Problem set 4

Due date: Mar 26
April 17, 2018

1. Suppose that X,Y are Banach spaces. If A is a bounded linear operator and ran(A)
is second category, then show that ran(A) is closed.
Solution:
The proof is exactly the same as that of open mapping theorem.

Ran(A) = U2 1 nA(B41(0)) .

Since Ran(A) is second category, we conclude that A(B;(0)) has a non-empty interior
(Since nA(By(0)) is homeomorphic to A(B1(0)). Following the proof of the open map-
ping theorem, we conclude that B.(0) C A(B;(0)) for some ¢ > 0. From which we
conclude that Ran(A) =Y and hence Ran(A) is closed.

2. Suppose that C'[0, 1], the space of continuously differentiable functions on [0, 1] and
C'[0, 1] the space of continuous functions are both equipped with the supremum norm.
Suppose that A : C'[0,1] — C]0,1] be defined by Af = f’, then show that A is
unbounded.

Solution:
Consider the sequence f,(z) = ™, then supyo 1 | /2| = 1, however,

sup |Af,| = sup [f,| = sup [ne™| = n.
[0,1] [0,1] [0,1]

3. Suppose X,Y are Banach spaces. Show that there is a constant ¢ > 0 such that
|Az| > c||z| if and only if N'(A) = {0} and ran(A) is closed.
Solution:
Suppose ||Azx|| > c||z|| for some ¢ > 0. Then

Ar =0 = ¢||z]| <0 = z=0.

Thus, N'(A) = {0}. Now suppose Af,, — g for some g € Y. Furthermore, the sequence
Af, is Cauchy.

cllfn = fnll < ||Afn — Afll < e for nm sufficiently large.
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Thus, the sequence f,, is Cauchy. Since X is a Banach space, f, — h for some h € X.
By the continuity of A, we then conclude that

= lim Af, = Alim f, = Ah

, from which we conclude that g is in the range of A and hence the range of A is closed.

Now suppose N(A) = {0} and that the range of A is closed. Since closed subspaces
of Banach spaces are themselves, Banach spaces, we conclude that ran(A) is a Banach
space. Then A : X — ran(A) is a surjective operator between Banach spaces and
hence by the inverse mapping theorem is an invertible operator. Thus, for all f € X,

AT AN < AT Af] = A AT LA < TAI-

where 0 < [|[A™!|| < oo which completes the proof.

If1 < p<ooand {z,} € 7, then Z ° iyl — 0 for every y € 04, 1/p+1/q =1, if
and only if sup,, ||z,|/» < 0o and x — 0 as n — oo for all j.
Solution:

Suppose that Z;’il zdy; — 0 for every y € (2. Then consider the sequence of operators
l, € (£9)* defined via

gn(y xmy any]

Since each z, € (P, from Holder’s inequality it follows that each of ¢, are indeed
bounded linear operators. Moreover,

[1nll = llznlle -

Since ¢, are pointwise convergent, and hence pointwise bounded, we conclude from
the uniform boundedness principle that sup,, ||z.]|» < co. To show that 2/ — 0 as
n — 00, set y = ex, where e are the standard coordinate vectors. Then

fo%yj:mﬁﬁo as n — o0.

Now suppose that sup,, ||z,|| = M < oo and that 7 — 0 as n — oo for each j. For a
fixed y, choose N large enough so that

. 1/q
<Z |yj!q> <e/M

J=N+1



. Then,

00 N o)
> | =) ahy’ + > aly|
j=1 j=1

N+1

N 00
<Dyl + ) ey
j=1

N+1

N 0 1/q
<D @yl + anlle ( > |yj|q>
j=1

j=N+1
N
<D @yl +e
j=1
< 2e,

where the first sum goes to zero as n — oo since for each n € Nand j = 1,2,... N,
xJ — 0 and ¢’ are bounded.

Remark 1. The proofs of problems 5 and 6 are similar.

. Ifl{xn} € (1, then Y7 aly/ — 0 for every y € o, if and only if sup,, [|z,[ln < oo and
x) — 0 as n — oo for all j.

. Suppose H is a separable Hilbert space with basis e;. Show that a sequence h,, € H
satifies (h,,h) — 0 for every h € H if and only if sup,, ||h,| < oo and (h,,e;) = 0 as
n — oo for each j.

. Suppose that X and Y are Banach spaces, and let A,, : X — Y are pointwise convergent
with limit A: X =Y, ie.
A f = Af VfeX.

Then the convergence is uniform on compact subsets U of X, that is,

sup [|[A,¢ — Al -0 n — 0.
feu

Solution:
From Banach Steinhaus, it follows that sup, ||A,|| < M and ||A]] < M. For € > 0,
consider the open balls B(¢,7) = {¢p € X : || — ¢]| < r}, with center ¢ € X and
radius r = ¢/(3M). Then,

UcC U¢€UB(¢, 7"),

forms an open covering of U. Since U is compact, there exists a finite cover, i.e.
UcC U;nle((bj: T) :
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Since the operators A, are pointwise convergent to A, there exists N(g) such that
n > N(e) implies

[Ang; — Ag|| <

Then for any ¢ € U, ¢ is contained in some ball B(¢;,r), i.e., ||¢; — ¢|| < r. For all
n > N(g), we then have that

[Ang — Ad[| < | And — Ang;ll + [[(An — )]l + [[A(0; — @)l

< [[Anllllo; — ol + [[Allll¢; — &l + || (A = An) o]
£ £ £

M-S oam. S S,

sMegyr Mgty T

forall j=1,2,...m.

Wl ™

. A family of bounded operators A = {A : X — Y} of linear operators, where X,Y
are banach spaces are called collectively compact, if for each bounded set U C X, the
image set A(U) = {Af : f € U, A € A} is relatively compact in Y. Suppose X,V
and Z are banach spaces. Let L, : Y — Z converge pointwise with the limit operator
L:Y — Z (see definition above for pointwise convergence), and let A be a collection
of collectively compact operators. Then

sup ||(L, — L)A|| =0 n — 0.
AeA

Solution:

Set U = {A¢ : ||¢| <1 A € A}. Then by assumption, U is relatively compact. By
the previous result, the convergence L,,¢ — L¢ is uniform on U. Thus, for every ¢ > 0,
there exists an integer N(e) such that

[(Ln — L)Ad| < e,
for all n > N(e), all ¢ with ||¢|| < 1, and all A € A. This also implies that
I(Ln — L)A[ <€,

for all n > N(¢) and all A € A.

. Suppose that A, is a collection of collectively compact operators which converge point-
wise to A. Suppose further that A is a compact operator. Assume that I — A is injective.
Then for all sufficiently large n, for all n with

(1 = A) 7 (A, = A < 1,
the operators I — A,, are invertible and uniformly bounded by

1+ [[(1 = A)" A

I =407 < T A, - A




For the solutions of the equations

¢_A¢:f and ¢n_An¢nf7
there holds the error estimate

(An = A+ [[(An = A)Andl
1= [(1 = A)~H(An — A)An||

160 — oIl < (7 — 4)~ )

Solution:
By the Fredholm alternative, ||(I — A)7!|| < co. We note that

(I+(I—A)TANT—A)=1—(I—A)Y (A, - A)A, =1—85,.

From the pervious theorem, ||(A, — A)A,|| = 0 as n — oco. Thus, for sufficiently large
n, |(I—A)" (A, — A)A,| = ||S.]l <1, since (I — A)~' is a bounded operator. It then
follows from the Neumann series that I — .S,, is invertible and that

1

I-5,|<—.
1=l < 5

Now, we note that
NI —A) CN((T+ (T -A)TA)NI - Ay) =N - S,) C {0}.

Thus, [ — A, is injective. It then follows from the Fredholm alternative that I — A, is
surjective and has a bounded inverse. Moreover,

(I-A) ' '=T-8) ' I+({I—-A)7"A,).
A simple calculation, then shows that

(I-A) ' —(I-A)'=T-8)"T+{T—-A)" A, —(T-S)(I-A)1
=(I-S) (I -A) Y T—-A+A, -1+ S,(I-A)
= (I = S5)7 (I = A)HAp = A) + S (I = A)7Y),

from which the result follows.




