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Sti�ening solids with liquid inclusions
Robert W. Style1,2, Rostislav Boltyanskiy1, Benjamin Allen1, Katharine E. Jensen1, Henry P. Foote3,
John S. Wettlaufer1,2,4 and Eric R. Dufresne1*

From bone and wood to concrete and carbon fibre, composites are ubiquitous natural and synthetic materials. Eshelby’s
inclusion theory describes how macroscopic stress fields couple to isolated microscopic inclusions, allowing prediction of
a composite’s bulk mechanical properties from a knowledge of its microstructure. It has been extended to describe a wide
variety of phenomena from solid fracture to cell adhesion. Here, we show experimentally and theoretically that Eshelby’s
theory breaks down for small liquid inclusions in a soft solid. In this limit, an isolated droplet’s deformation is strongly
size-dependent, with the smallest droplets mimicking the behaviour of solid inclusions. Furthermore, in opposition to the
predictions of conventional composite theory, we find that finite concentrations of small liquid inclusions enhance the sti�ness
of soft solids. A straightforward extension of Eshelby’s theory, accounting for the surface tension of the solid–liquid interface,
explains our experimental observations. The counterintuitive sti�ening of solids by fluid inclusions is expected whenever
inclusion radii are smaller than an elastocapillary length, given by the ratio of the surface tension to Young’s modulus of the
solid matrix. These results suggest that surface tension can be a simple and e�ective mechanism to cloak the far-field elastic
signature of inclusions.

Composite materials can offer marked performance
improvements over their individual components. Carbon
fibre increases the strength and stiffness of polymer resins

as much as a hundredfold1. Densely packed gas bubbles in a liquid
matrix create a foam, which resists deformation like a solid2. The
foundational theory of solid composites, due to Eshelby, describes
how isolated inclusions in a composite behave in response to
applied stresses3. Eshelby applied this result to predict the stiffness
of dilute solid composites3 and his theory has been extended
to finite concentrations, where neighbouring inclusions couple
through their induced strain fields (for example, refs 4,5). Eshelby’s
theory has been applied widely beyond composites, having
long been used to understand the mechanics of fracture6,7 and
plasticity8,9. More recently, it has been applied to understanding
flow of sheared glasses10 and the interactions of cells with the
extracellular matrix11,12.

Eshelby’s theory describes the matrix and inclusion as bulk
linear-elastic solids, but does not account for the physics of the
interface, which generically includes excess surface free energy and
surface stress13–15. Surface energy is the reversible work per unit
area required to create new interfacial area by cutting. Surface
stress is the reversible work per unit area to create new interfacial
area by stretching. For liquids, surface energy and surface stress
are identical, isotropic and strain-independent. For solids, surface
stress and energy are generally anisotropic and distinct, but can be
isotropic for soft amorphous solids such as gels16,17. Cell membranes
and other thin-walled vessels can exhibit large isotropic surface
stress with negligible surface energy18,19. In this manuscript, we use
the phrase surface tension, denoted by Υ , to denote an isotropic
strain-independent surface stress.

Recent work has underlined the importance of surface-tension
effects in soft solids. These solid capillary effects include the
smoothing out of ripples and corners in soft solids20, and quali-
tative changes to the phenomena of wetting21–26 and adhesion27–30.
Furthermore, the competition of surface tension and elasticity

can select the wavelength of pearling and creasing instabilities31,32.
Surface-tension effects typically appear in solids at length scales
.L≡Υ/E, where E is Young’s modulus of the solid. In simple terms,
this elastocapillary length represents the wavelength below which
surface tension is capable of significantly deforming a solid21,27.
Thus, it is reasonable to expect that when inclusions in an elastic
body have a characteristic size R<L, capillarity will become impor-
tant and Eshelby’s theory will not apply. This has been suggested
by various theoretical studies (for example, refs 33,34) and recent
experiments on air bubbles embedded in emulsions35.

Here, we demonstrate the impact of surface tension on the
mechanical response of fluid inclusions in a soft solid matrix.
We find that the deformation of isolated liquid inclusions
in a macroscopic stress field depends strongly on their size.
Although large-droplet deformations are consistent with Eshelby
theory, droplets with radii below the elastocapillary scale deform
significantly less than predicted. Furthermore, whereas finite
concentrations of large droplets make a solid more compliant,
droplets smaller than the elastocapillary scale make it stiffer. A
generalization of Eshelby’s theory, accounting for surface tension,
captures our experimental observations, and provides simple
analytical results useful for the design of composites.

Stretching single inclusions
We tested Eshelby’s inclusion theory in soft solids by observing the
microscopic deformation of droplets embedded in macroscopically
deformed solids (Fig. 1a,b and Supplementary Section 1).We coated
the soft solid on a thin, elastic sheet, and stretched it uniaxially,
measuring the exact applied strain (ε∞x ,ε∞y ) by tracking fluorescent
particles attached to the surface of the sheet (Supplementary
Fig. 1). The applied strain in the uniaxial stretch direction is ε∞x
and ε∞y is the smaller, associated contraction that arises in the
perpendicular, in-plane direction. The stretch lengthens the droplets
in the x-direction, and we imaged them at their equator from
below with a ×60, NA 1.2, water objective. The droplets are ionic

1Yale University, New Haven, Connecticut 06520, USA. 2Mathematical Institute, University of Oxford, Oxford OX1 3LB, UK. 3University of North Carolina,
Chapel Hill, North Carolina 27516, USA. 4Nordita, Royal Institute of Technology and Stockholm University, SE-10691 Stockholm, Sweden.
*e-mail: eric.dufresne@yale.edu

NATURE PHYSICS | ADVANCE ONLINE PUBLICATION | www.nature.com/naturephysics 1

© 2015 Macmillan Publishers Limited. All rights reserved

http://www.nature.com/doifinder/10.1038/nphys3181
mailto:eric.dufresne@yale.edu
www.nature.com/naturephysics


ARTICLES NATURE PHYSICS DOI: 10.1038/NPHYS3181

Ionic liquid

R = 2.5 μm

6.0%
−1.3%

28.8%
−6.9%

18.6%
−4.3%

R = 6.4 μm R = 16.5 μm

w

Overlay

y
∞∋

y
∞∋

x
∞∋

x
∞∋

y
∞∋

x
∞∋ ,

Silicone

a b

Figure 1 | Stretching droplets embedded in soft solids. a, The sample is clamped and stretched in the x-direction. b, Example images of ionic-liquid
droplets in a soft, silicone solid E= 1.7 kPa. Larger droplets deform more at the same applied strain. Overlay shows small (blue), medium (red) and large
(green) droplet images combined together for shape comparison.

liquid (1-ethyl-3-methylimidazolium dicyanamide, Ionic Liquids
Technologies) and are completely immiscible in the silicone gel that
we use for the solid phase. Silicone gels of two different stiffnesses
(E= 1.7 kPa, E= 100 kPa) were prepared by mixing together base
and crosslinker at different ratios and curing at room temperature
for 16 h, as described in Supplementary Section 2. Silicone gel is
ideal for these experiments as it behaves like a linear-elastic solid
up to large strains. Supplementary Fig. 2 shows example rheology
for the soft, E=1.7 kPa silicone.

The theory of Eshelby predicts that stretched inclusion shapes
depend only on the applied strain, and not on droplet size. We
confirmed this result for droplets embedded in a stiff, 100 kPa
matrix (Supplementary Fig. 3). However, micrometre-sized droplets
behave quite differently in a compliant 1.7 kPa matrix (Fig. 1b).
Here, small droplets are significantly less deformed than large
droplets under the same macroscopic strain.

Small liquid droplets seems stiffer than the surrounding solid
matrix. Figure 2a gives the aspect ratio, AR=`/w, of eight droplets
of different initial radii R at different stretches. As expected for
a linear-elastic solid, the aspect ratio increases linearly with ε∞x .
However, it also increases with R. In other words, large droplets
are deformed more by the stretch, and smaller droplets seem
‘stiffer’. The dotted/continuous line shows Eshelby’s predictions:
AR=(3+5ε∞x )/(3+5ε∞y ) for incompressible, spherical liquid
inclusions, and AR=1 for rigid spherical inclusions3. We also plot
Eshelby’s prediction for an inclusion identical to the surrounding
solid, AR = (1 + ε∞x )/(1 + ε∞y ) as the dashed-dotted line—this
represents the bulk deformation of the solid matrix. The largest
droplet agrees well with the incompressible liquid limit. Smaller
droplets seem stiffer, with the smallest droplets approaching the
rigid inclusion limit.

The stiffening effect in small droplets seems to arise at a strain-
independent length scale. Figure 2b shows the aspect ratio of
many droplets as a function of their length, `, for six different
strains. For each strain, the aspect ratio is insensitive to the size
of large droplets (&30 µm). However, AR drops off sharply for
smaller droplets. It is interesting to note that a qualitatively similar
dependence of shape on size is seen for droplets in viscous shear or
extensional flows36.

Composite sti�ness
According to Eshelby’s classic result3, liquid inclusions, which
have zero Young’s modulus, should reduce the stiffness of a solid
composite. However, our data show that small, isolated droplets
resist deformation more strongly than one would expect from
Eshelby’s theory. Now, we explore the impact of the increase in
apparent stiffness of single droplets on the macroscopic stiffness
of a composite. We made soft composites out of silicone gel
and glycerol droplets by mixing silicone, glycerol (Sigma-Aldrich)

and a small quantity of surfactant (Gransurf 50C-HM, Grant
Industries) using a hand blender. Glycerol is used in place of
the ionic liquid as it is cheap, non-toxic, and almost completely
immiscible in silicone. We degassed the resulting emulsion in
a vacuum, poured it into a mould and then cured it at 60 ◦C
for two hours. This gives composites of droplets embedded in
silicone with R=O(1 µm), at volume fractions φ from 4 to 20%
(Supplementary Fig. 4). As explained in Supplementary Section 2b
and Fig. 5, we ignore composites with φ<4.4% to ensure that the
stiffness of the continuous phase of the composite is unaffected by
the surfactant.

Stiff and compliant solids have opposing responses to liquid
inclusions. We measured the composite Young’s modulus Ec by
macroscopic indentation (see Supplementary Section 2 for detailed
protocols). Figure 3a,b shows how composite stiffness changes with
increasing liquid content for composites with a stiffer solid matrix
with E∼100 kPa and a more compliant solid matrix with E∼3 kPa,
respectively. The stiff-matrix composite becomes softer as the liq-
uid content increases. This makes intuitive sense—as we replace
a fraction of the solid by holes with no shear modulus, we see a
proportional decrease to the stiffness. In fact, the data agrees with
Eshelby’s prediction for the stiffness of a solid containing dilute em-
bedded monodisperse, incompressible droplets, Ec=E/(1+5φ/3)
(ref. 3). The compliant-matrix composite shows the opposite trend:
stiffening with liquid content. Stiffness increases by around a third
with a 20% increase in liquid content. The composites are elastic
up to shear strains of ∼100%, and behave identically in subsequent
cycles of indentation (see Supplementary Section 2c and Fig. 6).
Thus, we find that the soft-matrix composite is unexpectedly stiffer
than the pure soft solid, without a significant loss in strength.
Conventional composite theory, such as Eshelby theory3, the law
of mixtures, and the Hashin–Shtrikman bounds4 uniformly predict
decreasing stiffness with increased fraction of liquid inclusions and,
therefore, cannot describe this behaviour (for example, Fig. 3). In
a similar vein, recent experiments have shown that the stiffness of
an emulsion was unaffected when embedded bubbles were suffi-
ciently small35.

Theory and discussion
The experimental data suggest that conventional composite theory
fails to describe our experiments because of the effect of surface
tension at the liquid/solid interface. Surface tension typically acts
to smooth out interfaces and drive them towards a constant
curvature. In a solid, surface tension is typically overwhelmed
by bulk elasticity. However, surface tension can cause significant
deformations in compliant solids (for example, ref. 37). In our
experiments, surface tension acts to keep liquid inclusions spherical,
opposing any applied stretch. Thus, surface tension can qualitatively
explain the main features of our data. This echoes recent results
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Figure 2 | Aspect ratio of stretched ionic-liquid droplets in a soft
(E=1.7 kPa) silicone gel as a function of size and strain. a, Aspect ratios of
eight droplets of di�erent sizes increase linearly with applied strain. The
dashed–dotted line shows the change in aspect ratio of the solid under the
applied strain ε∞x ,ε∞y . Large droplets (R& 5µm) stretch more than the solid.
Smaller droplets stretch less. The dotted (continuous) line shows the
prediction from Eshelby theory for incompressible liquid (rigid) solid
inclusions respectively3. b, Aspect ratio of droplets depends sensitively on
size. Di�erent colours correspond to di�erent applied strains. Dashed
curves show theoretical predictions using equations (2) and (3) with
Υ =0.0036 N m−1.

on wetting and adhesion on compliant silicones, where capillary
affects arose below a length scale of O(10 µm), similar to that
seen in Fig. 2b22,23,27. Here, we modify Eshelby theory to account
for solid surface tension, and show that it accurately describes
our data.

We consider an incompressible droplet embedded in a linear-
elastic solid with a surface tension that acts on the droplet boundary.
The solid’s displacements, u, obey the equation:

(1−2ν)∇2u+∇(∇ ·u)=0 (1)

where ν is Poisson’s ratio and we apply far-field strain boundary
conditions ε=ε∞. At the surface of the droplet, σ ·n=−pn+ΥKn,
where σ is the stress tensor in the solid, n is the normal vector to
the deformed surface, p is the pressure in the droplet and K is the
curvature of the deformed surface. Note that we assume a surface
tension that is independent of surface strain. This is generally a
good approximation for gels, although it is not true in general17,34.
We derive analytic solutions to equation (1) (ref. 38) by extending
previous work39. In the particular case of far-field, plane-stress
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Figure 3 | Young’s modulus of soft composites as a function of liquid
content. Glycerol droplets embedded in E∼ 100 kPa (a) and E∼3 kPa (b)
silicone gels. Dashed curves show Eshelby’s predictions for incompressible
liquid droplets in an incompressible solid with Young’s modulus E.

boundary conditions (as in our experiment) εxx=ε∞x , εyy=ε∞y and
σzz=0, the length and width of the stretched droplet are

`=2R
[
1+

5(2ε1−ε2)
6+15 Υ

ER

]
(2)

and

w=2R
[
1+

5(2ε2−ε1)
6+15 Υ

ER

]
(3)

where ε1 = (ε∞x + νε∞y )/(1− ν2) and ε2 = (νε∞x + ε∞y )/(1− ν2).
In the limit Υ = 0, this reduces to Eshelby’s predictions. In the
limit Υ/ER� 1, surface tension dominates and the droplets stay
spherical, as the elastic stresses become insufficient to deform
the droplet from its preferred shape. The dependence on the
parameter Υ/ER indicates that surface-tension effects start to
arise when the size of the droplets approaches the elastocapillary
length L=Υ/E (ref. 40). This is similar to previous experiments
where solid capillarity becomes important: for example, contact
mechanics results are altered when the size of the indenter is .L
(refs 27–29), droplet contact angles change when drop radii are
.L (refs 21,22), and thin fibres undergo instabilities when their
diameters are .L (ref. 31).

Our theory agrees well with the isolated droplet data with one
fitting parameter—the unknown surface tension Υ . In Fig. 2b, we
plot the aspect ratio predicted by equations (2) and (3), using
ν=1/2, E=1.7 kPa and Υ =0.0036Nm−1. The results agree with
the experiments up to large strains, suggesting that surface tension is
indeed controlling droplet shape for small droplets. The agreement
is surprisingly good as we use a linear-elastic theory which is
only strictly appropriate when ε . 10%, or equivalently when ε∞x ,
ε∞y . 10% (ref. 38). Note that the value of the surface tension is
smaller than we expected; we measured surface tension of an ionic
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liquid in uncured silicone to be 0.025Nm−1 using the pendant drop
method, and we might expect this value to be close to Υ . This
difference cannot be explained by measurement error, suggesting
that there is a significant change in the silicone/ionic-liquid
interface on crosslinking. This is not unprecedented—previous
measurements have shown that there can be significant differences
between liquid and solid surface tensions of silicone22,24,41.

The individual droplet data collapses onto a single master curve
when the ratio of the microscopic to macroscopic strains is plotted
against the undeformed droplet radius (Fig. 4a). Using equations (2)
and (3), we can obtain an estimate of the undeformed radii, R∗
(R is unknown, as we did not track individual droplets from their
undeformed state for this large data set):

R∗=
`

2
−

A
2
(2ε1−ε2) (4)

where

A≡
(`−w)(1+ν)
3(ε∞x −ε∞y )

=
10ER2

6ER+15Υ
(5)

and the second equality comes from equations (2) and (3).
The ratio 2A/R∗ compares the microscopic droplet strain to the
macroscopic applied strain. Moreover, 2A/R∗ and R∗ depend
only on measured quantities, and nicely collapse the data over
a factor of 70 in droplet size, and a range of strains from 5.6
to 42.2% (Fig. 4a). There are two regimes: for droplets of size
R∗ . 10 µm, (`−w)/R∗∝(ε∞x −ε∞y )R∗, whereas for larger droplets
(`−w)/R∗∝(ε∞x −ε∞y ). From equation (5), we can interpret this
as the crossover from capillary- to elastic-dominated regimes as R
crosses Υ/E. Note that although our theory effectively collapses the
data onto a universal curve, the data in the capillary regime seems
to have a stronger dependence on droplet size than predicted.

Our isolated droplet theory can be applied to predict composite
stiffnesses3,42. Eshelby showed that the stiffness of a composite
consisting of identical dilute inclusions can be calculated from the
excess energy of individual strained inclusions3; if the extra strain
energy due to the presence of a single inclusion in a uniaxially
stretched solid is W (σ∞,E,R,Υ ), where σ∞ is the applied stress,
then the average strain energy density in a dilute composite is

E=
1
2
(σ∞)

2

E
+
φW
4
3πR3

(6)

and Young’s modulus of the composite is Ec = (σ
∞)

2
/2E . We

can use equation (6) to predict the stiffness of a composite with
monodisperse, incompressible inclusions with surface tension38. For
the particular case of an incompressible solid,

Ec=E
1+ 5

2
Υ

ER
5
2
Υ

ER (1−φ)+(1+
5
3φ)

(7)

In the limit of small surface tension, or large droplets (R�Υ/E),
this reduces to Eshelby’s result for liquid droplets in an elastic solid,
which is Ec=E/(1+5φ/3). When surface tension dominates over
elasticity (R�Υ/E), we obtain Ec=E/(1−φ), and the material is
stiffened by the inclusions. This differs fromEshelby’s result for rigid
particles embedded in an elastic composite, Ec=E/(1−5φ/2)—
although surface tension keeps the droplets spherical, they are
distinct from rigid particles because they have zero shear stress at
their surfaces. Equation (7) predicts that composites are stiffened by
droplets whenR<1.5Υ/E. Figure 4b shows how composite stiffness
depends on liquid fraction, as predicted by equation (7) for different
values of Υ/ER. Intriguingly, we predict no change of the effective
modulus of the composite when R= 1.5Υ/E. This suggests that
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Figure 4 | Theoretical predictions of composite behaviour. a, The data
from Fig. 2b collapses onto a master curve when plotting the ratio of the
microscopic to macroscopic strains (equations (4) and (5)) against the
estimated radius (equation (4)). The dashed curve shows the theoretical
prediction in equation (5). b, E�ective Young’s modulus of a composite
consisting of monodisperse droplets embedded in a uniform solid, from
equation (7). The blue(black) data points are the composite sti�ness data
from Fig. 3 scaled by E=3 kPa (E= 100 kPa) for the soft (sti�) composites
respectively. c, Droplets with surface tension can be considered as
equivalent elastic inclusions without surface tension. The red curve shows
how the sti�ness of the equivalent elastic inclusion, Ei, depends on Υ/ER.
For small Υ/ER, this agrees fairly well with the approximation Ei=2Υ/R,
shown by the blue line.

surface tension can effectively cloak the far-field elastic signature
of inclusions43,44.

This theory for composite stiffness is consistent with our
experimental data. Figure 4b includes the data from Fig. 3,
normalized by E = 3 kPa and E = 100 kPa for the softer and
stiffer composites respectively. The soft-matrix composite results
are modelled well by the surface-tension-dominated theory. The
stiff-matrix composite results are modelled well by the theory
with little, or no, surface-tension effects. Using rough estimates
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of Υ ∼14mNm−1 (Supplementary Section 2b) and R∼ 1 µm, we
indeed expect surface tension to dominate for the soft-matrix
composite (Υ/ER>1), and to be small for the stiff-matrix composite
(Υ/ER< 1). Note that the experimental data for the soft-matrix
composite is consistently stiffer than the upper limit of our theory.
We suspect that this is due to formation of chain-like structures of
droplets (Supplementary Fig. 4). Our theory is strictly valid only in
the limit of isolated droplets.

We can greatly simplify the above results to give a simple physical
picture of the effect of surface tension in soft composites. The
stiffness of a composite of incompressible elastic inclusions with
Young’smodulus Ei in a solid ofmodulus E, according to Eshelby3, is

Ec=E
1+ 2

3
Ei
E(

2
3 −

5φ
3

) Ei
E +(1+

5
3φ)

(8)

If we equate equations (7) and (8), we find that embedded droplets
are equivalent to elastic inclusions42 with stiffness

Ei=E
24 Υ

ER

10+9 Υ

ER

(9)

This recovers the result of ref. 35 (derived using equivalent
inclusion dipoles) that was successfully used to describe bubbles
in soft emulsions. When Υ/ER�1, the droplets behave like
inclusions with Young’s modulus Ei = 12Υ/5R. This value is
close to the droplet Laplace pressure Ei = 2Υ/R, which is often
taken as its stiffness for describing the composite stiffness of
emulsions and gels45. In the capillary-dominated regime,Υ/ER�1,
the effective Young’s modulus of the inclusions saturates at
Ei=8E/3. Thus the droplets cannot have an arbitrarily increasing
effective stiffness as they get smaller, as the common Ei = 2Υ/R
ansatz suggests. By replacing capillary-dominated inclusions with
equivalent elastic inclusions described by equation (9) (for example,
refs 35,42), one can use established composite theory such as
Mori–Tanaka homogenization5,35 or self-consistent methods46 to
predict denser composite stiffnesses. Futurework can also generalize
the Hashin–Shtrikman bounds on composite moduli4 to include
surface tension—either using equivalent elastic inclusions, or by
using the thin-layer analogy for interface area introduced for the
case of surface-strain-dependent surface stresses15,47.

Our experimental and theoretical results show that surface
tension can be important for soft composites consisting of a
liquid phase embedded in a continuous solid phase. We expect
that surface tension will be important for solid/solid composites
whenever R. 100Υ/E1, 100Υ/E2, where E1, E2 are the stiffnesses
of the two solids. For compliant materials such as gels with
E =O(kPa), capillarity needs to be addressed at scales of up to
O(100 µm) (refs 31,35). For stiffer materials, such as elastomers,
with E =O(MPa), capillarity needs to be addressed at scales of
up to O(100 nm). Capillary effects should negligible in structural
materials, such as glass and ceramics, with E=O(GPa).

We expect that our results should be of use in understanding the
mechanical properties of soft tissues, especially in soft connective
tissues. For example, the cortical tension of fibroblasts may
have a larger impact on the bulk mechanical properties of a
collagenous tissue than the fibroblasts’ elastic moduli48,49. Our
results complement new approaches to measuring mechanical
forces within three dimensional tissues by quantification of the
deformation of embedded liquid droplets50.

Our theoretical results include simple analytic expressions for
individual droplet deformation and for the properties of the bulk
composite that can be readily applied to the design of newmaterials.
They suggest that surface tension provides a relatively simple and
effective means to cloak the elastic signature of inclusions in
soft materials.
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In the text following equation 7, the expression describing the limit where stiffening occurs was incorrect and should have read: surface 
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Surface tension and the mechanics of liquid
inclusions in compliant solids

Robert W. Style,ab John S. Wettlauferabc and Eric R. Dufresne*a

Eshelby's theory of inclusions has wide-reaching implications across the mechanics of materials and

structures including the theories of composites, fracture, and plasticity. However, it does not include the

effects of surface stress, which has recently been shown to control many processes in soft materials

such as gels, elastomers and biological tissue. To extend Eshelby's theory of inclusions to soft materials,

we consider liquid inclusions within an isotropic, compressible, linear-elastic solid. We solve for the

displacement and stress fields around individual stretched inclusions, accounting for the bulk elasticity of

the solid and the surface tension (i.e. isotropic strain-independent surface stress) of the solid–liquid

interface. Surface tension significantly alters the inclusion's shape and stiffness as well as its near- and

far-field stress fields. These phenomena depend strongly on the ratio of the inclusion radius, R, to an

elastocapillary length, L. Surface tension is significant whenever inclusions are smaller than 100L. While

Eshelby theory predicts that liquid inclusions generically reduce the stiffness of an elastic solid, our

results show that liquid inclusions can actually stiffen a solid when R < 3L/2. Intriguingly, surface tension

cloaks the far-field signature of liquid inclusions when R ¼ 3L/2. These results are have far-reaching

applications from measuring local stresses in biological tissue, to determining the failure strength of soft

composites.

I. Introduction

Eshelby's theory of inclusions1 provides a fundamental result
underpinning a wide swath of phenomena in composite
mechanics,2–5 fracture mechanics,6,7 dislocation theory,8 plas-
ticity9,10 and even seismology.11 The theory describes how an
inclusion of one elastic material deforms when it is embedded
in an elastic host matrix. At an individual inclusion level, it
predicts how the inclusion will deform in response to far-eld
stresses applied to the matrix. It also allows the prediction of
the macroscopic material properties of a composite from a
knowledge of its microstructure.

Eshelby's theory does not include the effects of surface
stresses at the inclusion/matrix boundary. However, recent
work has suggested that surface stresses need to be accounted
for in so materials. This has been suggested both by theoret-
ical models of nanoscale inclusions,12–14 and by recent experi-
ments which have shown that surface tension (isotropic, strain-
independent surface stress) can also signicantly affect so
solids at micron and even millimetric scales. For example, solid
capillarity limits the resolution of lithographic features,15–18

drives pearling and creasing instabilities,19–22 causes the Young–

Dupré relation to break down for sessile droplets,23–28 and leads
to a failure of the Johnson–Kendall–Roberts theory of adhe-
sion.29–33 Of particular relevance are our recent experiments
embedding droplets in so solids, where we found that Eshel-
by's predictions could not describe the response of inclusions
below a critical, micron-scale elastocapillary length.34 A similar
break down was also seen in recent experiments that embedded
bubbles in so, elastic foams.35

To apply Eshelby's theory to a broad-class of mechanical
phenomena in so materials, we need to reformulate it to
account for surface tension. Here, we derive analytic expres-
sions for the deformation of individual inclusions, the defor-
mation and stress elds around the inclusions, and the elastic
moduli of so composites. Our approach builds upon previous
theoretical works that have: focused on strain-dependent
surface stresses14,36–39 (which are relevant to nanoinclusions in
stiffer materials, but not for soer materials such as gels40), only
considered isotropic loadings,12 used incorrect boundary
conditions13 (cf.41), or only considered incompressible solids
and employed a dipole approximation to calculate composite
properties.42

II. Stretching individual inclusions

We begin by considering how surface tension affects Eshelby's
solution for the deformation of individual inclusions embedded
in elastic solids subjected to far-eld stresses.1 We consider an
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isolated, incompressible, spherical droplet of radius R
embedded in a linear-elastic solid that is deformed by a
constant uniaxial far-eld stress, as shown in Fig. 1. The
displacement eld in the solid satises

(1 � 2n) V2u + V(V$u) ¼ 0, (1)

where n is Poisson's ratio of the solid.
For far-eld boundary conditions, the stress in the solid s is

given by the applied uniaxial stress szz ¼ sN, sxx ¼ syy ¼ 0 in
cartesian coordinates. Stress and strain are related by

3ij ¼ 1

E

�ð1þ nÞsij � ndijskk

�
; (2)

where dij is the Kronecker delta, and E is Young's modulus.
Thus, the far-eld boundary conditions can also be written 3zz ¼
3zz

N ¼ szz
N/E, 3xx ¼ 3yy ¼ �n3zz

N. At the surface of the droplet
the elastic stress satises a generalised Young–Laplace equa-
tion, which states that the difference in normal stress across an
interface depends on its surface stress, Y, and curvature K
(equal to twice the mean curvature, or the sum of the principal
curvatures) via

s$n ¼ �pn + YK n (3)

(e.g. ref. 20 and 23). Here n is the normal to the deformed
droplet surface, s$n is the normal stress on the solid side, and p
is the pressure in the droplet. The assumption that the surface
stress is simply an isotropic, strain-independent, surface
tension is appropriate for many so materials including gels
and elastomers.40 Expressions for n and K in terms of surface
displacements are given in Appendix A – these are different
from the expressions used in ref. 13 which ignored inclusion
deformation and assumed that K ¼ 2Y/R.14

We exploit symmetry and solve the problem in spherical
polar co-ordinates by adopting as an ansatz the solution

ur ¼ F rþ G
r2
þ P 2ðcos qÞ

�
�
12nA r3 þ 2Brþ 2

ð5� 4nÞC
r2

� 3
D
r4

�
;

and

uq ¼ dP 2ðcosqÞ
dq

�
�
ð7� 4nÞA r3 þBrþ 2

ð1� 2nÞC
r2

þD
r4

�
: (4)

as described by ref. 14. The surface displacements in the radial
and q directions (q is the polar angle from the z-axis) are ur and
uq respectively, P 2 is the Legendre polynomial of order 2, and A
through G will be determined from the boundary conditions.

Applying the far-eld strain condition, we nd that A ¼ 0, F
¼ (1� 2n)3zz

N/3 andB ¼ (1 + n)3zz
N/3. Droplet incompressibility

requires that
ð
S
u$n dS ¼

ð2p
0

ðp
0
R2ur sinqdq df ¼0, where S is

the boundary of the stretched droplet, and the area integral is
evaluated using results from differential geometry summarised
in Appendix A. This gives G ¼ �(1 � 2n)R33zz

N/3. Finally, by
applying the boundary condition (3) using eqn (2) to covert
stresses to strains and displacements we obtain

C ¼
5R3ð1þ nÞ

�
R

L
�ð1þ nÞ

�

6

�
R

L
ð7� 5nÞþ�

17� 2n�19n2
��3zzN (5)

and

D ¼
R5ð1þ nÞ

�
R

L
���1þ nþ 2n2

��
R

L
ð7� 5nÞ þ �

17� 2n�19n2
� 3zz

N: (6)

Here Lh Y/E is the elastocapillary length, a material property of
the solid–liquid interface. For perturbations of wavelength
much smaller than L, l� L, surface deformations are primarily
opposed by surface tension, whereas for l [ L, bulk elasticity
suppresses deformation of the surface (e.g. ref. 19, 25, 43 and
44). With the expressions for A � G, eqn (4) gives us the exact
displacement solutions. These also allow calculation of stresses
in the solid: we convert displacements to strains (e.g. ref. 45)
and then use eqn (2) to nd the non-zero stress components srr,
srq, sqq and sff.

While these results are for uniaxial stress, they are readily
extended to provide the solution for general far-eld stresses. In
the appropriate coordinate frame, the far-eld stress matrix is
diagonalisable so the only non-zero far-eld stresses are s1, s2
and s3. Then, from linearity of the governing equations, we can
calculate the resulting displacements by simply summing the
solutions for uniaxial far-eld stresses s1, s2 and s3.

A. Inclusion shape

While Eshelby's results are scale-free, surface tensionmakes the
response of a liquid inclusion strongly size-dependent. We
derive the equations describing the inclusion shapes in
Appendix B. For large droplets, R [ L, the uid droplet
deforms more than the surrounding solid. In this limit, the
droplet shape only depends on sN/E ¼ 3zz

N and n, in agreement
with Eshelby's theory.1 However, as R approaches L, high
interfacial curvatures are suppressed by surface tension. For R
� L, ur(R,q) ¼ 0 and the droplets remain spherical. This is
visualized in Fig. 2 for a uniaxially-stressed solid where the far-
eld stress and strain are sN¼ 0.3E and 3zz

N¼ 0.3, respectively.

Fig. 1 Schematic diagram for uniaxial stretching of a single, incom-
pressible droplet embedded in a linear-elastic solid. ‘ is the length of
the deformed droplet in the stretch direction.
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Here, the radial and polar displacements in the top two rows are
measured relative to the far-eld displacement eld: ur

N¼ F r +
2P2(cos q)Br and uq

N ¼ P20(cos q)Br.
Changes in droplet shape are captured with an effective

droplet strain 3d ¼ (‘ � 2R)/R ¼ 2ur(R,0)/R, where ‘ is the long-
axis of the droplet. For an incompressible solid, eqn (4) gives

3d ¼

0
B@ 203zz

N

6þ 15
L

R

1
CA: (7)

This is plotted in Fig. 3(a). In both extremes of droplet size,
the droplet shape is independent of size. In the capillary-
dominated regime (R� L) the droplet stays spherical (3d¼ 0). In
the large-droplet limit (R [ L), surface tension does not play a
role, and Eshelby's results are recovered (3d ¼ 103xx

N/3). There
is a smooth cross-over between these limits in the vicinity of R�
L. Surface tension makes signicant changes to droplet shape
for droplet radii up to about 100L.

Although we only consider the uniaxial stress case above, the
results can be generalised to the more general case of triaxial
far-eld strains. For example, for an incompressible solid in
plane stress conditions (s1, s2 s 0, s3

N ¼ 0, as in our recent
experiments34), we calculate the solution by the summation
technique described earlier. This gives the length of the droplet
in the 1-direction as

‘1 ¼ 2R

2
6641þ 5

�
2s1

N � s2
N
�

E

�
6þ 15

L

R

	
3
775: (8)

We recently compared this result to experimental measure-
ments of individual liquid inclusions in so, stretched solids.
We found good agreement over a wide range of droplet sizes,
substrate stiffnesses and applied strains.34

B. Stress focussing by inclusions

The macroscopic strength of composites can be reduced due to
stress focusing by inclusions. According to the Tresca yield
condition, the solid will yield when the shear stress exceeds a
critical value sc. Fig. 2 (bottom row) shows the maximum shear
stress, smax, for an incompressible solid with a uniaxial far-eld
stress for various values of R/L. The maximum shear stress is
greatest at the tip of the inclusion, and the value there increases
signicantly as R is reduced below L. In fact at the inclusion tip

smax

�
r ¼ R; q ¼ 0

�¼ smax
N

5

�
2þ 9

L

R

	

6þ 15
L

R

: (9)

This is plotted in Fig. 3(b). There is a signicant increase in
shear-stress concentration as surface tension becomes more

Fig. 2 Examples of droplets embedded in an incompressible solid under uniaxial strain with 3zz
N ¼ 0.3. Top: excess radial displacements (ur �

ur
N)/R caused by the presence of the inclusion. The elastic dipole around the inclusion changes sign as R/L increases. Middle: excess tangential

displacements (uq � uq
N)/R q is the polar angle from the z-axis. Bottom: shear-stress concentration factor smax/smax

N. When surface tension
dominates, smax is significantly increased at the inclusion tip. The black arrows denote the stretch of the host material.
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important with smax(R,0) increasing from 5smax
N/3 when R [

L, to 3smax
N when R � L.

These results suggest that surface tension could weaken a
so composite when inclusions fall below a size �100L. This
also means that the applied strain at which yielding is expected
to occur is no longer independent of the size of the liquid
inclusion, as would be predicted from Eshelby's results, but
depends on the parameter R/L. These results hint at the
potential role of surface tension for fracture mechanics in so
materials where a critical value is the crack-tip stress. The
capillary-induced stress focussing seen here shows how surface
tension could potentially signicantly alter this value.46

C. Dipole signature of inclusions

At nite concentrations, inclusions interact at a distance
through their far-eld stresses. This can be important for
determining mechanical properties of dilute composites (e.g.
ref. 42 and 47). The far-eld solutions are conveniently
expressed by a multipole expansion.

Here, inclusions appear as force dipoles in the far-eld.
From eqn (4), we nd the leading order terms in the inclusion-
induced displacements (ur � ur

N, uq � uq
N) are proportional to

1/r2. This corresponds to a force dipole in an elastic body

Pij ¼ Pẑiẑj + Pedij, (10)

with ẑ being the unit vector in the z-direction. The displacement
elds due to the dipoles are48

ur ¼
ð1þ nÞ�ð1� 2nÞðPþ 3PeÞ þ P 2ðcos qÞð5� 4nÞP�

12pEð1� nÞr2 ; (11)

and

uq ¼ ð1þ nÞð1� 2nÞ
12pEr2ð1� nÞ

dP 2ðcos qÞ
dq

P: (12)

Thus, from comparison with eqn (4),

P ¼ 24CpE(1 � n)/(1 + n), (13)

and

Pe ¼ 4pEð1� nÞG � 2C ð1� 2nÞ
ð1þ nÞð1� 2nÞ : (14)

The rst dipole, P, is a force dipole of two point forces on the
z-axis which also act along the z-axis – i.e. parallel to the applied
far-eld stress. The second term Pe is an isotropic centre of
expansion.48 When n ¼ 1/2, the displacement eld due to Pe
vanishes, and P ¼ 8pCE.

Intriguingly, the dipole strength, P, can be positive or nega-
tive. Fig. 3(c) shows the normalised dipole strength P/sNR3 of a
liquid inclusion in incompressible solid with a uniaxial applied
stress. For large inclusions (R > 1.5L), P > 0 and the dipole is a
pair of outward pointing point forces. This increases solid
displacements – consistent with a weak point in the solid. For
small inclusions (R < 1.5L), P < 0 and so the dipole opposes the
applied far-eld stress, acting like a stiff point in the solid. The
sign switch is clearly seen in the displacement elds of Fig. 2. At
R ¼ 1.5L, the inclusion has no effect on the far-eld elasticity
eld and is effectively invisible (e.g., see ref. 49).

III. Soft composites

We have shown that the surface tension of a small liquid droplet
in a so linear elastic solid resists deformation imposed by far-
eld stretch. Therefore, we expect that the dispersion of small
liquid droplets within a solid can increase its apparent macro-
scopic stiffness. We calculate the effective Young's modulus Ec
of a composite containing a dilute quantity of monodisperse
droplets by following Eshelby's original approach.1,13 First, we
calculate the excess energy W due to the presence of a single
inclusion when a solid is uniaxially stretched. Then, we
consider uniaxial stretching of a dilute composite of noninter-
acting inclusions. If the applied stress is szz ¼ sN, the strain
energy density of the composite is

Fig. 3 Liquid inclusion characteristics as a function of size R/L for
inclusions in an incompressible solid with an applied uniaxial far-field
stress as shown in Fig. 1 (a) Droplet strain, 3d¼ (‘� 2R)/R divided by far-
field strain 3N only depends on R/L. When R/L � 1, surface tension
dominates and there is no droplet deformation. When R/L [ 1,
surface tension is negligible and the shape prediction is that of classical
Eshelby theory – given by the dash-dotted line. The dashed line shows
the material stretch, (‘ � 2R)/R ¼ 3N. (b) The shear-stress concentra-
tion factor at the inclusion tip (r ¼ R, q ¼ 0). This corresponds to the
highest shear stress in the solid around the inclusion (see Fig. 2, bottom
row). Dash-dotted lines show surface-tension dominated and Eshelby
limits: smax/smax

N ¼ 3, 5/3 respectively. (c) The far-field dipole caused
around the inclusion. Note that this dipole changes sign at R ¼ 1.5L,
indicating the transition between inclusion stiffening and inclusion
softening of the composite.
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E ¼ (sN)2/(2E) + WF/(4pR3/3) ¼ (sN)2/(2Ec), (15)

where F is the volume fraction of inclusions. The second
equality comes from the relationship between the strain energy
density and the effective modulus of the material, allowing
calculation of Ec from W.

The excess energy due to the presence of a single elastic
inclusion in a uniaxially-stressed solid is

W ¼ 1

2

ð
Vi



sij3ij � sij

N3ij
N
�
dV

þ 1

2

ð
Vm



sij3ij � sij

N3ij
N
�
dV þ YDS: (16)

Here we assume that the inclusion is an elastic solid for
generality – the droplet is the limiting case of zero shear modulus.

The volumes of the elastic matrix outside of the inclusion
and the inclusion Vm and Vi, respectively, the far-eld stresses/
strains are sij

N and 3ij
N respectively, and the change in surface

area of the droplet upon stretching is DS. Using the divergence
theorem, the stress boundary condition (3), and the fact that in
the far-eld, sij

N ¼ sij,

W ¼ 1

2

ð
Vm



sij

N3ij � sij3ij
N
�
dV þ 1

2

ð
S þ



nisij

Nuj � nisijuj
N
�
dS

� Y

2

ð
S
K uinidS þ YDS:

(17)

Integration on the matrix side of the droplet surface S is
denoted by S +. From eqn (2), the rst term is zero, so W
depends only upon displacements and stresses at the droplet
surface. Using our earlier results (e.g. eqn (4)), along with
second-order (in the displacement) versions of the expressions
for n, K , dS and DS shown in Appendix A, we obtain W for the
case of a uniaxial far-eld stress sN:

W ¼ 2pR3sN2ð1� nÞ

�

�
R

L
ð1þ 13nÞ�



9� 2nþ 5n2 þ 16n3

��

Eð1þ nÞ
�
R

L
ð7� 5nÞþ�

17� 2n� 19n2
�� : (18)

Finally, from eqn (15),

Ec

E
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3ð1� nÞ
�
R

L
ð1þ 13nÞ��

9� 2nþ 5n2 þ 16n3
��

ð1þ nÞ
�
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L
ð7� 5nÞ þ ð17� 2n� 19n2Þ
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664
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�1

(19)

For an incompressible solid n ¼ 1/2 and we have

Ec

E
¼

1þ 5

2

L

R
5

2

L

R
ð1� FÞ þ

�
1þ 5

3
F

	 : (20)

Fig. 4 plots the results of eqn (20) and shows the dramatic
inuence of capillarity on so composite stiffness. When surface
tension is negligible (R [ L), the composite becomes more
compliant as the density of droplets increases – in exact agree-
ment with Eshelby's prediction of Ec/E ¼ (1 + 5F/3)�1 (dotted
curve), and qualitatively agreeing with other classical composite
laws (e.g. ref. 2 and 3). However Eshelby's predictions break down
when R ( 100L. In fact, when R < 1.5L, increasing the density of
droplets causes the solid to stiffen, consistent with the dipole
sign-switching seen earlier. In the surface-tension dominated
limit,R�L, thedroplets stay spherical, andwend themaximum
achievable composite stiffness Ec¼ E/(1�F) (dash-dotted curve).
Note that the droplets do not behave like rigid particles in this
limit, for which Ec¼ E/(1� 5F/2) (ref. 1) (dashed curve). Although
thedroplets remainspherical due tocapillarity, there arenon-zero
tangential displacements, unlike the case of rigid particles.

These results agree with experiments. Recently, we made so
composites of glycerol droplets embedded in so silicone
solids. In quantitative agreement with the theory, we saw stiff-
ening of solids by droplets in compliant solids, and soening in
stiffer solids.34 In the dilute limit (F / 0), eqn (20) matches
with recent theoretical predictions (derived using the dipole
approximation for inclusions in incompressible solids) that
describe experimental measurements of shear moduli of
emulsions containing monodisperse bubbles.35,42

IV. Conclusions

We have modied Eshelby's inclusion theory to include surface
tension for liquid inclusions in a linear-elastic solid, giving both
the microscopic behaviour and the macroscopic effects of
inclusions in composites. We have shown that surface tension
stiffens small inclusions, and focusses shear stresses at the
inclusion tips. Thus composites with small, capillary-domi-
nated inclusions will be stiffer but may be weaker. This stress-
concentration illustrates the potentially strong role of surface

Fig. 4 The stiffness of soft composites. Young's modulus of
composites of droplets embedded in linear-elastic solids, Ec as a
function of liquid content. The dotted curve shows Eshelby's predic-
tion without surface tension. The dash-dotted curve shows the
surface-tension dominated limit, R/L � 1. The dashed curve show
Eshelby's prediction for rigid spheres embedded in an elastic solid.
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tension in the failure of so-solids, highlighting the relevance
of this work to emerging elds like fracture mechanics and
plasticity in so materials (e.g. ref. 46, 50 and 51).

Inclusions with surface tension can be viewed, at leading
order, as elastic dipoles in a solid. The sign of the dipole
captures the stiffening behaviour due to capillarity. Treating
inclusions as dipoles also offers a simplied picture of inclu-
sions that give the interactions between features in elastic
bodies, and can streamline calculations of bulk composite
properties via standard theories. The analytic theory presented
for bulk composite stiffness, which incorporates the entire
elastic eld around inclusions, validates the dipole approach by
recovering previous results for incompressible materials in the
limit of dilute composites.35,42

Our work is applicable to a wide variety of so material
problems. Most obviously it can be directly applied to
composites comprising so materials such as gels and elasto-
mers. As a specic example, we have shown how surface tension
effects allow elastic cloaking, with inclusions of size R ¼ 1.5L
beingmechanically invisible. Our work also has interesting uses
in mechanobiology, as biological tissue is predominantly so.
For example, a recent study embedded droplets in biological
tissue and observed their deformations to extract local aniso-
tropic stresses.52 The coupling between microscopic and
macroscopic stress also plays an important role in the tensional
homeostasis of so tissues.53,54 Although we have only consid-
ered liquid inclusions here our analysis can be repeated for
more general so composites with elastic inclusions in place
of liquid droplets. In that case, we expect that similar
capillary effects to those presented here will be seen whenever R
( 100Y/Ei, 100Y/Em with Ei/Em being the inclusion/matrix
stiffnesses respectively.

Appendix
A. Differential geometry

To calculate the effect of surface tension on the shape of a
droplet embedded in a so solid, we need expressions for the
normal to the droplet surface, its curvature, and surface area in
terms of the surface displacements. We consider an initially
spherical droplet with the position of its surface given by x ¼
(R,0,0), and apply a uniaxial stretch so that x /x0 ¼ (R + ur, uq,
0). From axisymmetry, the ur, uq are independent of the angle f.

Wecalculate thenormal to thedroplet surface,n, by taking the
cross-product of the surface tangent vectors, vx0/vq and vx0/vf,55

n ¼
vx0

vq
� vx0

vf����vx0

vq
� vx0

vf

����
; (21)

with
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; 0

	
; (22)

and

vx0/vf ¼ (0, 0, (R + ur)sin q + uq cos q). (23)

At leading order in u we nd
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The droplet surface curvature, K , can be calculated from
differential geometry using the rst and second fundamental
forms:55

K ¼ efGf � 2ffFf þ gfEf
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2

(25)

where
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and
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Thus, at leading order in u,
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Using the results above, we also obtain the area ele-
ment dS ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EfGf � Ff 2

p
dqdf.55 At leading order in u,
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and aer integration we obtain the droplet surface area
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B. The shape of a uniaxially stretched droplet

We determine the shape of a uniaxially-stretched droplet by
using the calculated expressions for A � G in eqn (4) to obtain
the surface displacements:

urðR; qÞ
R

¼ 53zz
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When L [ R, we see that radial displacements vanish, and
the inclusions remain spherical. In the opposite limit, R [ L,
the inclusion shape becomes independent of its size, as pre-
dicted by Eshelby's results.
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I. SINGLE-DROPLET EXPERIMENTS

We image individual droplet deformation in a soft solid
using the setup shown schematically in Figure 1. We
coat a very dilute composite of ionic liquid droplets in
silicone gel on a thin stretchable sheet (Silicone Sheeting
.005” NRV Gloss/Gloss, Speciality Manufacturing Inc.).
Before coating the composite, we attach 100nm fluores-
cent beads to the surface of the stretchable sheet, using
the same process described in previous work [1, 2]. We
coat the silicone in a two-step process to ensure that all
droplets are embedded in the centre of the layer of soft
solid. First, we spin coat a layer of pure silicone on the
sheet and cure it at room temperature for 12 hours. Sec-
ondly, we mix a very dilute suspension of ionic liquid
droplets in silicone (∼ 5µl in 6g of silicone), and spin
coat this on top of the previous layer. Note that no sur-
factant is added. As the second layer cures slowly at
room temperature for 12 hours, the droplets sink down
to the top of the first layer of silicone where they become
embedded.
We stretch the sample with a home made uniaxial

stretcher. We clamp the sample so that there is a free,
rectangular area between the two clamped ends. We
stretch the sample in the x−direction by pulling the
clamped ends apart horizontally. There is no sample
wrinkling due to the small initial gap between the plates
(∼ 1cm) relative to the sample width (∼ 3 − 4cm). We
image droplets in a small area around the centre of the
sample, thus avoiding edge effects and ensuring that all
measured droplets experience the same applied strain.

A. Measuring applied strain

Although we stretch the sample only in the
x−direction, there is always a small amount of associated
contraction in the y−direction. We accurately quantify
the applied strain by tracking the positions of the fluo-
rescent beads on the surface of the stretchable sheeting.
We image a chosen cluster of beads each time that we
increase the stretch applied to the sample. Then using
image analysis, we track the positions of the beads be-
fore and after stretch (x0 and x1 respectively) [2]. The

∗ eric.dufresne@yale.edu

FIG. 1. Detailed schematic of the single droplet stretching
experiment. The sample is clamped and stretched in the
x−direction, resulting in a large tensile strain ε∞x parallel to
the stretch, and a small compressive strain ε∞y in the perpen-
dicular direction.

stretch is an affine transformation, so x1 = Mx0 + T.
We determine M and T by a least-squares minimisa-
tion procedure using the data from each of the points in
the stretched cluster. This mapping accurately captures
the transformation for all points. From nonlinear elas-
ticity [3], the right Cauchy-Green deformation tensor is
C = MTM, which has eigenvalues λ2

1, λ
2
2. The principal

strains are then ε∞x = λ1 − 1 and ε∞y = λ2 − 1.
We check to ensure that there is no slippage of the sam-

ple by imaging the fluorescent beads both immediately
before and after imaging droplet deformations. These
measurements show no detectable change in the applied
strains, and suggest that our strain measurement tech-
nique is accurate to ±0.1%.

B. Extracting droplet shape

We image droplets with bright field microscopy using
monochromatic light coming through a green-light fil-
ter. We use a 60x water objective (NA 1.2) to image
larger droplets, adding a 1.5x Optivar lens to achieve
90x for smaller droplets. We manually focus on the waist
(widest point of the droplet), to obtain images such as
those shown in Figure 1 of the main paper. We extract

Stiening solids with liquid inclusions
Stiffening solids with liquid inclusions

Robert W. Style,1 Rostislav Boltyanskiy,1 Benjamin Allen,1 Katharine E.

Jensen,1 Henry Foote,2 John S. Wettlaufer,1, 3 and Eric R. Dufresne1, ∗

1Yale University, New Haven, CT 06520, USA
2University of North Carolina - Chapel Hill, NC 27516, USA

3Mathematical Institute, University of Oxford, Oxford, OX1 3LB, UK
(Dated: October 30, 2014)

I. SINGLE-DROPLET EXPERIMENTS

We image individual droplet deformation in a soft solid
using the setup shown schematically in Figure 1. We
coat a very dilute composite of ionic liquid droplets in
silicone gel on a thin stretchable sheet (Silicone Sheeting
.005” NRV Gloss/Gloss, Speciality Manufacturing Inc.).
Before coating the composite, we attach 100nm fluores-
cent beads to the surface of the stretchable sheet, using
the same process described in previous work [1, 2]. We
coat the silicone in a two-step process to ensure that all
droplets are embedded in the centre of the layer of soft
solid. First, we spin coat a layer of pure silicone on the
sheet and cure it at room temperature for 12 hours. Sec-
ondly, we mix a very dilute suspension of ionic liquid
droplets in silicone (∼ 5µl in 6g of silicone), and spin
coat this on top of the previous layer. Note that no sur-
factant is added. As the second layer cures slowly at
room temperature for 12 hours, the droplets sink down
to the top of the first layer of silicone where they become
embedded.
We stretch the sample with a home made uniaxial

stretcher. We clamp the sample so that there is a free,
rectangular area between the two clamped ends. We
stretch the sample in the x−direction by pulling the
clamped ends apart horizontally. There is no sample
wrinkling due to the small initial gap between the plates
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sample, thus avoiding edge effects and ensuring that all
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x−direction, there is always a small amount of associated
contraction in the y−direction. We accurately quantify
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We image a chosen cluster of beads each time that we
increase the stretch applied to the sample. Then using
image analysis, we track the positions of the beads be-
fore and after stretch (x0 and x1 respectively) [2]. The
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dicular direction.
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tion procedure using the data from each of the points in
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the transformation for all points. From nonlinear elas-
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strains are then ε∞x = λ1 − 1 and ε∞y = λ2 − 1.
We check to ensure that there is no slippage of the sam-

ple by imaging the fluorescent beads both immediately
before and after imaging droplet deformations. These
measurements show no detectable change in the applied
strains, and suggest that our strain measurement tech-
nique is accurate to ±0.1%.

B. Extracting droplet shape

We image droplets with bright field microscopy using
monochromatic light coming through a green-light fil-
ter. We use a 60x water objective (NA 1.2) to image
larger droplets, adding a 1.5x Optivar lens to achieve
90x for smaller droplets. We manually focus on the waist
(widest point of the droplet), to obtain images such as
those shown in Figure 1 of the main paper. We extract
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droplet shapes using an ad-hoc MATLAB code that ap-
plies a band-pass filter, then thresholds the image to find
the outline of the droplet. The code then fills in the area
of the droplet and uses MATLAB’s regionprops function
to find the ellipse that best fits the droplet shape. The
fitted ellipses always show excellent agreement with the
data, showing that droplets always remain elliptical. Fi-
nally, we obtain the length and width of the droplet from
the fitted shape.
Some larger droplets are slightly too large to fit in the

field of view. For these droplets, we manually click at
ten points, widely spaced around the droplet perimeter,
and fit an ellipse through the points. Again, these ellipses
show excellent agreement with the outline of the droplets.

C. Preparation and chacterisation of silicone

We make soft silicones from pure components to
avoid complications associated with additives that are
common in commercial silicones. We combine silicone
base: vinyl-terminated polydimethylsiloxane (DMS-V31,
Gelest Inc) with a crosslinker: trimethylsiloxane termi-
nated (25-35% methylhydrosiloxane) - dimethylsiloxane
copolymer (HMS-301, Gelest Inc) in different ratios to
obtain different stiffnesses. The reaction is catalysed by
a platinum-divinyltetramethyldisiloxane complex in xy-
lene (SIP6831.2, Gelest Inc). To make the silicone, we
prepare two parts: Part A consists of the base with 0.05
wt% of the catalyst. Part B consists of the base with 10
wt% cross linker. We mix parts A and B together in a
ratio of 9:1 or 4:1 by weight to create softer/stiffer sil-
icone solids respectively. The parts are mixed together
thoroughly, degassed in a vacuum, and then either cured
at room temperature, or at 60◦C.

Rheology data for the 9:1 mixture cured overnight at
room temperature is shown in Figure 2. The frequency
sweep in Figure 2(A) shows that the material behaves as
a solid under static loadings, as the shear modulus G′

tends to a finite value at low frequency, while the loss
modulus G′′ → 0 [2]. The strain sweep shows that the
solid behaves elastically up to high O(100%) strains, and
that elastic modulus is essentially independent of strain.
Young’s modulus is related to shear modulus by E =
2G′(1 + ν) [4], so for these silicones E = 3G′; previous
work has shown that silicones (and gels in general) are
essentially incompressible, so Poisson’s ratio is ν = 1/2
[2, 5]. Thus this sample has a Young modulus, E = 1.7
kPa. The 4:1 sample has E = 100kPa. When the solids
are cured at 60◦C for two hours, their moduli are slightly
stiffer. Young’s moduli are 6.2kPa and 208 kPa for the
9:1 and 4:1 ratios, respectively.

D. Droplets in a stiffer solid

As a control experiment, we stretched ionic liquid
droplets embedded in stiffer silicone with E = 100kPa
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(B) Strain sweep at room temperature at 1rad/s.
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FIG. 3. Aspect ratio of stretched ionic-liquid droplets in a stiff
(E = 100kPa) silicone gel as a function of size and strain.
Aspect ratio is essentially independent of applied strain, in
agreement with Eshelby’s predictions [6]. Contrast with the
results in a soft solid (Figure 2B of the main paper).

(Figure 3). In this case, droplet shape is essentially in-
dependent of size, in agreement with Eshelby’s predic-
tions [6]. There is a little rounding of the very smallest
droplets, which may be due to surface tension effects, or
due to blurring of the droplet images as their size ap-
proaches the diffraction limit of light. However, this is
small in comparison to the rounding of small droplets
seen in the softer silicone (Figure 2B of the main paper).
Importantly, this verifies that the rounding effect in the

3

softer solid is not due to optical artifacts.

II. COMPOSITE EXPERIMENTS

We make composites by blending together premixed
(curing) silicone, silicone surfactant and glycerol. We
use 20g of silicone – mixed 9:1 A:B for the soft-matrix
composites, and 4:1 A:B for the stiff-matrix composites.
This is combined with 1g of silicone surfactant (Gransurf
50C-HM, Grant Industries), and varying quantities of
glycerol. We blend together the ingredients with a hand
blender for approximately one minute, ensuring that the
resulting emulsion is well-mixed. We degas the emulsion
in a vacuum pump until all air bubbles are removed, pour
it to completely fill a petri dish (10mm deep x 35mm in
diameter, Falcon 353001, Corning Inc.) and immediately
place it in the oven for two hours. This procedure gave
repeatable measurements of the stiffness of the compos-
ites.

A. Composite microstructure

We examine the microstructure of the composites by
smearing a thin film of the curing composite on a glass
slide, curing it at 60◦C for two hours, and then imaging
it with brightfield microscopy. Example micrographs are
shown in Figure 4. We use a 60x water objective (NA
1.2) with a 1.5x Optivar to image at 90x under green,
monochromatic light. The example images show that
droplets have a typical size of O(1µm), and are some-
what polydisperse. Samples with higher glycerol contents
were difficult to image, as the high density of droplets in-
creased light scattering and sample opacity. Figure 4(B)
demonstrates how the embedded droplets appear to form
chain-like structures at higher concentrations.

B. The influence of surfactant on matrix elasticity

It is important to ensure that the solid constituent of
the composites has a constant Young’s modulus E that
is independent of glycerol content, φ. This may not be
true if the bulk surfactant concentration in the compos-
ite, c, (i.e. the surfactant that is not adsorbed to the
surface of glycerol droplets) alters E, and if c depends on
φ. In fact, Figure 5(A) shows that Young’s modulus of
soft silicone (9:1 A:B) does depend on the bulk concen-
tration of surfactant that is mixed in with the silicone
upon curing. The relationship is approximately linear
with dE/dc = 0.76kPa/wt%. This presumably occurs
because the surfactant dissolved in the silicone alters its
curing process. Thus we need to check that c does not
change with φ.
We measure c as a function of composite φ by mea-

suring the surface tension of the composite’s uncured
silicone phase, γ – which a strong function of c. We

(A)

(B)

FIG. 4. Brightfield micrographs showing the droplet sizes
in typical soft-matrix composites for glycerol contents φ =
0.5%, 4.4% in panels (A,B) respectively. This is the soft-
matrix composite made with 9:1 A:B ratio in preparing the
silicone. Samples with higher volume fractions of glycerol
were hard to image due to light scattering causing sample
opacity.

make up emulsions using the same recipe as for the soft-
matrix composites (using 9:1 A:B silicone), but without
silicone catalyst. We then gently centrifuge the sample
until the glycerol droplets have sedimented out of the
emulsion, and pipette off the silicone phase. We measure
the surface tension of a pure glycerol droplet hanging
in the silicone phase using the pendant droplet method
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droplet shapes using an ad-hoc MATLAB code that ap-
plies a band-pass filter, then thresholds the image to find
the outline of the droplet. The code then fills in the area
of the droplet and uses MATLAB’s regionprops function
to find the ellipse that best fits the droplet shape. The
fitted ellipses always show excellent agreement with the
data, showing that droplets always remain elliptical. Fi-
nally, we obtain the length and width of the droplet from
the fitted shape.
Some larger droplets are slightly too large to fit in the

field of view. For these droplets, we manually click at
ten points, widely spaced around the droplet perimeter,
and fit an ellipse through the points. Again, these ellipses
show excellent agreement with the outline of the droplets.

C. Preparation and chacterisation of silicone

We make soft silicones from pure components to
avoid complications associated with additives that are
common in commercial silicones. We combine silicone
base: vinyl-terminated polydimethylsiloxane (DMS-V31,
Gelest Inc) with a crosslinker: trimethylsiloxane termi-
nated (25-35% methylhydrosiloxane) - dimethylsiloxane
copolymer (HMS-301, Gelest Inc) in different ratios to
obtain different stiffnesses. The reaction is catalysed by
a platinum-divinyltetramethyldisiloxane complex in xy-
lene (SIP6831.2, Gelest Inc). To make the silicone, we
prepare two parts: Part A consists of the base with 0.05
wt% of the catalyst. Part B consists of the base with 10
wt% cross linker. We mix parts A and B together in a
ratio of 9:1 or 4:1 by weight to create softer/stiffer sil-
icone solids respectively. The parts are mixed together
thoroughly, degassed in a vacuum, and then either cured
at room temperature, or at 60◦C.

Rheology data for the 9:1 mixture cured overnight at
room temperature is shown in Figure 2. The frequency
sweep in Figure 2(A) shows that the material behaves as
a solid under static loadings, as the shear modulus G′

tends to a finite value at low frequency, while the loss
modulus G′′ → 0 [2]. The strain sweep shows that the
solid behaves elastically up to high O(100%) strains, and
that elastic modulus is essentially independent of strain.
Young’s modulus is related to shear modulus by E =
2G′(1 + ν) [4], so for these silicones E = 3G′; previous
work has shown that silicones (and gels in general) are
essentially incompressible, so Poisson’s ratio is ν = 1/2
[2, 5]. Thus this sample has a Young modulus, E = 1.7
kPa. The 4:1 sample has E = 100kPa. When the solids
are cured at 60◦C for two hours, their moduli are slightly
stiffer. Young’s moduli are 6.2kPa and 208 kPa for the
9:1 and 4:1 ratios, respectively.

D. Droplets in a stiffer solid

As a control experiment, we stretched ionic liquid
droplets embedded in stiffer silicone with E = 100kPa
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cured at room temperature for 12 hours, performed on an
ARES-LS1 rheometer. (A) Frequency sweep at 0.5% strain.
(B) Strain sweep at room temperature at 1rad/s.
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FIG. 3. Aspect ratio of stretched ionic-liquid droplets in a stiff
(E = 100kPa) silicone gel as a function of size and strain.
Aspect ratio is essentially independent of applied strain, in
agreement with Eshelby’s predictions [6]. Contrast with the
results in a soft solid (Figure 2B of the main paper).

(Figure 3). In this case, droplet shape is essentially in-
dependent of size, in agreement with Eshelby’s predic-
tions [6]. There is a little rounding of the very smallest
droplets, which may be due to surface tension effects, or
due to blurring of the droplet images as their size ap-
proaches the diffraction limit of light. However, this is
small in comparison to the rounding of small droplets
seen in the softer silicone (Figure 2B of the main paper).
Importantly, this verifies that the rounding effect in the
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softer solid is not due to optical artifacts.

II. COMPOSITE EXPERIMENTS

We make composites by blending together premixed
(curing) silicone, silicone surfactant and glycerol. We
use 20g of silicone – mixed 9:1 A:B for the soft-matrix
composites, and 4:1 A:B for the stiff-matrix composites.
This is combined with 1g of silicone surfactant (Gransurf
50C-HM, Grant Industries), and varying quantities of
glycerol. We blend together the ingredients with a hand
blender for approximately one minute, ensuring that the
resulting emulsion is well-mixed. We degas the emulsion
in a vacuum pump until all air bubbles are removed, pour
it to completely fill a petri dish (10mm deep x 35mm in
diameter, Falcon 353001, Corning Inc.) and immediately
place it in the oven for two hours. This procedure gave
repeatable measurements of the stiffness of the compos-
ites.

A. Composite microstructure

We examine the microstructure of the composites by
smearing a thin film of the curing composite on a glass
slide, curing it at 60◦C for two hours, and then imaging
it with brightfield microscopy. Example micrographs are
shown in Figure 4. We use a 60x water objective (NA
1.2) with a 1.5x Optivar to image at 90x under green,
monochromatic light. The example images show that
droplets have a typical size of O(1µm), and are some-
what polydisperse. Samples with higher glycerol contents
were difficult to image, as the high density of droplets in-
creased light scattering and sample opacity. Figure 4(B)
demonstrates how the embedded droplets appear to form
chain-like structures at higher concentrations.

B. The influence of surfactant on matrix elasticity

It is important to ensure that the solid constituent of
the composites has a constant Young’s modulus E that
is independent of glycerol content, φ. This may not be
true if the bulk surfactant concentration in the compos-
ite, c, (i.e. the surfactant that is not adsorbed to the
surface of glycerol droplets) alters E, and if c depends on
φ. In fact, Figure 5(A) shows that Young’s modulus of
soft silicone (9:1 A:B) does depend on the bulk concen-
tration of surfactant that is mixed in with the silicone
upon curing. The relationship is approximately linear
with dE/dc = 0.76kPa/wt%. This presumably occurs
because the surfactant dissolved in the silicone alters its
curing process. Thus we need to check that c does not
change with φ.
We measure c as a function of composite φ by mea-

suring the surface tension of the composite’s uncured
silicone phase, γ – which a strong function of c. We
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FIG. 4. Brightfield micrographs showing the droplet sizes
in typical soft-matrix composites for glycerol contents φ =
0.5%, 4.4% in panels (A,B) respectively. This is the soft-
matrix composite made with 9:1 A:B ratio in preparing the
silicone. Samples with higher volume fractions of glycerol
were hard to image due to light scattering causing sample
opacity.

make up emulsions using the same recipe as for the soft-
matrix composites (using 9:1 A:B silicone), but without
silicone catalyst. We then gently centrifuge the sample
until the glycerol droplets have sedimented out of the
emulsion, and pipette off the silicone phase. We measure
the surface tension of a pure glycerol droplet hanging
in the silicone phase using the pendant droplet method
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(with an error of ∼ ±0.5mN/m). The results in Figure
5(B) show that surface tension initially increases quickly
with increasing glycerol content of the emulsion, and then
plateaus for φ � 3%. Figure 5(C) shows how the glycerol-
silicone surface tension depends on bulk surfactant con-
centration, from pendant droplet experiments on silicone
(9:1 A:B ratio, without silicone catalyst). By combining
the results of Figure 5(B,C) we see that there is more
bulk surfactant in the composites at low glycerol con-
tents, but that it reduces, reaching a constant for larger
glycerol contents.
These results suggest that we restrict the experiments

to composites with φ > 3% in order to ensure that E
is constant for the silicone phase. For these composites,
from Figure 5(B), we can estimate the solid-liquid surface
tension as Υ = 13.75 ± 0.75mN/m. We justify this esti-
mate by noting that previous experimental observations
of glycerol on silanated silicone have shown that Υ ∼ γ
for these materials [5].

C. Large-strain elasticity of composites

Wemeasured the stiffness of the composites from force-
indentation profiles. We indented sample surfaces with

the flat end of cylindrical metal rod of radius a = 1.6mm,
using an Instron E-1000 Stress Tester with a 5N load cell.
The sample consisted of a filled (10mm deep × 35 mm
diameter) petri dish. We indented the sample by 5mm for
the soft-matrix composites, and 3mm for the stiff-matrix
composites.
Typical force-indentation profiles for the soft-matrix

composite are shown in Figure 6 for two different glyc-
erol contents. In these experiments, we performed a se-
ries of four indentations of increasing magnitude (yellow,
red, cyan, blue) to investigate whether plasticity was oc-
curring at large strains. Despite indenting to a depth
of 5mm in a 10mm deep sample, we see no evidence of
plasticity, as all the profiles coincide. These profiles also
show how the force-displacement curve is initially linear
for up to 2mm of indentation, allowing us to accurately
determine its slope, and thus composite stiffness.
From Boussinesq’s flat-punch solution, the sample in-

dentation, d, is related to the force applied by F =
8aEcd/3. Here we have assumed that the composite is
incompressible as both silicone gel and glycerol are ef-
fectively incompressible (e.g. [2]). Thus we extract Ec

from the slope of the (initially-linear) force-displacement
indentation profile (See Supplementary Figure S6 for ex-
ample profiles).
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FIG. 5. Controlling the stiffness of the solid matrix in sili-
cone/glycerol composites. (A) Young’s modulus of the soft sil-
icone used for the soft-matrix composite, as a function of sur-
factant concentration (no glycerol). E is measured with the
same indentation tests used for measuring composite stiffness.
(B) Surface tension of glycerol in the uncured silicone phase
of the composite, as a function of composite glycerol content.
We made emulsions using the same recipe as the soft-matrix
composites but without the silicone catalyst. These samples
were gently centrifuged down to separate glycerol droplets
from the bulk silicone phase, and the silicone was pipetted
off. Then we measured the surface tension of a large, pure
glycerol droplet in the silicone by the pendant drop method
[7]. (C) The surface tension of glycerol droplets in uncured
silicone with different surfactant concentrations. We mixed
the silicone in the same ratio as used in the soft-matrix com-
posites, but without catalyst, and added surfactant of differ-
ent concentrations. Then we measured the surface tension of
a large, pure glycerol droplet in the silicone by the pendant
drop method.
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(with an error of ∼ ±0.5mN/m). The results in Figure
5(B) show that surface tension initially increases quickly
with increasing glycerol content of the emulsion, and then
plateaus for φ � 3%. Figure 5(C) shows how the glycerol-
silicone surface tension depends on bulk surfactant con-
centration, from pendant droplet experiments on silicone
(9:1 A:B ratio, without silicone catalyst). By combining
the results of Figure 5(B,C) we see that there is more
bulk surfactant in the composites at low glycerol con-
tents, but that it reduces, reaching a constant for larger
glycerol contents.
These results suggest that we restrict the experiments

to composites with φ > 3% in order to ensure that E
is constant for the silicone phase. For these composites,
from Figure 5(B), we can estimate the solid-liquid surface
tension as Υ = 13.75 ± 0.75mN/m. We justify this esti-
mate by noting that previous experimental observations
of glycerol on silanated silicone have shown that Υ ∼ γ
for these materials [5].

C. Large-strain elasticity of composites

Wemeasured the stiffness of the composites from force-
indentation profiles. We indented sample surfaces with

the flat end of cylindrical metal rod of radius a = 1.6mm,
using an Instron E-1000 Stress Tester with a 5N load cell.
The sample consisted of a filled (10mm deep × 35 mm
diameter) petri dish. We indented the sample by 5mm for
the soft-matrix composites, and 3mm for the stiff-matrix
composites.
Typical force-indentation profiles for the soft-matrix

composite are shown in Figure 6 for two different glyc-
erol contents. In these experiments, we performed a se-
ries of four indentations of increasing magnitude (yellow,
red, cyan, blue) to investigate whether plasticity was oc-
curring at large strains. Despite indenting to a depth
of 5mm in a 10mm deep sample, we see no evidence of
plasticity, as all the profiles coincide. These profiles also
show how the force-displacement curve is initially linear
for up to 2mm of indentation, allowing us to accurately
determine its slope, and thus composite stiffness.
From Boussinesq’s flat-punch solution, the sample in-

dentation, d, is related to the force applied by F =
8aEcd/3. Here we have assumed that the composite is
incompressible as both silicone gel and glycerol are ef-
fectively incompressible (e.g. [2]). Thus we extract Ec

from the slope of the (initially-linear) force-displacement
indentation profile (See Supplementary Figure S6 for ex-
ample profiles).
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FIG. 5. Controlling the stiffness of the solid matrix in sili-
cone/glycerol composites. (A) Young’s modulus of the soft sil-
icone used for the soft-matrix composite, as a function of sur-
factant concentration (no glycerol). E is measured with the
same indentation tests used for measuring composite stiffness.
(B) Surface tension of glycerol in the uncured silicone phase
of the composite, as a function of composite glycerol content.
We made emulsions using the same recipe as the soft-matrix
composites but without the silicone catalyst. These samples
were gently centrifuged down to separate glycerol droplets
from the bulk silicone phase, and the silicone was pipetted
off. Then we measured the surface tension of a large, pure
glycerol droplet in the silicone by the pendant drop method
[7]. (C) The surface tension of glycerol droplets in uncured
silicone with different surfactant concentrations. We mixed
the silicone in the same ratio as used in the soft-matrix com-
posites, but without catalyst, and added surfactant of differ-
ent concentrations. Then we measured the surface tension of
a large, pure glycerol droplet in the silicone by the pendant
drop method.
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FIG. 6. Force-displacement profiles for indentation of com-
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blue). All indentation profiles coincide, showing no evidence
of plasticity. Dashed lines highlight the initially linear be-
haviour upon indentation, from which composite stiffness is
extracted.
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