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CONSTRUCTIONS OF THE WEIL REPRESENTATIONS OF 

CERTAIN SIMPLE LIE ALGEBRAS 

A .  B .  G o n c h a r o v  UDC 519.46 

l a .  Let G be a s i m p l e  complex  Lie group  wi th  the pa rabo l i c  subgroup  P such  that  the r a d i c a l  N in the 
Levi  decompos i t i on  P = M" N is Abel[an.  An equ iva len t  def in i t ion  is that  X = P \  G is an i r r e d u c i b l e  compac t  
H e r m i t [ a n  s y m m e t r i c  space .  Let  N_ denote  the un ipoten t  subgroup  opposi te  to N, and let ~, ~ ,  ~, and 9~_ denote  
the c o r r e s p o n d i n g  Lie a l g e b r a s ;  and let  Px = Mx" Nx be the Levi  decompos i t i on  of the s t a b i l i z e r  of x =_ x in G. 
Hence fo r th  we wi l l  iden t i fy  ~ wi th  ~*. 

Def in i t ion .  K*(K*) is  the cone of the vec t o r s  of h ighes t  weight  in the M(Mx)-module  .~ (T'X), i . e . ,  each 
v e c t o r  of the cone is l ead ing  wi th  r e s p e c t  to a c e r t a i n  Bore[  subgroup  in M(Mx). 

See [1] for  m o r e  de ta i l s  of the g e o m e t r y  of these  cones .  

LEMMA 1. A g ~ ~ t r a n s f o r m s  Kx.g into K x. i .  

The a i m  of this note is  to embed  ~ in ~ (K*) -- the a l g e b r a  of r e g u l a r  d i f f e r en t i a l  o p e r a t o r s  on K*. Thus ,  
we obta in  a r e p r e s e n t a t i o n  of .V in t e r m s  of r e g u l a r  funct ions  on K*. Roughly speak ing ,  the c o n s t r u c t i o n  is as 
fol lows:  G acts  in the s ec t i ons  of a c e r t a i n  l i n e a r  G-bund le  E)~ a s s o c i a t e d  wi th  a c h a r a c t e r  x~: p -- c* [for t E 
Cent !)~ "-- C we have dx)~(t) = h .  t]. E x p r e s s i n g  a ne ighborhood of the ident i ty  in G in the f o r m  p.exp (ffi_), we iden -  

t ify a ne ighborhood of the point  P" e in X wi th  !~_ and let  us c o n s i d e r  an N _ - i n v a r i a n t  t r i v i a l i z a t i o n  of E)~ over  
2_. F o r  t ~ Y the o p e r a t o r  ~ t  in Sec. 3 is the coo rd ina t e  e x p r e s s i o n  of an a pp r op r i a t e  ac t ion  of ~. If ~ is the 
s a m e  as in T h e o r e m  1 (Sec. 3), then the F o u r i e r  t r a n s f o r m  (see Sec. 2) F (5~t) of the o p e r a t o r  5~t l ies  i n  ~ (g*). 
The r e a s o n  for  this r e m a r k a b l e  phenomenon  is L e m m a  1. 

Let us o b s e r v e  that  F (~n) for  n ~ ~ has o r d e r  2 and cannot  be e x p r e s s e d  in t e r m s  of o p e r a t o r s  of o r d e r  
1 f r o m  ~0 (K*). 

l b .  The coad jo in t  r e p r e s e n t a t i o n  of G has exact ly  one nonz e r o  o rb i t  0 G of s m a l l e s t  d i m e n s i o n .  It pas ses  
th rough  the vec to r  of h ighes t  weight  in y*. The c o n s t r u c t e d  r e p r e s e n t a t i o n  c o r r e s p o n d s  to 0 G in the s e n s e  that 
2 .  d i m K *  = d i m O  G. But 0 G does not have po la r i za t ion  for  ~=#sl(n, C) and, t h e r e f o r e ,  the usua l  methods  for  con-  
s t r u c t i o n  of a r e p r e s e n t a t i o n  wi th  r e s p e c t  to an o rb i t  do not work.  The p r o b l e m  of c o n s t r u c t i o n  of " m i n i m a l  
r e p r e s e n t a t i o n s "  has been c o n s i d e r e d  by va r i o us  au thors  (see [2, 3]), but the c o n s t r u c t i o n  has a l m o s t  a lways 
been obta ined  by the r e s t r i c t i o n  of the Wei l  r e p r e s e n t a t i o n  of sp  (2n) to ~ ~ sp (2n). Our c o n s t r u c t i o n  is more  
u n i v e r s a l ,  and a new c o n s t r u c t i o n  of the Well  r e p r e s e n t a t i o n  has been obta ined for  y = sp (2n, c). It is eas i ly  
c a r r i e d  over  to a wide c l a s s  of s i m p l e  Lie a l g e b r a s ,  e .g. ,  to the c l a s s  of the Lie a lgeb ra s  that  can be sp l i t  
ove r  a f ield k of c h a r a c t e r i s t i c  ze ro  and which have a pa rabo l i c  s u b a l g e b r a  wi th  Abet[an r ad i ca l .  

In the fol lowing d i s c u s s i o n s  we wi l l  c o n s i d e r  the ana ly t i ca l  s ide of the m a t t e r :  the c o n s t r u c t i o n  of a un i t a ry  
r e p r e s e n t a t i o n  of G, and so on. 

I. N. B e r n s h t e i n ,  I. M. Ge l ' l and ,  and S. I. Gel ' fand  have obse rved  that  so  (8, C) is embedded  in the a lge -  
b r a  of d i f f e r en t i a l  o p e r a t o r s  on the bas ic  affine space  A for  SL (3, C) (not publ ished) .  We have 

A ,-- {(z, w) ~ C o I zlwl  + z2w2 -t- zs~v8 = 0; z ~ 0, w =# 0},  

af te r  which  we can  ea s i l y  w r i t e  out the embedd ing  of so (2n + 2, C) in the d i f f e r en t i a l  o p e r a t o r s  on {(z, ~) 
c ~ I z~w~ + . . .  + z , w n  = 0}. (Although the connec t ion  wi th  a compac t  H e r m i t i a n  s y m m e t r i c  space  was not revea led . )  
I am thankful to I. N. Bernshtein for communicating this to me. 
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U s i n g  th i s  o p p o r t u n i t y ,  I t h a n k  I. N. B e r n s h t e i n  f o r  a s e r i e s  of  c o n s u l t a t i o n s  about  v a r i o u s  p r o b l e m s  of  

r e p r e s e n t a t i o n  t h e o r y  and S. G. G ind i ldn  f o r  a s s i s t a n c e .  

2. P r e l i m i n a r y  R e s u l t s .  L e t  V be  a f i n i t e - d i m e n s i o n a l  l i n e a r  s p a c e  o v e r  C a n d  ( , > be t he  p a i r i n g  of V 
and  V*.  F o r  v ~ v w e  d e f i n e  a d e r i v a t i o n  of  t h e  r i n g  S(V*) by s e t t i n g  0~ (v*) = <~, v*; f o r  v* ~ v*. L e t  $v d e n o t e  

t h e  l i n e a r  f u n c t i o n  on V* d e f i n e d  by the  v e c t o r  v and l e t  ~9 (v) d e n o t e  t he  a l g e b r a  of  r e g u l a r  d i f f e r e n t i a l  o p e r a -  

t o r s  on V. 

L e t  us d e f i n e  an  i s o m o r p h i s m  of a l g e b r a s  ~ : ~9 (v) --, ~9 (v*) by s p e c i f y i n g  i t  on the  g e n e r a t o r s  by the  e q u a -  

t i o n s  F (0~) = ~Pi and F (,~,) = ~0~,. T h i s  d e f i n i t i o n  i s  c o r r e c t ,  s i n c e  F ([0~,ap~,l) = <v, v*> and iF (O~), F (%~)1 = [ap~, 
iov,] = ~v, v*>. 

L e t  I d e n o t e  t he  i d e a l  in  s (gt*) t ha t  d e f i n e s  t h e  v a r i e t y  K* U 0; and l e t  I (k) be  t h e  s p a c e  of  p o l y n o m i a l s  of  

d e g r e e  of  h o m o g e n e i t y  k in  I. 

P r o p o s i t i o n  2.  a) I (D i s  an  i r r e d u c i b l e  M - m o d u l e  t h a t  o c c u r s  in ~t* ® ~t* w i t h  m u l t i p l i c i t y  one .  

b) I (~) .s  (~t*) = I.  

W e  o m i t  t he  p r o o f  f o r  w a n t  of  s p a c e .  

F o r  t ~ 5e l e t  L t  be  the  v e c t o r  f i e l d  on ~t_ t h a t  o r i g i n a t e s  by the  a c t i o n  of  G on X ( ~t_ i s  e m b e d d e d  in X 

a s  in  S e c .  1). L e t  us  c o n s i d e r  s (~*) ® i l l  as  v e c t o r  f i e l d s  on ~_. H e n c e f o r t h  n ~ ~ ,  and Vl, v~ ~ ~- .  

P r o p o s i t i o n  3. a) L,, ~ S~ (gt*) ® ~_. 

b) L,, (y, V~) = ~/~ [[~, y~], y~l. 

~2~) iLia , L n l = L t m ,  n ] ~ *  ® fll_, s i n c e  [Yt, n ] ~ 9 ~ C g L * ® O L .  

b) S i n c e  ~t_ i s  A b e l i a n ,  by v i r t u e  of  t he  J a c o h i  i d e n t i t y  t he  r i g h t - h a n d  s i d e  of  b) d e f i n e s  an e l e m e n t  of  

s ~ (~t_*) ® ~_. It  r e m a i n s  to  v e r i f y  t h a t  w e  g e t  t he  s a m e  t h i n g  on c o m m u t i n g  bo th  the  s i d e s  f i r s t  w i t h  Lyl  and then  

w i t h  Ly  2. m. 

3. B a s i c  C o n s t r u c t i o n .  L e t  ~ d e n o t e  t h e  s p a c e  of  the  d i f f e r e n t i a l  o p e r a t o r s  f r o m  ~ (gt_) _~ ~ of  o r d e r  a t  

m o s t  k and h o m o g e n e i t y  l. F o r  e x a m p l e ,  Lu, :=  a u ~  ~[~. L e t  us a g r e e  to  w r i t e  an o p e r a t o r  9 ~ ~ in t he  f o r m  

~n 

I t  i s  c l e a r  f r o m  the  h o m o g e n e i t y  a r g u m e n t s  t h a t  

[L n, / l  = 9~ 1 -q- 911 ( ~  E 3)~) (1} 

f o r  f ~ F (1(~). 

Proposition 4. ~-~ .~ ~ F ( I ( 2 ) ) . ~ .  

• L e t  a~ (9) be  t h e  2 - s y m b o l  of  t he  o p e r a t o r  5 .  T h i s  i s  a f u n c t i o n  on r*gt_. L e t  Ln d e n o t e  the  v e c t o r  f i e l d  

on r*gt_ t h a t  c o r r e s p o n d s  to  t h e  f i e l d  Ln on ~t_. L e t  K*(y) be  t he  s h i f t  of  K* C T*~_--~ t  a t  a po in t  y ~ 9L. I t  c a n  

be  v e r i f i e d  t h a t  K*(y) i s  i d e n t i f i e d  w i t h  K ;  u n d e r  t he  e m b e d d i n g  of  9t_ in X (as in S e c .  l a ) .  T h e r e f o r e ,  i t  f o l l o w s  

f r o m  L e m m a  1 tha t  cr2([Ln, f]) = Ln(~(f))  v a n i s h e s  on e a c h  c o n e  K*(y) .  m. 

L e t  us s e t  a0 (K*) = Norm (I~)/I.~, w h e r e  Norm (I .~))  ~ {9 ~ 99 [ 9 1  C I ~ ) } .  L e t  n ~ ,  y ~ ~_ ,  and *n ~ 9t* _ (see  

S e c .  2). W e  s e t  

,.C~n = L n - } -  ~ , ' ~  n ,  o,~'[n, y] ~ L [ n ,  y] - -  ~ ~n ,  g>, o,cey = L y .  . 

F o r  t ~  Y w e  h a v e  the  i s o m o r p h i s m  of L i e  a l g e b r a s  t ~ 5~t (cf. S e e .  l a ) .  

T H E O R E M  1. T h e r e  e x i s t s  a x ~ c, s u c h  t h a t  F (Zv) ~ ~ (K*). 

• L e t  us  a s s o c i a t e  the  o p e r a t o r  9 -~ w i t h  L n and ! ~ F (I (2)) [ s ee  (1)]. We  o b t a i n  a m o r p h i s m  of  M - m o d u l e s  
A: 9~ ® F (I (~)) ~ 9 t .  L e t  us  c o n s i d e r  t he  m o r p h i s m  ~: n ® / ~ [ ~ , / ]  of  t he  s a m e  M - m o d u l e s .  I t  f o l l o w s  f r o m  the  

s t a t e m e n t  a) of  P r o p o s i t i o n  2 tha t  dim Horn M (gt ® F (i(.2)), ~_)  = I. S i n c e  A x 0, i t  f o l l o w s  t h a t  A = X~ ~ ~ C. T h i s  

i s  t he  d e s i r e d  X, s i n c e  [ ~ ,  F (X(~))I C F U (2)).~ and F (I) = F (I(~)).F (S ('X*))_ f o r  i t .  = .  

E x a m p l e .  S¢ ~-- so (2n + 2, c); X is a q u a d r i c  in C P  2n+1, K* --- {(zl ,  • • • ,  Zn; w l ,  . . . .  Wn) l z l w l  + • . . + ZnWn = 

0 }. L e t  us  s e t  a = OzO, , + ...+OznOwn, Jz = Zl~z, + • . .  + ZnOz n and .r~ = w~a,,, + . . .  + wnO~, n. T h e  o p e r a t o r s  W~ = w~n -- 

(Jz + ~,, -- (, --  ~))0~, z~. = z~A -- (~  + r _ (~ _ i)) 0,~, [W~., ~A, [Wk, w j ] ,  and [Zk,  z j ]  and t h e  o p e r a t o r s  of 
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m u l t i p l i c a t i o n  by a l i n e a r  funct ion  g ive  a r e p r e s e n t a t i o n  of so  (2n + 2, C) in t e r m s  of r e g u l a r  funct ion on K*. 

2. 

3. 
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P A R T I A L L Y  O R D E R E D  S E T S  O F  F I N I T E  G R O W T H  

A .  G .  Z a v a d s k i i  a n d  L .  A .  N a z a r o v a  UDC 519.4 

Le t  91 = {al . . . . .  an} be a f in i t e  p a r t i a l l y  o r d e r e d  s e t  and k be a c o m m u t a t i v e  r ing .  We s a y  tha t  a r e p r e s e n -  
t a t i on  of the  s e t  ~ o v e r  the  r i n g  k is  g iven  if  a s u b m o d u l e  Vi of a c e r t a i n  f i n i t e ly  g e n e r a t e d  k - m o d u l e  V is  a s -  
s o c i a t e d  w i th  e a c h  e l e m e n t  ai ~ ~ s u c h  tha t  if  a i -< a j ,  then Yi ~_ Yi. 

The r e p r e s e n t a t i o n s  of the  p a r t i a l l y  o r d e r e d  s e t  9l f o r m  an add i t i ve  c a t e g o r y ,  in w h i c h  equ iva len t  and 
i n d e c o m p o s a b l e  r e p r e s e n t a t i o n s  a r e  de f ined  n a t u r a l l y .  If k is  a f i e l d ,  then  the (n + 1 ) - d i m e n s i o n a l  i n t e g r a l  v e c -  
t o r  d = (do, d l ,  . . . ,  dn) ,  w h e r e  d o i s  the d i m e n s i o n  of the s p a c e  V and d i is  the d i m e n s i o n  of the  f a c t o r  s p a c e  
vii ~, v~, is  c a l l e d  the  d i m e n s i o n  of the  r e p r e s e n t a t i o n  S = (V, V~, . . . .  Vn). 

aj<a i 

As in [1-3] ,  we  wi l l  s tudy  r e p r e s e n t a t i o n s  of p a r t i a l l y  o r d e r e d  s e t s  o v e r  f i e l d s .  We need  r e p r e s e n t a t i o n s  
o v e r  r i n g s  only to r e c a l l  the  de f in i t i on  of  p a r t i a l l y  o r d e r e d  s e t s  of t a m e  type  and to de f ine  p a r t i a l l y  o r d e r e d  
s e t s  of f in i t e  g rowth .  

As the a l g e b r a s  [4] and the  q u i v e r s  [5, 6], the  p a r t i a l l y  o r d e r e d  s e t s  of in f in i t e  type  ( i . e . ,  having  in -  
f i n i t e l y  may  nonequ iva l en t  i n d e c o m p o s a b l e  r e p r e s e n t a t i o n s )  a r e  d iv ide d  into  two d i s j o i n t  c l a s s e s :  the t a m e  ones  
(admi t t ing  a c l a s s i f i c a t i o n  of r e p r e s e n t a t i o n s )  and the wi ld  ones  ( "con ta in ing  in t h e m "  a c l a s s i c a l  unso lved  p r o b -  
l e m  about  a p a i r  of l i n e a r  o p e r a t o r s ) .  

We w i l l  s a y  tha t  a r e p r e s e n t a t i o n  S = (V, V1, . . . .  V n) of the  p a r t i a l l y  o r d e r e d  s e t  ~ o v e r  the f i e ld  k is  
g e n e r a t e d  by the r e p r e s e n t a t i o n  g = (V, V1 . . . . .  Vn) of the s a m e  s e t  o v e r  the r i n g  k[X] of the p o l y n o m i a l s  in 
one v a r i a b l e  if  t h e r e  e x i s t s  a f i n i t e - d i m e n s i o n a l  k [X] -modu le  B such  tha t  

ii®1 _ 

V = Vk[X] ® B, V t = Im (V l #[~]B ~ Vk[x]B),® 

where fi : Vi -- V are the natural embeddings. The partially ordered set 91 has tame type over the field k if all 
indecomposable representations of each dimension are generated by a finite number of representations of ~t 
o v e r  k[X].* 

It is  p roved  in [3] t ha t  a p a r t i a l l y  o r d e r e d  s e t  has  t a m e  type  (over  an a r b i t r a r y  f i e ld  k) i f  and only if i t  
does  not con ta in  any one of  the  fo l lowing  s e t s  as  a subse t :  (1, 1, 1, 1, 1), (1, 1, 1, 2),  (2, 2, 3), (1, 3, 4), 

(1, 2, 6),  and N = { a  1 < a 2 > bl < b2; c l  < c2 < e3 < c4 < c5}, w h e r e  (l 1 . . . . .  lm) is  the  c a r d i n a l  s u m  of m l i n e a r l y  
o r d e r e d  s e t s  t ha t  c o n s i s t  of l~ . . . .  , l m  e l e m e n t s ,  r e s p e c t i v e l y .  

Le t  ~ (d) deno te  the  l e a s t  p o s s i b l e  n u m b e r  of the r e p r e s e n t a t i o n s  of the  s e t  91 o v e r  k[X] tha t  g e n e r a t e  a l -  
m o s t  ( i .e . ,  a l l  e x c e p t  a f in i t e  n u m b e r  of) i n d e e o m p o s a b l e  r e p r e s e n t a t i o n s  of 91 o v e r  k of d i m e n s i o n  d. A d e -  
t a i l e d  s tudy  of the  p a r t i a l l y  o r d e r e d  s e t s  of t a m e  type  shows that  they  a r e  d iv ided  into two c l a s s e s :  

*It is  c l e a r  tha t  th is  de f in i t ion  is  s u i t a b l e  only fo r  the c a s e  of an in f in i te  f i e ld  k. In the f in i te  c a s e  the  f i e ld  k is 
r e p l a c e d  by i t s  s e p a r a b l e  c l o s u r e  k. 
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