Problem set 1

Due date: Feb 5
February 14, 2018

1. If {h,} is a sequence in a Hilbert space H such that ) ||h,|| < oo, then show that h,
converges.
Solution: Since ) ||h,|| < oo, we conclude that ||k, | — 0, and thus h,, — 0.

2. Suppose that F is a linear subspace of a Hilbert space H, then show that the closure
of F is also a linear subspace

Solution: Suppose that x,y € E, then there exist sequences {r,}° ,, {y.}>%, € E
such that z,, — x and y, — y. For any ¢;, ¢y € F, then {cix,, + c2y,, }5°, € E, since E
is a linear subspace. Moreover, cix, + coy, — c1x + coy. Thus, cix + coy € E.

3. Suppose that E is a subspace of a Hilbert space H, then show that (E+)* is the closure
of the span of elements in F, i.e.

(E4)* = {Z ¢ifi, fi€ E}

Jj=1

Solution: Since E+ is closed for any subspace E, it suffices to show that finite linear
combinations of elements in F are in (E+)*. Suppose that f; € £, j =1,2,... N, and

suppose ¢; € F, j=1,2,...N. Then f = Zj\le ¢jfj € (E+)*, since for any g € E+,

(f.9) = (Z ijj,g)

Jj=1

WE

¢;i(fj,9) (Linearity of inner product)

=1

I
=

(Since g € E*, f; € E = (f;,9) =0)




4. Suppose that H = (*(N).

(a) Show that if {a,} € H, then the power series >~ | a,2" has radius of convergence
at least 1

(b) For A < 1, show that L({a,}) := > 2, a,A™ is a bounded linear functional

n=1

(c) Find the element hy € H such that L(h) = (h, hy) and find ||L||

Solution: a) If {a,} € H, then a, is a bounded sequence, i.e. |a,| < M. Thus, it
follows from the Weierstrass-M test that, for all |z| = p < 1, >>>°  a,2" converges
since |a,z"| < Mp"™. Thus, radius of convergence is at least 1.

b) This follows from problem 7, with a,, = A"

C) h() = {)\n}

5. Let H; = L?([—m, m]) be the Hilbert space of functions F(e?) on the unit circle with
the inner product

2T

(F.G) = / Watoreears

Let Hy be the space L?(R). Using the mapping
1—x
14+

T —r

of R to the unit circle, show that:
a) The correspondence U : H; — Hy given by

1 1 — T

VI = S

)

is a unitary mapping.
b) As a result show that

e () )

is an orthonormal basis of L*(R).

Solution: U (F) =

is norm preserving

\/%7 (iiz)F (il—i) is a linear function in F'. We will show that U (F)
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2 —
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1M Z_—tan(é)
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1 T —

_ 1 F(COS i sm

2 J_. zcos +sm

%

1 [T ie's 1
_ F : _ zs d
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2
= |F|H1

ds (Making the change of variable x = tan (%))

Therefore U is norm preserving and hence 1 — 1.

Consider the mapping U : Hy — H,; defined by Uf = f (tan (g)) (z + tan (%)) VT
By a similar calculation as above, we can show that |U f ’”Hl = |fly,-

Let f € Hy and F € H,4
Claim: UoU (F)=F
Proof:

Tol (F) 1 L. i — tan (
o = —
\/?z'—l—tan(g) i+ tan (

) (sun(2)) 5
- F (e

Similarly, we can show that U o U (f) = f and hence U = U~! and thus U must be
onto.

[ SIS INTISS

Combining all of these, we see that U is a unitary correspondence between H; and Hs

We know that {¢,}>_ where ¢, (z) = \/Lz?emx is an orthogonal basis of L2 [—m, 7).
This means that F, (ew) = e' " is an orthonormal basis for #;. Then the claim is that

folx)=UF, = \/LE (=2)" 717 forms an orthonormal basis for I.? (R)

|Fuly, = [UFuly,  (Foy o)y, = (UF, Uy,

Hence {f,} is orthonormal in Hsy. Let f € Hy. Then U f € H,. Suppose f is orthogonal
to all the basis vectors f,, then (f, fn)H2 = 0 for all n.



(fa fn)?—[z = (Uf7Fn>rHl =0

Hence U f = 0 since it is orthogonal to all basis elements F,. . U o U f = 0 and hence

f=0

6. Prove that the operator T : IL?[0, oo] — LL2[0, oo

1ifw) =1 [ Iy

is bounded operator with norm ||7']| < 1.

Solution: Use problem 4, practice problem set 1, with w(x) =

3

7. Suppose that the multiplication operator A : *(N) — (?(N) is defined via Ae, = a,e,
where {e;}°, are the standard coordinate vectors and «,, € R. Then show that A is
bounded if and only if sup,, |a,| < M.

Solution: sup,, |a,,| < M = A is bounded.
If feH, then f=> (f,en)e, and Af =" o,(f,e,)e,. By Parseval,

A7 = 1(fren)
n=1

and

IAFI? =D lan(fren) P < M? Y N(fren)l? = M2 FI2.

Thus, A is bounded.

A is bounded == sup,, ||a,,|| < oo.

Suppose not. Then there exists a subsequence ng, k = 1,2,..., such that |a,, | > k. A
being bounded implies that there exists an M < oo such that |Af]| < M| f|| for any
f € H. However ||Ae,, || > kl||e,, || holds for any k which is a contradiction.

8. Suppose that K : L2([0,1]) — L2([0, 1]) is defined by

KM=AMMM@@,



where k(z,y) € L?([0,1] x [0,1]). Show that K is a bounded linear operator.

o)l =| / (. 9) F )]
/Ik‘wy y)ldy
< \/ ( / !k(fc,y)de) A fllezo,y - (Holder inequality)
[ < [ P 1512
'. ||/qﬂ||m,1]s\/( / / )Py ) - |l

Solution:

9. Give two examples of linear subspaces of L?(R) which are not closed and find their
closure.

Solution: There are many options here, for example, C* functions, i.e. functions
which have k£ continuous derivatives, which are compactly supported are both linear
subspaces and dense in L?(R) for any k.

10. Suppose that P; and P, are orthogonal projections onto subspaces S7 and S;. Show that
P, P; is an orthogonal projection if and only if P; and P, commute, i.e. PiP, = PP,
and in this case P, P; projects onto S;NS;. Give an example of two projection operators
which do not commute.

Solution: From exercise 1 in the practice problem set, it is clear that P; = P
and Pj2 = P; for j = 1,2. Suppose that PP, is an orthogonal projection. Then
PP, = (P P)* = PP} = P,P,.
Now suppose that PP, = P, Py, then for all f € H
(PPof, [ = PPy f) = (Pof , PLf — PYPLPsf)
= (Pof, Pf — PLPyf)
= (Rof, Pof — P2 f)
= (Rf, Pof — PP f)
= (Rof, (I = R)PLf)
=0 (since Pof € Sy and (I — P,)P,f € Sy)




11. Let H =L*(R). Let F : X — H be the Fourier transform

Flf)(x) = / Ty dy.

—00

Then it is well known that F is a unitary map with the inverse

FS() = / e () dy.

—00

Let f % g denote the convolution operator

fro@ = [ f-yat)dy
Further, it is also known that

Flfol(z) = FIfl1+ Flg],

and

Flf =gl =F[f]- Flgl-

(a) Let xa(x) denote the indicator function of the set A, i.e. xa(x) =1if z € A and
0 otherwise. Suppose kg > 0. Show that

sin(2mkox)
F[X[*ko,ko}] = T iz

(b) Let K(x) = F[X[-koko)l(z). Show that
/ Kx—2)K(z—y)dz=K(z —v).
(c) Let K : L*(R) — L?(R) denote the operator defined by

ki) = [ " Ko — ) ) dy.

Show that K is a bounded operator.

(d) Use part (b) to show that K is a projection operator in the following sense,
KK = Klf]
(e) Let Hy C H denote the subspace defined by:

feH, it Flflx)=0 Viz|> k.

Show that H, is a closed linear subspace. H, is the subspace of band-limited
functions with band-limit k.

(f) Show that K is the projection operator onto H,.

6



Solution: a)

F[X[*ko,ko] :/ 6i2ﬂxyx[*k07ko](y)dy

o0
_ /ko oy — sin(2mkox)
—ko T

b) A simple calculation shows that
(f.9)=Ff,.F 9,

FE (@ = 2))(€) = € Xk (€)

and '
"T_‘il[K(z - y)](&) = 6727”6‘1/)([7]@0,1{0] (5> )

Combining these three results, we get

/ZK(””_Z)‘K(Z—?J)Z/ZK(x—Z)-mClz K is real

_ /OO FUK(x - 2)|(€) - FK(z = 9)](€)de

[ e e
— K (O-; —y)
¢) We first note that
FIKIf]] = FIK * f] = FIK] - FIf] = X-lroko) () - F[f](2) - (1)
Since, the Fourier transform is an isometry, we have
LA = IFICLANIN = 1o ko) () - FLFI@) < IF L= 1AL

Thus K is a bounded operator with ||| < 1.

d) Follows from part b.

e) Suppose f, — f in L?(R), then F[f,] — F[f] in L*(R). Since F[f,](x) = 0 for all
n and all |x| > ko, we conclude that F[f](x) = 0 for almost every z such that |z| > k.
f) From equation 1, it follows that KC[f] € H, for all f € H. Moreover

(L1 S = KU = FIALFS =KD = [ X P (= 3k F1A =0



