PRACTICE PROBLEM SET 5

Chap 5
Questions are either directly from the text or a small variation of a problem in the text.

Collaboration is okay, but final submission must be written individually. Mention all collaborators on your submission.
The terms in the bracket indicate the problem number from the text.

Section 9.2

1) (Prob 6, Pg 240) a) Let S be the spehere of center x and radius R. What is the surface area of S N {|z| < p}, the
portion of S that lies within the spehere of center 0 and radius p?

b) Solve the wave equation in three dimensions for ¢ > 0 with the initial conditions ¢ (x) =0, ¥ (z) = A for |x| < p, and
¥ (x) =0 for |x| > p, where A is a constant.

c) Let |zg| < p. Ride the wave along a light ray emanating from (xo,0). That is, look at u (x¢ + tv,t), where |v| = c.
Prove that

t-u(xo + tv, t)converges as t — 00.
Solution:

a)

M (- (2l-R)?) lp-Rl<|e|<p+R

Sn{lzl <pt=140 @|>p+ R
min {4mp*, 4m R} @ <o~ A
b)
(x,1) At lz| < p—ct
u(x,t) = -
45?m\ (92 — (| = Ct)Q) lp—ct] <l|x| < p+ct

. BT At 2 2\ A 2 (wOav)z
tlggot.u(wo—ktv,t)—tlg&m(p — (Jo +tv| — ct) ) =12 (p - =5

2) (Prob 13, Pg 241) Solve the wave equation in the half-space {(z,vy, 2,t) : z > 0}with the Neumann condition % =0
on z = 0 and with initial data ¢ (z,y,2) = 0 and general ¥ (z,y, 2).

Just use the even extension of 1) about the z axis. Then 9,4 (z,y, z) is an odd function of z. Just think in a one dimensional
form.

Using this even extension, the solution is given by
1
u(w,y,z,t):ﬁ// Y (T + 20,y + Yoz + 20) dS
et w2 4+y24a2=c12

1
Ou(z,y,2,t) = ——= // 0. (x + 20,y + Yoz + 20) dS
4dmwest 224y ted=ct2

Then

1
8zu(xay707t) = by // 8,21!} (x+$0ay+y0azo> ds
drc?t w2y2+a2=c2t2

- 0.0 (a -+ 0,1+ o) dS + [ 0.1 (a + 20,y + o, 20) dS
//z‘o_‘/(ﬂtz—mg—yg Zg:—\/cth—.’E%—yg

= 8z¢(x+m0,y+yozo)d5+// 0. (x + 20,y + Yo, —20)dS =0
/]zwo_\/cztzzgyg zo=y/c2t2—zZ—y2

3) (Prob 16, Pg 241) Solve part b) for the same problem in 2 dimensions. Furthermore, compute w (0,t) by computing
the integral explicitly and compute the limit of u (0,t) as t — oo.

Solution:
Ap?
2c2
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Section 14.1
4) (Prob 5, Pg 389) Solve u; + u?u, = 0 with u(z,0) =2+«
Solution:

z— = (2+x0)°t
are the chacteristics. The solution is then given by
u(t,z) = [Vate +8t+1—1] /2t

5) (Prob 10, Pg 389) Solve u; + uu, = 0 with initial conditions u (z,0) =1 for z <0, 1 —z for 0 <z < 1 and 0 for z > 1.
Solve for all ¢ > 0, allowing for a shock wave.
Solution:

1 r<t t<l1
0 r>1,t<1
u(t,x) = 11:f t<zr<1,t<1
1 r—1<3(t-1),t>1
0 z—1>3(t-1),t>1

Section 14.3

6) (Prob 4, Pg 400) Find the curve y = u (x) that makes the integral fol ((u’)2 + xu) dz sationary subject to the constraints
w(0) =0and u(l) =1.

Solution

23+ 11z
u(x) = 1

7) (Prob 7, Pg 401) Show that there are an infinite number of functions that minimize the integral

2
/ (/)2 (1+y)° subject to y (0) = land y (2) = 0.
0

They are continuous functions with piecewise continuous first derivatives.

Solution:

Keep on alternating the derivative to change between —1 and 0 so that net change in value is 1 over interval length of 2.
For example,

, 0 0<a<l
-1 l<z<?2

! O0<r<l
Y 0 l<z<?2

In general let ¥/ = —1 on some subinterval whose length is 1 and 0 on the other subinterval.

8) (Prob 11, Pg 401) If the action A [u] = [[ (u2, — u?) dzdt, show that the Euler-Lagrange equation is the beam equation
Ut + Ugeee = 0, the equation for a stiff rod.

Solution:

fle)=Alu+ev] = // (U2, + €02y + 2Uppevyy — up — €20; — 2eupvy) dudt
f/ (0) = // (umxvxz - Ut’l}t) dxdt

= // (Ugzaz + ur) vdedt  (Integration by parts)



