words, all identical to

the most fraquent ons, will be the counterpart of tho part of a gas
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which is liquifled when too many molecules are squeezed into
a given volums,
let finally the number of words, and therefore u, be bounded.

Then B may become less than one. Then V becomes quite unimportant,

and its role is played by the total number of words, R. One
finds:
n(r) = (B-1) RBml r-B
Such statistics szem to be found in cases such ss that of
modern Hebrew, etcses They resemble the physical systems of

negative tempesrature.

CHAPTER II. O« PAREITO!'S MACROSCOPIC Lt OF INCOMS DISTRIBUTION:

B T o o T A e o S o e o R R R S e o

A NEW INTTRPOLATION AND THZORY: FIR®TO-LEVY ST/TION'RY STABLE

R o T o o o e i Sk ok R S o

PROCESSES.,

++++++++t

2.1«l, Different forms of the law of Psreto. V. Pareto

had attempted to represent mathemstically the inequality of
distribution of income among the income recipients.

Strong law of Pareto. Let an income recipient be chosen

at randem from a lsrge population. The probsbility that his

income U over some time interval will exceed the value u, is

L= F(u) = (&)™ sfrone

Week law of Pareto. (or: Doeblin's condition) ThisTlaw

is surely incorrsct for small u. One could only assert that it
holds for lsrge positve u, where one should Tind, in bilogarithmic
coordinates:

1og§l-F(ujk =5 log © - a log u.
The lsw of Psreto has been discoverad, and is still being
studied, by observstion of such bllogsrithmic gzraphs. But,
in fsct, the best that can be drawn from the experimentsl dats

is the wesker sssertion that a csn be chesen so that:
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P(u) = log{l—}?(u)} = o log N

depends only little upcn u. That is, whichever w, there exists
a such that
log P{exp (loz u * log w)& - log P iexp (log W)le-) 0, as
u =y 00. Thast is, for all h, P(hu)/P(u) —31, 25 u =3 00.
As to Pr(U¢ -u), it decresses very much more ravidly, as u-—» 00.
This only reasonable inference from experience turns out
to be entirely identicsal to the necesscory and sufficient condition
of Doeblin's theorem of the theory of vnrobsbility.
There is some question, sbout the range of varistion of a.
In n few ensas, but very doubtful ones, it seems theot a) 2. But
there are such deep diffecronces, between the cesc whers a2, and
that whon o<2, thet we shell provisionslly assumo thet 1Ca 2.
Then, the meen value of U is finite, -sinces - -
E(U) =\fu ar(u) = f {1—F(u)§ du € oo

But the mean deviation from the mean is infinite, since:

2(u) + B(0)% = [ ar(u) = 2ﬁ1{ l-F(u)} du = oo

Pareto'!s date =21d laus rafer to incomes over fiwcd time

intervals. It is cloar, howover, thet the covariances of

incomes over distinct time intervals will a fortiori be infinite.
As a conscquence, the usurl theory of second-order stationary

time series will certrinly not npoly to income time scries.

2.1.2. ™Models of the Lay of Pareto, as oxprossed in terms

of v = 1oz ue It seems thrt, so far, n11l the sttenpts to

"axplain® the law of Pareto wire bas2d on the raplacement of
u, by Veher-rfechner's logaritihim:
v = log u, _
as the funiancntel verisble. The lauw of Peoreto thoen tsakos the
form: .
Pr (V:) v) = exp !L - a(v—vo)}

This s<monentisl distribution is most common in physics,

and it turns out thot the known theories of the lnaw of Paraeto

are simnly trensliterations of known phvsic 1l theories. These
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trensliterations ave » priori fairly rossonablc ~s such, in
the freme of our gencralization of thermodymamics; but, »)
therc is no clear way of justifying the reovnlacement of u by v;
) there is no wey of justifyinz the rostriction of the velues
of a; c) lot the time interval, over which the income is
étudied, tand %b zaro: the cleesical thoories do not load to
a re~sonable intcrpolstion of the curve of varistion of incomc.
If, howsver, it wore deeided to disrsizard these fundamental
uelassical”
objections, there would be no rioason to nrofor onewtheory to
another, sinee they nre =s equivr-lent, ns differcnt approsches
to the theory of themodynesmic cquilibrium.
' Let v be rof-rred to sos "income bracketi.

The Pareto distribution, s the most -robablc, or average,

distribution of log u. The formule for Pr(V> v) is simoly the

canonicsl formuls of thermodynrmics, in ths cose where there is
s single "confisurstiom " per incomo bracket: r(u) =u
dr(u) = du. Thet is, if the sverage brecket \dp(v) v is ziven,
the most orobable distribution p(v) is obteincd by moximizing
-\dp(v) log p(v), and it is the Prrcto distribution. This
argument imnlics thet the income breckets con be added. If
so, one mey, =2ltevnntively, consider s11 thes partitions of o
given sum of breckets smong N individuels. If these vertitions
have equal nrobrbilities, the mesn frequency of the bracket v
is also given by the “arcto distribution,

(in soproach of M, Castell-ni is » =lizht verinnt of those
argumznts. )

Chamoornowne brensforustions. Yot the incomaz brackst be

Auantic d, £ k-th breéFd ineliATHE Tnestts GG IheE L
k¥ v ¢{(k+1)¥. Chensrnovme conjecturcs thet, ~hen h and k
srec hoth lerge, the »robsbility thot ths income trensfer f{rom

the k-th to the h-th brocket is only = function of h-k.

Methematically, this is the s=ame rg conjccturing thot the

income brecket perform s "rendom welk";, =as time Droceeds.

Ths simplest rendom walk is one, in vhich there is the
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prob~bility v, th-t the brrcket incre-se by one unity, » nro-

bability s thrt it decresse, ~lso by unity, »nd the ~robability

1 - o-q, bhrt it stay unchsnged. It is known th-t o rrndom =nlk
1s » discrete form of diffusion; that is, of the heat motion

of pnrticlgs in » reservolr of uniform temperaturc. Such =

renresentrtion of ceconomic internetions by he-t motion is »

quite notural one, ond is gquite f-milisr; o~nd onc chould at

lesst try to scc 1ts conscquences. Chemoornowne st~tos thot,

under some ndditionrl conditions, the Peroto distribution is

the only sterdy one, under diffusions _

(If there were no addition~l conditions, it is clesr thrt
the income brackets would diffuse to ® or - 0o, ~nd there could
be no steady strie.)

The simplost conditions, in physies, undor which there
exists » steady distribution, nsre those whers the diffusion
hag 2 downward sveragse trend, s=nd whors there cxists a lower
floor, under which the particles cannot zo, »nd which bounces
or reflects them back. These arc procisely the =sdditiomnl
conditions chosen by Chempernowne. Than, in the cnse of the
simnle rondom welk, the wroof of his assertion becomes immediztel
In thrt casc,

Pr(k,t+1) = p Pr(k -1,t) + q Pr(k+l,t) + (1-p-2) Pr(k,t)
exeept for k=1, since the g% of the veople in broeket 1, who
would go down, ~ra token to be "reflected" back into k=1 by
some bencvol:nt power., Thus,

Pr(l,t+1) = q Pr(l,t) + q Pr{2,t) + (1-p=2) Pr (1,k)

This hrs » steady solution (sec Feller, p. )

CPr(L)= (1-p/a) (p/@)*™h 5 Pr(v3 v) = oxpi-v 108 iq/D)E = ot 8y
which ig the Par:to distribution, with: t

= Yog(o/o) ()T

Clesrly, the ssme result would be found, if the rcflection

wrre not immediete, but i1f the verson could stay in bracket 1
for a random intcrvel of tize, having sn cxponential distribution.
Or else, the bracket 1 could sbsorb the Dersons,Kthat is: they

could be ruined for life, if they get there) on the condition
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thst this be compensated by = uniform flow of ncw nersons into
the lowest income bracket.

Now, lock only at thc behavior at infinity. If the
reflecting barricr were placed at vy # 0, the cocfficient e =1
would be rcnleced by exp{'-avi). Thus, the cocfficicnt a depends
only upon th: transition probabilitics, but the coefficient UY
depends on the rosition of the refleeting barrier,

Finelly, thc stoedy stete under the Champernownc trans-
formations is also the most probable stato.

Reflocting loycrs, snd the log-normal distribution. One

must now give an cccount of the fact, thst tho strong law of
Pareto does not hold*for small vi There is no lower floor for
incomes, but n certrin most orobable vealuc is followed by a
rapid decrcasc. To explain this on ths basis of 2 random wolk,
onc must assume thet log (p/q) sterts decrcssing for small v,
and cven becomes negative for very smell v (onz would like to
tak%e 2ccount of the possible, but rsrc, ncgstive incomes u; but
this is prohibited by the fact thet onc works with v = log u).
In other tormrm, , log &ﬁv) Wwes o lincsr function of v, for large
v; but for intermediste ond suell v, it wlll bce o function
concave towords large valucs of log Pr(v). As o first npproxi-
metion, this concawity could bc revrescnted by -~ prrabola,
which gives,

Pr(v) = X cxo ( - XK' (log u - log uﬂnx) 2)
This is the lognormal distribution, for which i% hns hean
rendntedly clrimed, thot it represents the income data in the
intormediate renge. Tho roletionship of the above oxplonation,
to tho usuel limit orguments, hrs been studied in deteile

Criticlsm of the frilure to distinguish betwcen different

(&)
Q

values of a. The cxnected veluo of v decreascs, whichover n.

But u iteelf mny either deercase or inercsse on the nvarage,

Onc has:



E(U, t + 1; u,t)

F=]

)

log (o/p) ()7
Thorefore, U deercascs on the ~verage, if s> 1.
U increases on the nverrgo, if a(fl.
Thero is no w~y of distinguishing such different beheviors,

in the frome of ths Chrmpernownce theory.

In contrast to all previous theoorics, ne unjustifinble functional
trensform~tion of u will be plrccd ot the boginning of the
present new theory of the Poroto law.

This theery will be beosed upon » certein interpolstion of
the work low of Parcto, for »11 volues of u; the Prreto-Lévy (PL)
law. The intecrpolrtion could be considercd as = conjecture
about the nctunl behavior of tho income drta, for the inter-
mediatc and negotive uw; such a conjecturc could bz verified
only when the law of PL is tobulnted. But the intsrpolation
could olso boc considercd ss only o mothomotical device, casy
to handlc, which surcly prescrves the known facts.

! Pareto-Lévy rrndom verisble will be s variable heving

the following ch-rocteristic function: ' _

@ (t) =j;3xp (itu)dr(u) = cxp %—c /t/° [1' - }%7 tg -gij -it 4
_ |

where 1 a2

Such varinrbles bolong to Prul Livy's cless of non-gaussian
steble vericbics, and have beon studicd in gresot detail in pune
nrobability thoory. It is well known th-t the orobrbility of
positive volucs of u satisfics the weak low of Parcto, and that
tho probnbility of negntive u decrcascs very rapidly. It will
be shown th-t the steble distributions -re gonerslizations of
the grussion. Recell then thnt for variebles with finite second

moment, onc may construct » gaussinn varirble with the same first
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rnd sceond nomcntse Sinilorly, if the soccond moment is infinite,
but tho werk P-roto low is satisficd, onc ney replocc u by »
PL varinble having somc rican value -nd noments of order a - Q.
Ono r~lso knows thet » gnussian rrndom proccss is onc for
which the joint distribution of the wolucs of th. random
function, nt diffcorent instants of time, is n multivorieste
goussisn. Similerly, » scquence of voriables will bo crlled
Prrcto-Ldvy, if the joint distribution of velucs =t diffcrent
instents of tinec is -~ multivorinte P-L distributione.
In the bivrrirte ernsc, o PL distribution of the wvector

= (u(t"),u(t")) is suchﬁshnt;
%4
T = {1 u(t) T 4aa(z) /e

o
where u(t) is » PL verisble, I the unit vector in the dircction z
from the u(t!') r~xis, ~nd G(z) is o certnin scale function.
Thus, bivoristc vorisbles orc sums of PL verisbles distributed
in all dircctions, from th-t of u(t') to thet of u(t").
Similsr definitions spply for triverinte PL distributions.
It will bz shown thet in the M-rkoviesn crsc, where
u(t") depends only uven u{t'), the denendence exoressed by the
PL bivaristo distribution is asymptoticolly reduccd to the
random wrlk, coné@iderdéd by Chrmpernownc.

243 Propertics of Parcto Lévy varinbles. Lat ui be

identical ~nd independent varirbles, sotisfying tha wesk Parcto

condition. Considor the expresslon

\‘

u-= 119 L u, - E(U [Jj

By = classical theoren of DOublln, u is » PL vari-ble. Conversely,
in order thrt u be PL, it is nccessery thot the ug sntisfy the
wenk Pareto law. (This neccessrry and sufficicent condition wes

the m=in motiv~tion for the form choscn for the wenk Pareto law.)

Ls o cobnsecaucnce, if u' and u" are identierl PL variables,

u=(ctu! + cMu") ¢
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A a 1/a
will be the s-me PL varinble, if cl/“ = c‘l/“ + ¢t /q. This
is ecolled the property of stability under addition of the set

of wgricbles of the form cu.
There exist stable varisbles, other than the PL ones, and
@ach of thage 1s 2 possible limit of normed sum of identical

and independent variobles. However, asmong the stable distribu-

tions, thc PL is the only onc for which the mean value is finite,

and which is very skew, in the senso that, for large u, the

probability of -u is of a much smallcr order of magnitude than
that of u itsclf. Bouivalont forms of thig condition will be
given latcr.

Those thcorcms, guite elassical in pure vprobability
. theory, =re in contrediction with the still very widespread
belief, thsot a limit of normed suns of random variables is
necessarily gsussisn. 4s applicd to thc income data, this
beliof seemed to bo in contrsdiction with the law of Parcto.
To preserve the ides of additivity, some were cven vrepared to
assume thet onc should not sdd the incomes; but some function
of incomes;fbut the only function of u cver seriously considered,
v = log u, docs not lead to the weak Llow of Parcto, Q;E%L&‘)

In fact, however, it is scen that no scale transformation

is necessary or besrable. To determine the PL distribution

among all distributions, it is sufficient to note that they

are the only ones which arc limits of normcd sums of identilcal

and independent rendon varicbles, and which satisfy some

additional conditions, which climinate the gasussion. So far,

it was mentioned thet extreme skcwnoss is sufficisnt; other

equivalent conditions will be mentioned shortly.
Thig oxvlanation can be extrsvoloted to the PL processes,
but it becomes less convincing in that casc. Consider
j:ui(t), whore cach sequence ui(t) develops without influencing
the other sequcnces .(ui(t') and uj(t“) arc independent, whichever

t! end t", if i # j3 but mey be dependent, if i = j.)
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The 11m1t of tho nornod sum of the uy is necessarily biveriate
stable. Under appropriste. condmtlons, it is PL, The independence
of the cvolutions of tho uy may be questloned, in thls motivotion
of tho PL biveriate law.

tnother type of mot1Vat10n of the use of the PL vsfiables
pnd soquuncos 19 bqsod on the stability property, w1thout
reference to the limit oroworty. It is known, thst one of the
maln dlf*lcultlos in income studies, is the deflnltlon of income
1tself. leforent obsorvers nay use dlfferent doflnltlons,
and some mix several deflnltlons, bocause they must use other
people's data, which arc not sufflcl ntly well descrlbed. Under
the clrcumstﬂnces, any theory must, first of all, bs inverisnt

under & certain set of "linguistic! transformatlons, which express

its invarisnce rulatlve to the observer hlmself. When it is

shown thset the PL laws arc the only ones 5o possess such

1nvarlance oroportics, onc ‘will have provided s kind of weak,

"phenomeﬁological" thoory of these laws.

These additionsl arguments may bc applied along difforent
dimensions. &é an éxample, one may consider gither the incomes
‘from different sources, or incomes before and after:tax, or
incomes of husband slome, or of husbend ond wifé, 0tCanase

-~SUch‘arguments cgnnot-be cohveniantly developsd more fully
in a repcrt such’as the prescnt one. |

"-One-ijection~againstm%hese'arguments~may-be~thﬂt,win fact,
one~observes"thct'each-partieulpr individualis~imgome‘comes
overuholningly £rom o singlo source, which differs from individual
to 1ndiv1du_l.- Thig Leein contrﬁdiction.to another widespres
feeling, thet each contribution to a sum must be small, relative
to this sum. However,_thls‘”feelgng" is Oﬂly an expression of
a_thaorém, which is v:lidlpnly when the sum is a geussian. EE

the sum is not gaussian, it is highly orobable that a'very

large part of this sum ‘comes from the single lsrgest contribution.

Only, a priori, onec docs not know which contribution will be
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the largost. There is thercfore no contradiction with intuition.
In intcresting case is whon onc considers only the sum of
two compononts. Onc of them will turn out to contribute most

of the totsl ¢rrnings.

Therefore, the PL distribution m;} also be choracterized,

among =all tﬂgrpossiblé limit disﬁributions, as being the one,

which corresponds to o finite rmesn value of the verisble,

together with cxtremely uncqurl partition between the diffcrent

clements of income.
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distribution, »nd, to make the rrgument simpler, assume that
the function G(z) is composcd of » finitc number of discrete
jumps. If u(t') end u(t") -re independent, G(z) hos only two
jumps, for z = 0, and for z = ?F/z. In the cnse of derendence,
there are also othor jumps for G(z).

Suprose thot the distribution of U = (u',u") is symmetrical.
Then, ﬁ-may be decomposed into two parts, °n9,9f which 1is a
sequence of independent veriables, =nd the other contains no
jump of G(z) for z = 0 or z =i /2. Consider moré-sﬁecially
fhis second part of ﬁ, and let u(t) be » Markovisn sequence.

From whrt is already known sbout u' snd u", these-variables
are sach 2 zum of » finite number of contributions, end 1if they
sre both large, then, moat nrobsbly, a high part of each variable
will come from the highcst contribution. However, after the
subtraction of the indevendent sequence, the contributing
vectors are not berpendicular toe cither axis of coordinstes;
therefore, most of both u' and u" comes from the same contributing
vector..

Suprose now that u' is already known, »nd that u" is a
Morrkovian vsriable, depending only upon u'. One knows that
u"/u' = tg(z), wherc z is one of tha engles, for which G(z)

has 2 jump. The probabilitics of thesc valueg of z are independent
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of ut. ®na'dy,.vhichever the veluc of u', -(if only it is

very large) one gocs from log u' to log u" by addition of

onc of the t rms log tg(z), cech of which having » wll-

determined probability.

This shows thnt, whon the verisbles u', u" in s “rrkovian

secguance, - jointly follow 2 biverinte PL distribution, then, for

lerge velucs of--u,- -log u porforms. » random walk. It may also

be shown thot the aversge change of log u, or of u, is ncgative.
The sbove derivetion, although rether hcuristic, may be
made rigorous. It is secen theat the renge of values of u, to
which it spnlics, inecreeses when the slowes of the vectors
{(u'u"), corrcsponding to the juwps of G(z), are neither
too close to 0, nor tofl /2. That is, it is the more sceurste,
the grester ths dorvendence between u' »nd ul,
For smell valucs of u, the random walk modzl spplics no
more. Bub onc needs not to invent ~d hoc boundary conditions,
s in the » wricrl Champernownc apvrecech. On the contrary,

this model provides s now type of limit leyer for o rendom walk,

which can be studied for its own merits.

It will be noted that, as in the nd hoec model, the index
a will depend uwpon the proberbilitics of the diffcrent jumps
in the rondeom wolk, and not on the n-turc of the boundary.

But the number € will depcnd uvon the boundary.

If u(t) is now tnken to bo ~» M-rkov chrin of memory greater
than 1, the random wrlk will bo more complicrted, but the
assentinrl spirit of tho thuory remerins. '

Is it possiblc‘to consider other medels of the income
chonge than the M-rkovinn? The onc which has been studied in
greatest dotoil is the modcl involving moving averzges.

Thot is,

weighted meon of - set of indewendent steble income impulses w
b 5 3

t is essumed thot tho income rt instent t is the

[

recceived at all the prececding instants of times
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I
!

u(t) = v (t-h) g(h)
This model is casiest to gencrelizc to the case when time is
no longcf taken ss discrcte. It éhould bé ﬁotod thot the usuel
theory of lincar filtering of stationary (second or&er)
processes is entirely powerless in the present casse

i
ge3.__The problem of the interpolstion of income fimo

sarigse - So far, the raondom walk aporosch scomed to be rather
roasonable; but it docs not remein so, whon the problem of the
time interval is raiscd.

First, considcr the cosc whon the PL laws hold and the
incomos over non-overlspping time intorvals are independent.
The incomo over T may be divided into the sum of incomes over

N intervals T/N. Most probably, most of this income will come

from the best of the N intervals, if the whole is large. The

interpolation may be continucd until income becomes a function
of increments over continuous time. It is known then that
the income over T is cssentially made out of discontinuous

increments, and that thore is anyway no sense in s rate of

income over very short time intervals. The income over T is

likely to come from somc most favorable single jump.

Lot now the income function depend upon past incomes, snd
let time become continuous. For large incomes, one ﬁﬂy ba
tempted to interpolate from tho random waelk aporoximetion.

If so, onc would conclude thot incremonts of log u, over
successive T/2 time intervals, werc of the some order of magni=-
tudec. This is vory much in contrediction with the case of
indevendence.

~ However, such »n interpolation would be basienlly wrong.
This is so, hecruse the intorpolation of » random welk involves
the interpolrtion of the Msrkovien hypothesis. Onc sssumes
that, whatever the timc interval T/N, the income ovor the
suceceding T/N will depend only uvon the preceeding one, and

will differ little from it, on the average. Therefore, the
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regulsrity of income ocarning wos built into the system. In
fact, the interpolation of the Morkovian hypothesls is brsicolly

wrong. At best, one mry assume thot tho income over the
docronsing timo intervel T/N only dopends upon the total income
over the proeceding T, A wenker assumption: The income over
T/ may devend upon the whole curve of income veristion, over
the proceeding F time intervel T. If so, nothing insurcs the
continuity of u(t) any morc, and, in fact, onc comes closer

to whot 1is the casc whon the ineomes are independent over

distinet timec intervsls.

CRLATER L BRTALTION +++$ﬂ59$1-‘2$¥9+++EQL’D,’12+H3N§+QE+$§EWQ“
SREERRTIR

(Summary)

The moin point of the now approsch to the foundations
of thermedynemics is thet o centfgl role is played by thes
bounds, which mathematicol steotistics imposes on certein pro-
csscs of measurement, consiﬁered ns cstimation problem., 1In
this aporoach, the concept of information, which has becen on
the basls of many rocent attempts to better understand the
foundotions of thormodynamics, has been imboded into a wvery
much more dotailed deseriptioh of meosuremente. &s.a consecquence,
the foundrtions of thermodynsmics are not only related/to
informstion theory, in Shennon's sensc, (thot is, to » method
of designing signals) but nro nlso related to detection theory
(that is, to 2 method of hrndling signnls which have already
been designed.) ’

The m-in conceptual problem of thermodynomics ~rises,
ns is well known, from eon unccmpatibility of structure betwecen
the irreversibility of clessicnl phenomenological thermo-
dynamics, ~nd thc reversibility of any kinotic model one
could ever think of. Tho problem remeins in gusntum mochanics.

' For cxample, 411 thet Gibbs ever honed to find, in the mechanics
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of lrrge nsscmblics of systoms, were only "enrlogs" to thermo-
dynpmics. For th~t, one neceds to add some hynothesses, which
efe foirly ﬁfbitrrry, snd are cven todny the objecet of discussion.
In fact, onc often cennot ~void the reference to some observer.
However, once rsndémnoss has been 1lntroduced, it is prescrved
and its cvolution in time can be followed up with little new
conceptusl difficuliy, n~lthough with some great tochnieal
difficulties, in somo cascse

The dynanic theory 1s thercfore insufficient, if onc does
not add some probabilistic hypotheses. Is it thoen necessary,
if such hyvothoscs cre odded? OCould it not be possible te
somehow short-circult oven the rofecrence to ~toms?  ‘nyway,
is there not » nnrt of thermodynonics, whieh éan be deduced
from the only fect that onc hes somewhere postulatced the existence
of some probebility distribution. (Nots that if ntoms ore
short circuitcd, on: cannot spcck of configurstions, ond apply
the microecanonierl oquirepartion orinciple.) _

The above nroblem has Wen set up by Szilsrd, in 1925,
(et least-impliecitly) ond he has shown that it is indeed
possiblc to construct a theory, which is both stetistical and
phenomenologicrls Szil-rd's psper is ofton guoted, but never
anelyzed, and was verhsps ill understood. Similar remsrks were
made by G.N. Lewls in 1931, This author's independent investiga=-
tions lead to ~ scomingly improved version of Szilard!s results,
and cnon be pushué further.

Cnse of onc-parameter systems. ILet oll the proverties

of a systen denend uoon » single parsmeter b = 1/T, the dependence
being stochastic. That 1s, for every M"observable®" U, one only
knows o probability distribution p(w/b). In that cose, b

itself cannot be considered »s 2n "observable. It can only be
"inferred", "sstimoted", from such obpervables ns U.  In other
terms, there cxists s certain tyve of nhysicel guantities, which

con be referrcd to as "estimables™. It hes becn stressed by
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Neyman, thot ostimation alwsys includes a nort of orbitroriness
which decrensses, cos tho size of "gample” increcses.

Lot U be ndditive. Thot is, the U of the sum of %wo
systems is the sun of the U of each system nlone. This is o
hypothesis of stochostic independence. It is certalnly true,
if the systems sro very lorge, the intcraction U (energy)
being negligible. Lot one now look for rensonable ways of
g¢xpressing the fact that b is o "macroscopic ilntensive verisble
of state", Ono mey choose the following eriteria: i) b is rlso
the varinble of stnte of any subsysten of ths systerm considered;
ii). the knowledge of b is in no woy inproved by the knowledge
of the repartition of u smong the subsystems of the system
considered. Thot is, whichever the eriturion of cstimation
that one may choose, one will find the seme velue for b, or the
seme confidencoe reglon, ctceee, whethor one knows the u of the
whole, or the set of ufs of all the parts of the system.

This criterion is mede mathemrtically accurate by postu-

lating:
"That u is » sufficient statistic for the cstirietion of b."

Entropy. The general theory was develoved from these
foundations, and it was shown that thz canonicel formuln followed
from it: ' ;

o(w/b) = s(u) exp(-bu) g™> (»)

In recent months, the problem of cniropy uwss tackled.
Entropy wes talen to be the statlistical countorpsrt of the
expression ?dQ/T of non-statistical thermodynsmics.

Egrsgy cenonical systems'wé}e consiéerud; That 1s, T

wns & well-defined function of timc, the system being put in

thermal contact with » sequence of rosgervabrs, hrving the tempera-
tures T (timo). Then, dQ and d/T is o random varizble, ~nd
»¥dQ/T may depond upon chance, and unon the  whelo path

of the system, ns parsmeter. However, it wos shown that, with

probability 1, the influence of tho pnth followed is zcro, and
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thot dQ/T = - log po Vgt

This is a method of introducing the "stato" or configuration”
of 'the system into the presont theory. Besides, one finds that

the randon cntropy, thet is, tho uneversged -log p &state), docs

follow the sceond law of thormedynsmics, despite stastements to

the contrary in mony sources, for examplc 1n Khinchin,

Sce-nd, microcanonicsl systoms wero considercde That is,

well definced quontities of hcat were odded to the system, T

being at each instant of time given by sorc well-dlefined, but
arbitrory, mecthod of estimation. Then, for cach definition of

dn, there corrcsponds o single well-defined definition of
temocrature, for which the sccond 1lsw holds without lower scale
limit., If the systos bocomos lergo, o211 the estimation procedures
comearga, if thoy src "reasonable", nnd thorc is neo difference
betwécn definitions anymore. .11 tho usual vhysicnl systems

ar¢ "veory large", from this viowpoint.

Divigibility, “nothcr problem boing studied in greater

deteil is thoe oroblom of the divisibility of nhysical systems,

into independent components.



