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3. The Étale Fundamental Group p1(X , x)  of a Scheme X .

à 3.1  Introduction: One Theorem, Two Subjects.

In both field theory and homotopy theory, a classification theorem appears establishing a bijection between, on
the one hand, subgroups H  of an automorphism group G := AutX HY L  of a particular object YêX  and, on the other, a
specific class of objects "intermediate" to Y  and X .

  In field theory, the theorem classifies finite separable extensions of a fixed field k.  In homotopy theory, it
classifies finite, connected covering spaces of a fixed non-pathological topological space X  (note: in what follows non-
pathological := connected, locally path-connected and semi-locally simply connected).  If we word these two classical
theorems with some care, we really can get them to become formally identical.

For fields, we have:

Theorem (Finite, Field-Theoretical Version).  —  Let K êk  be a finite separable field extension that's normal
(i.e., a Galois extension).  Then we have a one-to-one, order-reversing correspondence between the poset of intermedi-
ate fields K   E   k and the poset of subgroups H Õ AutkHKL, given by

E # AutEHKL       and      KH " H ,

under which normal intermediate extensions correspond to normal subgroups H 0AutkHKL.      à
To state a formally identical theorem that classifies covering spaces, we have to take a bit more care, due to the

fact that although sub-objects are well-defined, the dual notion of quotient objects is only well defined up to isomor-
phism, i.e., the first is set-theoretical, whereas the latter is category theoretical.

For this reason, given a covering space Y ö X  and a subgroup H Õ AutX HY L, we define H \Y  to be the quotient
whose points are H-orbits in Y , with the quotient topology.  In this way, we make a choice, once and for all, of a
canonical quotient associated to each distinct subgroup H Õ AutX HY L. We denote the poset of such covers CovHY ê X L,
with H1 \Y Œ H2 \Y  if and only if there's a strict surjection H2 \Y öØ H1 \Y , i.e., one that's not an isomorphism.  We call
it the set of covers intermediate to Y ö X .

Then for covering spaces, we have:

Theorem (Finite, Homotopy-Theoretical Version).   —  Let Y ö X  be a finite, connected covering space
that's normal (i.e., a "Galois" cover).  Then we have a one-to-one, order-reversing correspondence between the poset
CovHY ê X L of intermediate covers Y öZ ö X  and the poset of subgroups H Õ AutX HY L, given by

Z # AutZHY L       and      H \Y " H ,

under which normal intermediate covers correspond to normal subgroups H 0AutX HY L.      à
Of course, the reason we call the theorem "homotopy-theoretical" is because in this case X  admits a universal

cover X
è

ö X , for which AutX HXè L @ p1HX , xL.   
The appearance of formally identical theorems in these distinct settings sets up a potent analogy.  For instance,

we observe that the universal covering space in homotopy theory plays the same role as the separable closure ks êk, and
we can make this even more precise by reformulating the finite theorems with "infinite" versions:
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Theorem (Infinite,  Field-Theoretical  Version).   —  Let  ks êk  be  k's  separable  closure.   Then  the  above
correspondence sets up an isomorphism between the poset of intermediate fields ks   E   k finite over k and the poset of
subgroups H Õ AutkHksL for which AutkHksL êH  is finite.  Normal extensions correspond to normal subgroups under this
bijection.      à

Theorem (Infinite, Homotopy-Theoretical Version).  —  Let X
è

ö X  be X 's universal cover.  Then the above
correspondence  sets  up  an  ismorphism  between  the  sub-poset  of  CovHY ê X L  consisting  intermediate  covers
X
è

öZ ö X  finite over X  and the poset of subgroups H Õ AutX HXè L for which AutX HXè LëH  is finite.  Normal exten-
sions correspond to normal subgroups under this bijection.      à

Anyone familiar with the basics of étale maps should recognize that in the algebro-geometric setting, a finite
seprable field extension K êk  and a "finite connected covering space" Y ö X  are two instances of the same thing: a
surjective étale map.  Since the spectrum of a field is trivially connected, they're actually both instances of connected
étale covers.  Hence the following "conjectural" table makes sense:

field-theoretical : K êk  a… …fininite, seprable field extension… …that's normal…

homotopy-theoretical : Y ö X  a… …finite, connected covering space… …that's normal…

scheme-theoretical : Y ö X  a… …finite connected étale cover… …with some kind
       of transitive
AutSchêX HY L-action…

It suggests that the analogy between the field-theoretical and the homotopy-theoretical pictures is more than just formal,
and indicates clear  conjectures that  would "unify"  the two pictures.   Letting X  be  a  connected scheme, the finite
conjecture becomes:

Conjecture (Finite, Scheme-Theoretical Version).  —  There should be notion of étale cover and Galois étale
cover such that given any finite Galois étale cover Y ö X  of connected schemes, we have a one-to-one, order-reversing
correspondence  between  some  poset  of  intermediate  étale  covers  Y öU ö X  and  the  poset  of  subgroups
H Õ AutSchêX HY L, given by

U # AutSchêU HY L       and      H \Y " H ,

under which Galois étale covers correspond to normal subgroups H 0AutSchêX HY L.      Ó
The infinite conjecture, for a fixed scheme X , becomes:

Conjecture (Infinite, Scheme-Theoretical Version).   —  There should be a universal étale cover X
è

ö X
giving  a  one-to-one  correspondence  between  the  set  of  (isomorophism classes  of)  finite  intermediate étale  covers
X
è

öU ö X  and the set of subgroups H Õ AutSchêX HXè L for which AutSchêX HXè LëH  is finite.      [?]

But this last conjecture breaks down at our assertion that a universal étale cover X
è

ö X  ought to exist.  For
instance, from a complex-analytic perspective the universal cover of the punctured complex-affine line 

1 \ 80< is 
1 ,

with covering map

exp : 
1 öØ 

1 \80<,
the exponential function.  Yet we don't know of any scheme theoretic analog of the exponential function, and the nature
of the Zariski topology on 

1  suggests that we won't even find one in Schê if we try.
We can respond to this difficulty by taking two seemingly disnticnt perspectives:
(1)   If  we're familiar with pro- and ind-schemes, then we recognize in a heuristic sense that they alow for

analytic considerations in Schê, though in a formal analytc sense.  Thinking of the universal cover of a topological
space X  is something like "X  repeated infinitely in every path direction," we suspect that the analycity appears simply
as a limit of larger and larger finite pictures.  We hypothesize that given a scheme X , its "universal cover" X

è
ö X  will

appear as a the projective limit of X 's finite étale covers, that is, that the limit

X
è

:= limô HomSchêX HUi, –L
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over finite étale covers Ui ö X , considered as a "generalized scheme."  It clearly has the right universal property for
finite étale covers at least.  If this is indeed a good candidate for the scheme-theoretical universal covering space, then
AutX HXè L should verify our infinite conjecture above.

(2)  On the other hand, looking more closely at the infinite version of our conjecture, we see that the set of
(isomorphism classes of) finite étale covers U ö X  doesn't really depend on the presence of X

è
.  The only role that this

hypothetical universal cover actually plays is in the definition/construction of AutSchêX HXè L (an analog of p1HX L).  Hence

if we could come up with a reasonable alternative definition of AutSchêX HXè L that makes no use of X
è

, we might save the
conjecture after all.

à 3.2  Finite Étale Maps as "Covering Spaces."

The reader can regard this section as a first exposition on the formal similarity between finite étale maps and
covering spaces.

Recall that a separated map f : Y Ø X  of schemes is one whose diagonal D : Y Ø Y μX Y  is a closed immersion,
and that a proper map f : Y Ø X  of schemes is one that's separated and universally closed.  Here universally closed
means that every pullback

Z μX Y Ø Y
f

Z ö X

of f  is a closed map.  Since the property of a map being closed is a local property with respect to the codomain, it is
enough to very universal closedness for arbitrary maps of affine schemes Z = Spec A into X .

Now as we pointed out when we first recalled the basic finiteness properties we'd be making using of in these
notes, one of the key differences between finite and locally finite type maps, apart from the heuristic idea that finite type
maps have non-zero, finite dimensional fibers, is the fact that Zariski open immersions U ÕØ X  tend to be locally of
finite type rather than finite, due roughly to the presence of an infinite descending sequence

∫   f -2A   f -1A   A   f  A   f 2A   ∫

of A-submodules of Bô A in the affine picture, f œ Bμ (think of the example k[t≤1] ôk@tD, with f := t).
Thus even though a  Zariski open immersion U ÕØ X  will  always  have zero-dimensional fibers,  every  fiber

being either a singleton or the empty scheme, it will in general fail to be finite when it is not proper.  The precise
statement, which is an exercise in Hartshorne [AG, §II.4, Ex. 4.1, p. 105], is:

Claim.  —  If f : Y Ø X  is finite, then it's proper.
Proof:  If f  is finite, then every affine pullback Spec AμX Y öSpec A of f  is a finite map.  In particular, Spec AμX Y
is the spectrum of an algebra Bô A that's finitely generated as an A-module.  In particular, B is integrally dependent on
A [find the fact in A&M].  But then by Cohen-Siedenberg Going-Up [find the fact in A&M], we see that every prime
p in a Spec A contained in the image of the closed set associated to an ideal b Õ B lies under a prime q Õ B.      à[Check
this again]

This observation becomes important in our current context because it implies that if f : Y Ø X  is an open, fininte
map of connected schemes, then it's surjective.  Indeed, f  is proper and thus a closed map (being universally closed), so
f HY L is both closed and open in X .  Since X  is connected, this implies f HY L = X .

Of course, the particular brand of open map we're interested in is the étale map.  Regarding étale maps, this last
observation says that if our based scheme X  is connected, then all we have to do is restrict to finite étale maps Y ö X
to ensure that every connected component of Y  covers X .

To this end, we'll work almost exclusively in this §3 with a the category FinÉtêX  of finite étale maps over  a
connected base scheme X  that we fix once and for all.  By Observation 2.1.5 of the previous section, we know that
every map in FinÉtêX  (i.e., every map giving a commutative triangle constituting a morphism in FinÉtêX ) is itself étale.
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We now want to argue that finite étale maps look quite like our intuiutive picture of covering spaces.  The
algebro-geometric idea that really gets this rolling is the heuristic idea that, given a scheme X , we whould think of
projective X -modules as locally free bundles of some kind over X , or said differently, as the twist of some trivial
bundle over X .  I think this idea runs into snags in general, but when our projective module is finitely generated, it
works out quite neicely:

Claim.  —  If f : Y Ø X  is finite and flat, then Y  is a locally free, finitely generated X -module.
Proof:  First of all, a finitely generated projective module M  over any local ring Ap is always free.  Indeed, Nakayama's
Lemma tells us that we have a surjective morphism Ap

μn öØ M  onto a minimal set of generators for M , and thus an
exact sequence

0ö K Õö Ap
μn öØ M ö0.

By projectivity of M , this sequence splits: Ap
μn @ K ∆M , and then a second application of Nakayama's Lemma shows us

that in fact K = 0.
In general, it is not the case that flat affine modules are projective, but by a Theorem in Weibel (see [Weibel. §3,

Thm. 3.2.7, p. 71]) we know that this is the case when the module is finitely presented.  Thus we can cover X  be open
affines Spec Ai such that f -1HSpec AiL = Spec Bi with each Bi a projective, finitely generated Ai-module.  Let Bô A be
one such algebra.  Then B∆ B£ @ Aμn for some n, and thus Bp ∆ Bp

£ @ Ap
μn at every prime p Õ A.  In particular, each Bp is

finitely generated and thus free by the observation of the previous paragraph.
Finally, by an exercise in Hartshorne [AG. §II.5, Ex. 5.7, p. 124], and using our ever-present locally Noetherian

assumption, this implies that B is a locally free A-module.      à

Corollary.  —  Every finite étale map Y ö X  with connected codomain comes with a well defined notion of
(locally free) rank or order, defined to be the locally constant rank of Y  as an X -module.      à

Counter Example:   Don't get confused about the meaning of this last Corollary!  It does not say that Y  is Zariski
locally free over X , but only that Y  is!  For example, let Y := Spec k[t≤1]  and X := Spec k[t≤2] .  Then X  is étale and
Y ö X  is finite étale.  As we've already seen, Y  cannot be Zariski locally free over X , yet

k[t≤1] @ k[t≤2] ∆ t k[t≤2]

since

k[t≤2] @ ∆
n=-¶

¶

k t2 n       and      t k[t≤2] @ ∆
n=-¶

¶

k t2 n+1.

Corollary.  —  If Y ö X  is finite étale with connected codomain, then every geometric fiber Yx  has the same
order, i.e., the same cardinality, equal to the order of Y ö X  itself.      à

Corollary.  —  If f : Y Ø X  is a finite étale map with connected codomain, and x : Spec K Ø X  is a geometric
point for which Yx is order-1, then f  is an isomorphism.
Proof:  By the previous Corollary @__D, the order of Yx  is the locally free rank of Y ö X .  Thus if Yx  is order-1, then

Y  is an invertible X -module.  Since it comes from a scheme morphism f : Y Ø X , this makes Y  isomorphic to X

via f #, which is to say that f  is itself an isomorphism.      à

Observation.  —  Let f : Y Ø X  be a finite scheme map with connected codomain.  Then the following are
equivalent:

(i)  f  is étale;
(ii)  there exists a finite étale map U ö X  along which Y 's pullback is a trivial cover of U , specifically, such

that U μX Y öU  is surjective with U μX Y @ ü i U .
Proof:  (i)fi(ii).  Suppose f  étale.  Fix a geometric point y : Spec K Ø Y  and let x : Spec K Ø X  be its composition f y,
i.e., its "image in X ".

We proceed by induction.  In the case that Yx is order-1, the previous Corollary @__D gives us the result immedi-
ately: just take U := Y .  So suppose (i)fl(ii) proved in the case that card †Yx§ = n - 1, and let Y  now be a scheme with
card †Yx§ = n.  Consider the pullback
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Y μX Y Ø Y

Y ö X .

Since Y ö X  is étale, Observation [__] from the previous section tells us that each projection p1, p2 : Y μX Y Ø Y  is
also étale.  Moreover, Theorem [__] tells us that the diagonal D : Y Ø Y μX Y  is an open immersion, i.e., its image is a
connected component of Y μX Y .  In other words,

Y μX Y = DHY L ü Z

for some scheme Z.  Since Z ÕØ Y μX Y  is a Zariski open immersion, we see by Theorem [__] that each composition

Z ÕØ Y μX Y ö
pi

Y

is étale.  But now it's easy to see that card † Zy § = n - 1 [argue this: draw a little diagram with the geometric points
in it], so by our inductive hypothesis, we can find an finite étale map U öY  along which Z  pulls back to a trivial étale
cover.  Since DHY LöY  is already trivial, this means that our original cover Y ö X  pulls back to a trivial cover along
U öY ö X .

(ii)fi(i).  Let Y ö X  be connected with finite codomain, and suppose U ö X  another finite étale map such that
U μX Y @ üi=1

n U .  Let x : Spec K Ø X  be an arbitrary geometric point.  By our remark following Claim [__] above, we
can factor x through U ö X  along some geometric point u : Spec K Ø U .

Thus Yx @ HU μX Y Lu @ üi=1
n Spec K.  In particular, Y ö X  is unramified.  A similar argument using stalks in place of

geoemtric fibers shows that Y ö X  is flat.      à
In summary, we have the following: even though the complexity of the residue fields of étale maps makes them

seemingly more complicated than covering spaces, a finite étale map Y ö X  with connected codomain (i.e., connected
base) still come with a well defined notion of "its number n of sheets over X ," i.e., its order, and this order n coincides
with the order of every geometric fiber Yx as in the homotopical case.  Moreover, if we allow étale covers to play a role
similar to Zariski open immersions, then finite étale maps turn out to be "locally trivial" even.

This parallel with the homotopical case, even though it's not perfect, will let us prove further theorems for finite
étale  covers  Y ö X  that  mirror  results  on  covering  spaces,  using  techniques  that  come  from  the  homotopical
perspective.

à 3.3  Galois Objects in the Unified Perspective.

Recall that in field theory, a finite Galois extension K êk  is a finite separable extension with the property that
whenever we fix a particular embedding ks   K   k, the k-automorphism of ks induced by any other embedding K ÕØ ks

restricts to a k-automorphism of K.  [correct?]
At the level of spectra, a choice of embedding ks   K   k is a choice of commutative vertical triangle

Spec ks

é

ã

Spec K

Spec k

and the k-automorphism induced by a second embedding K ÕØ ks over k produces a commutative diagram
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Spec ks

ã é
Spec K ö Spec K

é ã
Spec k.

between two such vertical triangles (the vertical map Spec ks öSpec K  surpressed in this last diagram).  Call suc a
diagram a morphism from one covering of Spec k  by Spec K  into another.  Then a Galois extension K êk  becomes a
vertical triangle like the first above whose only morphisms into another covering of Spec k by Spec K are of the form

Spec ks

Spec K

Spec k

i.e., are automorphisms.
If Spec ks  plays the role of a universal étale covering space, as the analogy between the field theoretical and

homotopy theoretical cases suggests, then, with respect to our conjectures connecting the two cases, it will be worth-
while to reformulate the notion of Galois extensions in a language that doesn't depend on the existence of ks.

To this end, we point out that another standard, equivalent definition of a finite Galois extension K êk is that it is
any finite separable extension for which the fixed field KG of G := AutkHKL is k itself.

We can give this second definition a rather geometric interpretation, using the language of geometric points:
We  first  re-interpret  our  finite  separable  extension K êk  as  an  étale  cover  Spec K öSpec k,  and  we  fix  a

geometric point x : Spec ks Ø X := Spec k  by simply choosing an embedding k ÕØ ks.  A further choice of a particular
embedding K ÕØ ks  over k  then becomes the dotted diagonal producing the triangle commuting at bottom-right in the
picture below.  Letting A := ks ≈k K, we obtain the full drawing, where separability of K êk implies that Spec A looks as
depicted, each point in the fiber being a copy of Spec ks.  Since the diagram is Cartesian, the choice of dotted diagonal
becomes equivalent to a choice of particular section at left:

Moreover, again since the diagram is Cartesian, automorphisms of Spec K  induce automorphisms of Spec A.  We can
keep track of each automorphism of Spec K  by watching how it changes the the dotted diagonal lift Spec ks öSpec K,
which becomes the same as watching where it moves the vertical section Spec ks öSpec A at left.  In short, we can
keep track of automorphisms of Spec K  by looking at their pulled-back action on a single point in the geometric fiber
Spec A.

Let G := AutkHKL, i.e., G = AutSchêSpec kHSpec KLop, and let KG be the subfield of K over k fixed by G.  This gives
us  the  sequence  Spec K öSpec KG öSpec k  of  scheme  maps,  and  an  intermediate  pullback
Spec AöSpec BöSpec ks  (see  drawing  below).   Fix  again  a  lift  Spec ks öSpec K  (the  dotted  diagonal  in  the
drawing below).  This induces a lift Spec ks öSpec KG, but the very definition of KG  means that automorphisms of
Spec K  over Spec k induce only the trivial action on Spec kG, so this induced lift Spec ks öSpec KG  is not alterted by
automorphisms of Spec K  over Spec k.   In particular, although the induced section Spec ks öSpec A  (dotted at left
below) changes under automorphisms of Spec K, the section Spec ks öSpec B that it induces remains fixed.
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In particular, if Spec B is a disjoint union of spectra isomorphic to Spec ks, points identified under the action of Gop on
Spec A, then the fixedness of this section Spec ks öSpec B  means that the section Spec ks öSpec A  isn't transitive
under the Gop-action on the fiber Spec A.

So Galois extensions K êk  of fields correspond to geometric fibers with transitive AutkHKL-action.  This puts
them in clear geometric analogy with normal covering spaces.  Recall that a normal covering space Y ö X  is a con-
nected covering space on the fibers Yx  of which AutX HY L acts transitively.  This it suggests a clear formulation of the
general definition of a Galois cover of an arbitrary scheme X :

Definition.  —  By an étale cover Y ö X , we mean an étale map of schemes that's surjective at the level of
underlying spaces.

We say that a connected étale cover Y ö X  is Galois if the AutSchêX HY L-action induced on its every geometric
fiber is transitive.

Using Observation [__] above, it is not difficult to prove the following claim:

Claim.  —  To check that Y ö X  is Galois, it suffices to check transitivity at single, arbitrary fiber Yx.
Proof:  Excercise.      á

Remark 1:  There's one funny issue here.  Namely, in the field theoretical picture, the map Spec ks öSpec k plays the

simultaneous role of universal covering X
è

 of the base X = Spec k and of geometric point x in the base X .
This means that another possible way we might try to pin-down the analogy between the field-theortical and

geometric pictures would be to look not, in the homotopy-theoretical picture, at the deck transformation action on fibers
Yx, but at the pullback X

è
μX Y  of Y  over the the universal cover X

è
ö X .

But from a certain category-theoretical perspective, the two situations amount to the same thing.  More specifi-
cally,  let X  be a non-pathological topological space with base point x œ X , and let FH–L  be the functor taking each
covering space Y ö X  to the underlying set †Yx§ of Y 's fiber over x.  Then it's not hard to see that the universal property

of the universal covering space X
è

ö X  makes the pullback

X
è

μXY Ø Y

X
è

ö X

of every covering space Y ö X  a trivial covering of X
è

 and, what's more, puts the sections X
è

ö X
è

μXY  of this pullback
covering into canonical bijection with †Yx§.  In other words, we obtain a canonical ismorphism

HomTopêXè (X
è

, X
è

μXH–L) @ HomTopê8x< (8x<, 8x<μXH–L) =: FH–L

of functors, taking arguments in the category of connected coverings spaces of X .  Using the universal property of the
fiber product, this becomes the simpler isomorphism

HomCovHX L(X
è

, – ) @ HomTopêX (8x<, – ) .

We'll see this "equivalence" between the two perspectives play out in what follows.  Here's a cartoon example
where X = 1 and Y ö X  is the order-3 covering 1 ö1:
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Remark 2:  The transitivity condition in the definition of a Galois cover is makes Galois étale covers the analogs of
normal covering spaces, or normal field extensions.  Since, for fields at least, Galois º simple + transitive, one might
ask where the simple part is in the definition.  For fields, simplicity º separablility, and this continuous to étale covers,
that is, the simplicity is already present in the fact that the cover is étale:

Claim.  —  Let

f1, f2
Z Y
é ã

X

be a pair of maps of finite étale covers, and let z : Spec K Ø Z a geometric point.  If f1 ë z = f2 ë z, then f1 = f2.
Proof:  Pass to the pullback

ZμXY Ø Y

Zö X ,

and note the pair f1, f2 : Z Ø Y  is equivalent to a pair of sections s1, s2 : Z Ø ZμXY .  But sections of finite étale covers
are Zariski open immersions to connected components of the cover, so the identity s1 ë z = s2 ë z implies that s1 = s2, and
thus by the universal property of th epullback, that f1 = f2.      à

Corollary.  —  If Y ö X  is a finite étale map of connected schemes, x : Spec K Ø X  is any geometric point,
and g is an X -automorphism of Y , then g has no fixed points in Yx, i.e., "the deck action" is simple on connected étale
covers.
Proof:  This follows immediately from the previous Lemma, with Z := Y , f1 := g, and f2 := 1Y .      à

We now want to construct, over each connected étale cover Y ö X , a canonical Galois cover P ö X  factoring through Y ö X .  We'll
give a technical, scheme-theoretical construction of P below, but before doing so, we want to motivate the construction with its homotopy-
theoretical counterpart.

For this, we'll momentarily let X  be a connected, locally path-connected, semi-locally simply-connected topological space, and we'll let
Y ö X  be an arbitrary finite, connected covering space.  In the drawing below, we take X = 1 Ó1, the boquet of two circles.  To keep with
the notation we'll use below, let x œ X  be a point varying in X , and let Yx  be Y 's fiber over x.  We first construct a whole new covering space

ö X , which we think of as the "moduli space of marked fibers" over X .  If Y  is order-n over X , then we let the integers 81, 2, …, n< label
the set of points in each fiber Yx.  Over each x œ X , we let x be the oder-n ! set of labelings of Yx.  This at least determines 's underlying set
over X .  To see that  comes naturally with the topology of a covering space, note that any labeling of a single fiber Yx  in Y  determines
labelings of all other fibers of Y  over a small open neighborhood of x.
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The monodromy action of every loop in X  based at x permutes the labelings, and so, in simple cases at least, we can use
it to exibit  explicitly.  For the example above, we find that  looks something like:

(the credit goes to Slava for figuring out what  looks like here).
In general,  will not be connected, so cannot possibly be Galois.  Thus we have to choose a connected component of  arbitrarilly.

We denote this component P, and it will become our canoncial Galois cover of Y .
It's at least clear that the induced map P ö X  is a covering space.  To see that it is Galois, notice first that by definition of , we have

an embedding Õ Y μX ∫μX Y  into the n-fold fiber product over X .  If Iy1, …, ynM and (ysH1L, …, ysHnL)  are two points in a Px in P, for some

permutation s œ Sn, then we know at least that the standard Sn-action on Y μX ∫μX Y  that just permutes the factors takes 

Iy1, …, ynM (ysH1L, …, ysHnL)    in Y μX ∫μX Y .

In fact, since  consists of all n-tuples of distinct points in Y μX ∫μX Y , we know that s's action on Y μX ∫μX Y
restricts to an action on .  We only need to show that it restricts all the way to P Õ .  But this is trivial, because P is
connected, so s's action on the point Iy1, …, ynM implies that sHPL = P.  Thus P's deck action is transitive on fibers, i.e.,
P is Galois over X .

It's not hard to see that P is also "canonical" or "semi-universal" over Y , but rather than argue thsi here, we leave
it for the scheme-theoretical construction below.  The argument is alsmost identical in both cases.

In fact, the scheme-theoretical construction closely matches the one we've just described.  The primary complica-
tion comes from the fact that it is not as easy to verify, in the scheme-theoretical case, that the moduli space  exists
and is a covering space of X .  This is not a terrible difficulty though, because a review of the previous argument reveals
that the real issue is that of picking a good component P of the n-fold fiber product Y μX ∫μX Y .  Most of the work in
the scheme-theoretical construction goes into making a good choice of P and verifying that it behaves like a component
in the moduli space , without explicit recourse to .

The construction is as follows:

Theorem (Existence of Finite Galois Covers).  —  If X  is a connected scheme and Y ö X  is a connected,
finite étale cover, then there exists a finite Galois cover P ö X  fitting into a commutative triangle

P

  
é

ã
Y

X

with the semi-universal peroperty that if  Z ö X  is  any other finite,  étale Galois cover of X ,  then it  factors (non-
uniquely) through P ö X .
Proof (Serre):  Let Y ö X  be a connected, finite étale cover.  Fix a geometric point x : Spec ks Ø X .  Then by Theorem
[__], †Yx§ is a finite, discrete set of singletons isomorphic to Spec ks.  Let n be the cardinality of this geometric fiber, and
consider the fiber product

YêX
μn := Y μX Y μX ∫μX Y

n factors

.
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Let  y := Iy1, …, ynM  be  an  enumeration  of  †Yx§.   Then  y  defines  a  geometric  point  in  YêX
μn,  namely  the  point

Spec ks öYêX
μn  whose ith  component is yi : Spec ks Ø Y  over x.  We define P  to be the connected component of YêX

μn

containing the image of y.
We clearly have a projection P öY , induced by the projection of the first factor of YêX

μn onto Y .  To see that it is
étale, use permanence of étale maps under base change, along with the fact that Y ö X  is étale by assumption, on

Y μX Y Ø Y

Y X
      and then inductively      

YêX
μHm+1L Ø YêX

μm

Y X

to see at least that the first projection YêX
μn öY  is étale.  Our definition of P as a connected component of YêX

μn  makes
P ÕØ YêX

μn  a  Zariski  open  immersion,  hence  étale,  and  thus  by  permanence  of  étale  maps  under  composition,
P ÕØ YêX

μn öY  becomes étale.  Composing with Y ö X ,  we obtain an étale cover Pö X  (note: for a while I was
confused about why we're assured that P ö X  is actually a cover, i.e., is surjective, but this comes from the fact that
P ö X  is finite, thus proper, thus surjective as discussed in §[__] above).

We can now consider the geometric fiber Px over our original geometric point x : Spec ks Ø X .  Since Pö X  is
finite étale, we know that Px @ üi Spec ks.  In general, points Spec ks öY μX ∫μX Y  can have repeating entries, that
is, can have components yi @ y j.  In the fiber Px however, all points/sections Spec ks ö Px have non-repreating indices,

and are thus permutations (ysH1L, …, ysHnL)  of our original point y := Iy1, …, ynM.  Since Y ö X  is étale to begin with,

Theorem [__] says that the diagonal D : Y Ø Y μX Y  is an open immersion.  Letting

pi j : YêX
μn öY μX Y

be the projection onto the Hi, jLth component of YêX
μn, this implies that pi j

-1HDHY LL is open in YêX
μn.  If it were the case that

pi j
-1HDHY LL › P ∫ «    in   YêX

μn,

then the fact that P is connected by construction would imply that 

pi j
-1HDHY LL   P,

contradicting the fact, again by construction, that Iy1, …, ynM is a geometric point in P.  Thus the Spec ks-valued points
in the fiber Px all have non-repeating indices.

Now what's really beautiful is that the canonical permutation action of Sn on YêX
μn := Y μX ∫μX Y  must actually

permute the components of YêX
μn, since every s acts as a homeopmorphism on YêX

μn.  Thus if (ysH1L, …, ysHnL)  is some

point in Px, then sHPL = P, which is to say that s's restriction to P is an element of AutSchêX HPL, and AutSchêX HPL acts
transitively on Px.  Since it's enough to check the Galois condition on a single fiber in P (Corollary [__] above), this
proves that P is Galois.

To establish the "semi-universal" property, let Qö X  be Galois and suppose given a triangle

Q
f

Y
é ã

 X .

Fix a geometric point x : Spec K Ø X , and consider the fibers Yx and Qx.  Choose a geometric point qi "in" Qx over each
geometric point yi "in" Yx.
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Since Q is Galois, each qi admits an automorphism gi œ AutSchêX HQL with induced action on Qx giving

gi ëq1 = qi.

Combining these autmorphisms with f  on the right, we obtain the map

Q
¤i f ëgi

Y μX Y μX ∫μX Y
n factors

,

and by our very choice of the gi and the qi, we find that

H¤i f ëgiL ëq1 = I f ëq1, f ëq2, …, f ëqnM = Iy1, y2, …, ynM.

But by construction of P, this point Iy1, y2, …, ynM lies in P Õ YêX
μn, and thus since Q is connected, this implies that

QöYêX
μn factors through P ÕØ YêX

μn.      à

Galois covers will become important because they will let us construct the pro-finite scheme X
è

ö X , that will
serve as X 's universal cover, in a way that lets us control/keep track of AutSchêX HXè L, which will be our algebro-geomet-
ric manifestation of the "fundamental group p1HX L."

à Aside on a Non-Galois Cover.

The drawing at left below is the non-normal covering space of the boquet 1 Ó1 that we drew in class when we
were trying to think about (non-) Galois covers.   Using the fact that  \8≤1< > 1 Ó1,  the drawing at  right is  my
intuitive attempt to come up with a Riemann surface Y ö \ 8≤1< such that Y > the non-normal covering space at left:

It's clear that Y  is a non-normal covering space of  \ 8≤1<.  However, the drawing only describes, at best, a topological
construction of this covering.  The goal of the present aside is to realize Y  explicitly as a non-Galois étale cover of a

Notes on Étale Cohomology 11

Printed by Mathematica for Students



doubly-punctured affine line, that is, to give an equation defining Y Õ k
2 over k

1 (say for k algebraically closed) with
ramification matching that in the drawing at right.

Let n := 
n .  We consider the space 3 as being the -vector space of monic, cubic polynomials in a single

variable  t.   In  other  words,  we  identify  the  coordinates  in  3  with  the  coefficients  ai  of  the  general  polynomial
pHtL = a0 + a1 t + a2 t2 + t3.   

Similarly, we interpret 4 as the space of polynomials y - pHtL, where pHtL is monic and cubic, by keep in mind
a particular projection 4 ö3.

Our interpretation of 3 lets us consider the locus Z in 3 consisting of all monic, cubic polynomials with a root
of multiplicity at least 2.  Expanding Ht - aL2 Ht - bL, we get an 2-parametrization of this locus in the variables a and b.
If we restrict attention to "3 Õ 3," this locus Z  becomes the ruled surface depicted below (the vertical line is not a
component of it):

Consider an arbitrary (complex) line in 3, say parametrized by a coordinate x.   It parametrizes a linear family of
monic, cubic polynomials

pxHtL = a0HxL + a1HxL t + a2HxL t2 + t3.

Wherever this line intersects Z, two or more roots of pxHtL coincide.
Consider now the particular case of a line in 3 that intersects Z exactly twice, at distinct points z1, z2 œ Z, such

that the polynomials described by z1  and z2  each have a root of multiplicity exactly two.  Since this is the "general"
sitituation for pxHtL when it has multiple roots, we guess that the complex line L depicted by the vertical line in the
previous image is such an example (modulo the possibility that it intersects Z at complex points that we can't see).

  The particular line L we've chosen corresponds to the family of polynomials

pxHtL = x - t + t3.

Recalling our projection 4 ö3, and writing our line L as a map pH–L : 1 Ø 3, we can consider the vertical
map at left in the pullback

2 ö 4

1 ö
pH–L

3

We obtain the polynomial pxHyL = x - y + y3 in 2, and consider its locus Y := V Ix - y + y3M.  The two intersections of
L with Z coorespond now to two points x in 1 at which the generally order-3 fiber Yx collapases to an order-2 fiber.  In
other words, the intersection L › Z Õ L coincides precisely with the locus in X  of points over which Y ö X  is ramified.
Playing with the equation x - y + y3 = 0 directly, we see that our guess was correct: x = ≤1í 3  are the only points in

1 over which Y  is ramified, of order-2 at each.  Thus defining X := 1 \:≤1í 3 >, we obtain the follwing Riemann

surface, the clear algebraic counterpart to our cover of the boquet hat we were originally after:

Y = V(x - y + y3) Õ 
2
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      with "homotopical counterpart:"

X = 
1 \{≤1í 3 }

[How do we verify, abstractly, that it's non-Galois?]

Probably look at the generic fiber kHx, yLë (x - y + y3) ôkHxL.

à 3.4  The Finite Fundamental Theorem.

Some of this section may seem belaboured on a first read.  However, the care we take comes from the meaning-
less of the phrase "the set of covers intermediate to a cover Y ö X ."  The phrase is supposed to refer to a set of commu-
tative triangles

Y

  
é

ã
Z

X

But this set is not a set.  Rather, it's the class underlying the category of such triangles.  When we work with fields, we
don't run into this problem because our triangles of the above form, namely triangles

Spec K
é

ã
Spec E

Spec k

come from specific  intermediate fields K   E   k.   Thus in the larger  algebro-geometric setting, we need to  make
canonical choices of intermediate covers in some way analogous to our ability to consider the set of fields intermediate
to any extension K êk.

In one line: the way we do it is by re-interpreting covers intermediate to Y ö X  as certain X -subalgebras of
Y .

Fix a connected base scheme X .  Galois covers of X  exist, so let f : Y Ø X  be such a cover.  As part of the
definition, Y  is connected and its structure map f  is finite.  In particular, f  is affine and also, by Theorem [__] above, f
is proper and thus an étale covering.

Let  G := AutSchêX HY Lop.   Interpret  the structure sheaf  Y  as  an  X -algebra,  defined over  each open U Õ X
according to

G(U , Y ) := G( f -1HU L, Y ) .

In other words, interpret Y  as a sheaf over X  by conflating it with f* Y .  Then given any subgroup H Õ G, we can
consider the X -algebra Y

H Õ Y  defined at each open U Õ X  according to

G(U , Y
H) := GHU , Y LH = G( f -1HU L, Y ) H .
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Since f : Y Ø X  is affine, this X -algebra Y
H  determines a well defined scheme

H \Y := Spec Y
H

over X , which we call Y 's quotient by H .  Note: this is our definition of H \Y .  Although Spec Y
H  has the universal

property of a certain left-quotient, when we write H \Y  we mean the specific realization of this left-quotient as the
spectrum of a specific subsheaf of Y .  This is not category-theoretical.  It's set-theoretical.

Since Y
H  is  an  unambiguously  defined subsheaf  of  Y ,  we  see  that  every  subgroup H Õ G  determines an

scheme H \Y ö X , giving us a well defined set

IntCovHY ê X L := 8H \Y ö X : H Õ G<.
We call this the set of covers intermediate to f : Y Ø X .  In fact, since a pair of subgroups H2 Õ H1 Õ G determines an
inclusion

Y
H2   Y

H1 ,

we realize that IntCovHY ê X L actually has the structure of a poset, induced by the poset structure opposite the one on G's
poset of subgroups.  Apriori, we have no indication that this poset structure induced on IntCovHY ê X L is a faithful image
of that on G's poset of subgroups.

Now we want to say that every such H \Y ö X  is a finite étale cover, and moreoever that every finite étale
cover Z ö X  fitting into a commutative triangle

Y

f   
é

ã
Z

X

is isomorphic to one of these particular covers H \Y ö X  for some subgroup H Õ G.

To prove this, we first need a lemma which we can view as a formulation, in a general situation, of the observa-
tion we made in §0, namely that finite étale maps look like finite-order bundles as long as we're willing to use a notion
of "local triviality" more general than that given by Zariski open immersions.

Lemma (Finite Étale Quotients).  —  Let Y ö X  be a finite étale map of connected schemes, H Õ AutSchêX HY L
an arbitrary subgroup.  Then H \Y  is connected, and the scheme map H \Y ö X  defined above is a finite étale cover.
Proof:  S [Finish]

[...  The following theorem] includes in the Fundamental Theorem of Galois Theory as a special case, while
simultaneously formualting the familiar classification of covering spaces in the new context of schemes.

Theorem (Finite, Scheme-Theoretical Version).  —  Let f : Y Ø X  be a finite Galois cover of one connected
scheme by another.  Then we have a one-to-one, order-reversing correspondence between the poset IntCovHY ê X L and
the poset of subgroups H Õ AutSchêX HY L, given by

Y

f   
é

ã
Z

X

AutSchêZHY L       and      H \Y H,

under which intermediate Galois covers correspond to normal subgroups H 0AutSchêX HY L.
Proof:  Let G := AutSchêX HY L, and let SubGrpHGL be the poset of G's subgroups.

What's  already clear?   …It's  of  course immediate from the definition of  IntCovHY ê X L  that  the assignment
H # H \Y  gives a surjection SubGrpHGLöØ IntCovHY ê X L.  Since

H2 Õ H1    implies   Y
H2   Y

H1 ,
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it's also clear that this surjection is a contravariant morphism of posets.
Thus the first order of business to show is that H = AutSchêHH\Y LHY L.  By our construction of H \Y , it's immediate

that H Õ AutSchêHH\Y LHY L.  Since H \Y ö X  is a finite étale by Lemma [__] above, and since Y ö X  is by assumption,
we know by Observation [__] that Y ö H \Y  is itself a finite étale cover of connected spaces.  In fact, it's a Galois
cover.  Indeed, fix a geometric point z : Spec K Ø H \Y , along with geometric points y1, y2 : Spec K Ø Yx over it:

Spec K
y1,y2 Yx ö Y

z : Spec K Ø H \Y

X

Since Y ö X  is Galois, we can find an X -automorphism g such that g ë y1 = y2.  We need only show that g is then in
fact an H \Y -automorphism of Y .  In other words, letting p : Y Ø H \Y  be our structure map, we need to verify that
pëg = p.  But by our choice of y1 and y2, we have

pëg ë y1 = pë y2 = z = pë y1,

thus by Corollary [__] above, pëg = p indeed.  Hence Y ö H \Y  is Galois.
Knowing that Y ö H \Y  is Galois, we can now show that H = AutSchêHH\Y LHY L.  Let g œ AutSchêHH\Y LHY L, fix a

geometric point z : Spec K Ø H \Y , and fix another geometric point y : Spec K Ø Yz  in its fiber.  Combining the Galois
theory of fields with the fact that †H \Y § @ H \ †Y §, one realizes that even the geometric fiber Yz  is an H-orbit of y [if you
find enough time, explain this in detail].  Since Y ö H \Y  is Galois, this implies that there exists some h œ H  such
that g ë y = hë y, and thus by Corollary [__] above, g = h.  In short, H = AutSchêHH\Y LHY L, establishing that the functions

IntCovHY ê X L öô SubGrpHGL

are inverse to one another.
It only remains to establish that under this correspondence, Galois coverings H \Y ö X  correspond to normal

subgroups H 0G.  [finish the normality part of the proof].

à 3.5  The Étale Fundamental Group.

Fix a connected scheme X ,  and fix once and for all a geometric point x : Spec K Ø X .  Let FinÉtêX  be the
category of finite étale covers Y ö X .  More specifically, FinÉtêX  is the full subcategory of SchêX  whose objects are
maps Y ö X  that are finite, étale, and surjective.  Notice that the domain Y  of each étale cover in FinÉtêX  need not be
connected, and can decompose as Y @ üi Yi in such a way that no restriction Yi ö X  need be a cover, even though it's
étale.

Since each cover Y ö X  is finite, the fiber Yx  is a finite disjoint union of singleton spectra 8yi< @ Spec K, and

we define FHY ö X L := 9y1, …, yn= (we we denote FHY L for short) to be the set of points in Yx.  A map

Y1 Y2
ä á

X

of covers in FinÉtêX  induces a map Y1,x öY2,x functorialy, so that F becomes a functor

F : FinÉtêX öSets

that we call X 's fiber functor (at x).
We define X 's étale fundamental group p1HX , xL, based at the geometric point x, to be simply the automorphism

group of the fiber functor.  That is, letting PSh be the category of functors FinÉtêX
op

öSets, we define

p1HX , xL := AutPShHFL.
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By the very definition of an automorphism of a functor as a natural transformation, we see that every set FHY L in
F 's image comes equipped with a canonical p1HX , xL-action and that every function FHY1Lö FHY2L induced by a map
of covers is a p1HX , xL-set morphism with respect to these canonical actions.  Thus F  actually factors through a canoni-
cal functor

F : FinÉtêX
op

ö p1HX , xL -Sets.

Theorem.  —  (i)  p1HX , xL is a profinite group;
(ii)  F induces an equivalence FinÉtêX > category of finite sets with continuous p1HX , xL-action.

•  Example 1: X := Spec k, with k a field;
Then p1HX , xL = GalHks êkL;
The main theorem becomes the Fundamental Theorem of Galois Theory;

•  Example 2:  X := connected, locally path connected, semi-locally simply connected;

If the main theorem held, then we would have p1HX , xL = p1HX , xL;
The main theorem becomes the classification of covering spaces;

•  Proof of Main Theorem in 4 Parts:
   Outline:  Part 1:  Realization of F as an ind-scheme;

     Part 2:  Proof of (i) p1HX , xL is a profinite group;
     Part 3:  F factors through F£ : FinÉtêX ö {finite sets with continuous p1HX , xL-action};
     Part 4:  F£ is an equivalence of categories;

•  Part 1:  Realization of F as an ind-scheme:

•  Define:  Galois covers

•  Explain: •  Galois covers ~ covering spaces with simple + transitive deck action;
     •  They will provide us with a cofiltered system realizing F as an ind-scheme;
     •  We need to construct Galois covers with a certain "semi-universal" property;
     •  The construction depends on some facts about FinÉtêX :

•  Preliminaries on FinÉtêX
•  Claim:  Y ö X  finite fl proper;

•  Corollary:  Y ö X  finite étale, X  connected fl Y ö X  surjective;
•  Thus FinÉtêX  is a category of étale covers

•  Claim:  Y ö X  finite, flat fl Y  a locally free, finite rank X -module;

•  Corollary:  Y ö X  finite étale, X  connected fl Y ö X  has a well defined rank;
•  We interpret this rank as Y 's "number of sheets" over X
•  Counter Example:  [t≤1] ô[t≤2]  fl not Zariksi-local triviality of Y  over X ;

      only Zariksi-local triviality of Y  over X ;
•  Corollary:  Y ö X  finite étale, X  connected fl card †Yx§ is constant = rank;

•  Claim:  Y ö X  finite étale fl U μX Y @ üi U  for some finite étale U ö X ;
•  Note that this is exactly Serre's observation that we cited on the first day;

•  Corollary:  To check that Y ö X  is Galois, AutX HY L-transitivity on one Yx suffices;

•  Theorem: existence of Galois covers with "semi-universal" property;

•  Heuristic construction for a covering space Y ö X  of a connected, locally path…
•  := "moduli space" of marked fibers, covers X ;
•  P := any connected component of , covers X ;
•  Intuitive argument about why P ö X  is Galois using Õ Y μX ∫μX Y  ;

16 Tyler Foster

Printed by Mathematica for Students



•  (Serre's) technical construction: difficulty comes from absence of ;
•  Fix fiber Yx fl geometric point y := Iy1, …, ynM in Y μX ∫μX Y
•  P := connected component containing y;
•  Every point in Px is a permutation of Iy1, …, ynM;

fl P ö X  Galois;
•  "semi-universal" property: Qö X  is Galois, factoring through Y ö X ;

Suffices to construct QöY μX ∫μX Y  with non-empty intersection with P;
Choose points qi œ Qx over yi œ Yx plus appropriate gi œ AutX HQL
to construct QöY μX ∫μX Y .      à

à Quotients by Group Actions in FinÉtêX .

We cannot be as cavalier with the notion of group quotients of schemes as we can be with group quotients of
topological spaces.  Colimits are not well behaved in Schê: they do not exist in general, and can be tricky to work with
when they do.  Yet with suitable restrictions on the nature of the group action, we can be assured that they exist.

Consider first the affine case.  The anti equivalence Rngop >Aff  reduces the affine case to that of group actions
on commutative rings.  Let A be any ring with a left Gop-action.  It's easy to see that the ring

AG := 8a œ A : g a = a for all g œ G<
of invariants satisfies the universal property opposite that of G \Spec A.  Specifically, every ring morphism j : B Ø A for
which

g jH–L = jH–L    for all g œ G

factors uniquely through the inclusion AG ÕØ A.  Thus

Spec AG @ G \Spec A

within the category of affine schemes.  
Note though that this does not state that Spec AG it is the quotient of Spec A in Schê.
We want to argue that when Y ö X  is a finite étale map and H  is a subgroup of AutSchêX HY L, there's an induced

H-action on Y  for which have a similar isomorphism

SpecX Y
H @ H \Y

in the category of schemes, where Y
H  is the subsheaf of Y  consisting of all H-invariant sections (the specifics of the H-

action on Y  come from the fact that Y  is nothing but the restriction to open subsets of Y  of the representable functor
HomSchêX (–, 1) ).    Here the object H \Y  on the left is by definition, in a fixed category C of schemes, the scheme
(co-) representing the functor

HomCHY , –LH ,

where the induced H-action onthe functor HomCHY , –L takes f H–L# f HhH–LL.  This definition of H \Y  is nothing but the
statment that every map f : Y Ø Z  in C factors uniquely through Y ö H \Y , which in turn is nothing but the statement
that H \Y  is the colimit of the diagram with one object Y , and with morphisms given by H 's action on Y .

The basic idea underlying our proof in C = FinÉtêX  is that despite the apparent complexity for arbitrary Y  in
FinÉtêX , we're really still in the affine case.  Realize first that the one-line affine proof generalizes trivialy to the case of
Spec A-relative G-actions on Spec B, using the anti-equivalence A -Alg op >AffêSpec A.  In fact, it is not affineness of the
base scheme that is crucial here, but only affiness in the "vertical direction:" over any base scheme X , we have a similar
anti-equvalence X -QCohop >AffêX  between the category X -QCoh of quasi-coherent X -algebras and the category
AffêX  of affine maps Y ö X .  We call the contravariant functor X -QCohöAffêX  establishing the equivalence the X -
relative spectrum,  and denote it  SpecX H–L.   Using this anti-equivalence, we can immediately observe the following
theorem.
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Theorem.  —  Let Y  be an affine X -scheme with the X -relative action of a group H .  Then SpecX Y
H @ H \Y

where the scheme at right is the quotient in the category AffêX .
Proof:  The proof is formally identical to the observation we made in Aff .  Namely, the subsheaf Y

H Õ Y  is a quasi-
coherent X -algebra with the universal property in X -QCoh dual to that of H \Y  in AffêX .      à

The Theorem is not as strong as one might hope: it does not say that SpecX Y
H  is the quotient of Y  by H  in

Schê.  But we will see that for our purposes it suffices.  Since the category FinÉtêX  is a full subcategory of AffêX , we
see that this last Theorem will immediately imply existence of quotients in FinÉtêX  as long as we can establish that the
quotient H \Y ö X  in AffêX  is finite étale whenever Y ö X  is.  For this we need a lemma:

Lemma.  —  If B£ ô A is a flat algebra and Bô A is an algebra representing a finite group H , then

B£ ≈A BH @ (B£ ≈A B) H .

Proof:  Let Bö ∆gœGB be the morphism of B-modules taking b # ∆gœGHb - g bL.  Then the sequence

0ö BH Õö Bö∆
gœG

B         is exact.

Thus flatness of B£ ô A implies that 

0ö B£ ≈A BH Õö B£ ≈A Bö∆
gœG

B£ ≈A B         is exact.

Since the map at  right  in  this  last  sequence takes  b£ ≈b # ∆gœGb£ ≈ Hb - g bL = ∆gœGHb£ ≈b - b£ ≈ g bL,  its  kernel  is

(B£ ≈A B) H , and thus B£ ≈A BH @ (B£ ≈A B) H .      à

Theorem.  —  If Y ö X  is finite étale and H  is a subgroup of AutSchêX HY L, then H \Y ö X  (the quotient in
AffêX ) is finite étale, hence also the quotient in FinÉtêX .
Proof:  We need to check three things.  Namely, that:

(i)  if Y ö X  is finite, then H \Y ö X  is finite;
(ii)  if Y ö X  is falt, then H \Y ö X  is flat;
(iii)  if Y ö X  is unramified, then H \Y ö X  is unramified.

By the previous Lemma [last lemma], it is enough to check these in the affine case, that is, when Y = Spec B over
X = Spec A.

Part (i):  We can further assume that B is a finitely generated A module.  Since X  is locally Noetherian by
assumption, we can assume A  Noetherian.  Thus B  is a Noetherian A-module, so its every A-submodule is finitely
generated.  In particular, BH Õ B is finitely generated.

Part (ii):  If Bô A is flat, then 1≈A j : B≈A M £ Ø B≈A M  is injective whenever j : M £ ÕØ M  is.  If BH ô A is
not flat, then ⁄i bi ≈ jHmiL = 0 for coefficients bi œ BH  and elements mi œ M £  such that some jHmiL ∫ 0, contradicting
flatness of B, since BH Õ B.

Part (iii):  Let x : Spec K Ø X  be any geometric point, factoring through a point x œ X .  Since X ,x ô X  is
flat, we can restrict attention to the coherent X ,x-algebra B := X ,x ≈X Y .  Suppose b ∫ h b for b œ B and h œ H .  Then

by  Nakayama's  Lemma,  it  is  not  possible  to  have  b = h b  in  kHxL≈ B.   Thus  HkHxL≈ BLH @ kHxL≈ BH .   But  now
x : Spec K Ø Spec kHxL is trivially flat, so this implies, by the previous Lemma [last lemma], that HK ≈ BLH @ K ≈ BH .
Yet K ≈ B is the coordinate algebra of the geometric fiber Yx.  Since Y ö X  is unramified, it is of the form K μ∫μ K
over K, and so H  can only act on it by permutation of the factors.  Since HK ≈ BLH  is the quotient H \Yx in AffêSpec K , this
makes it clear that H \Yx is of the form ü i Spec K, indexed by the orbits of H  in Yx.  Since K ≈ BH @ HH \Y Lx simultane-
ously, this implies that H \Y  is unramified.      à

Corollary.  —  The fiber functor F : FinÉtêX Ø Sets preserves quotients.  More specifically, if Y ö X  is finite
étale, H Õ AutSchêX HY L, then FHH \Y L @ H \FHY L, the H-action by which we're quotienting on the right being the induced
action on Yx.
Proof:  This is nothing but the observation HH \Y Lx @ H \Yx  that we made in the course of Part (iii) of the previous
proof.      à
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Corollary.  —  If P öY  is finite étale over X , with Y  connected and P Galois over X , and if H := AutSchêY HPL,
then H \P @ Y .
Proof:  Since FinÉtêY  is a full subcategory of FinÉtêX , we can take the quotient in FinÉtêY .  Since P is Galois, H \FHPL
is a singleton, and by the previous Corollary [last corollary], H \FHPL @ FHH \PL.  Thus P öY  is order-1, and so by
[find previous result above], is an isomrophism.      à

Corollary.  —  If P öY  is finite étale over X , with Y  connected and P Galois, then the induced FHPLö FHY L
is surjective.
Proof:  We actually proved this in the course of the last Corollary [last corollary].      à

Continuation of Proof:
Recall that we're working with a fixed connected scheme X  with a choice of geometric point x : Spec K Ø X .
Definition.  —  Let GalptêX  be the category whose objects are Galois covers P ö X  equipped with a choice of

geometric point p : Spec K Ø X  over x, that is, fitting into a commutative diagram

Spec K ö
p

P

xé
X

We will also sometimes denote objects in GalptêX  as pairs HP, pL.  Morphisms in GalptêX  are commutative diagrams

Spec K
p1 ã ép2

P1 P2

é ã
X .

Note that since a map of finite étale spaces over X  takes its complete determination from its action on a single geomet-
ric point, every homset GalptêX  is either empty or a singleton.

The category GalptêX  comes with an obvious functor U : GalptêX Ø FinÉtêX  that forgets the points p.  Note that
this functor is not an inclusion in general: if n := †Px§, then there are n-many distinct objects HP, pL in GalptêX  with image

P in FinÉtêX .

Claim.  —  The category GalptêX  is cofiltered.
Proof:  Let IP1, p1M and IP2, p2M be objects in GalptêX .  Form P1 μX P2 and let Y Õ P1 μX P2 be any connected compo-
nent in it.  Then Y  admits a canonical Galois cover P, and we get a span

P  
ã é

P1       P2

Pick any point p œ Px.  Since P1 and P2 are Galois, we can furthmore use automorphisms of P1 and P2 to make sure
that this span takes p to p1 and p2 in P1 and P2, respectively.

The fact that nonempty homsets in GalptêX  are singletons makes the "• öö •" part of cofinality trivial.      à

Claim.  —  The fiber functor F is isomorphic to the ind-scheme (or "co-pro-scheme")

limö GalptëX HomSchêX IU IPi, piM, –M.

Proof:  Since GalptêX  is cofiltered, this limit is and ind-scheme (by definition).  The real point is to check that this limit
is isomoprhic to F.  For this we need a lemma:

Lemma.  —  Let Y  be connected and finite étale over X .  If P is Galois over X , with Pö X  factoring through
Y ö X , then HomSchêX HP, Y L @ FHY L (canonically with choice of point p in Px).
Proof:  Fix p in Px, and define a function HomSchêX HP, Y Lö FHY L taking f # f p.  Fix a particular map f0 : P Ø Y .
By Corollary [__] above, the induced f0 : Px Ø Yx  is surjective.  Thus since P is Galois, we can find an automorphism
g œ AutSchêX HPL such that f0 g p = y for any given y œ Yx.      à
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Completion of Proof of Claim [__]:  It's clear that both F  and the limit above preserve direct sums.  Thus we can
assume Y  connected.  Since maps of connected, finite étale spaces over X  take their entire determination from the image
of a single geometric point, it's easy to see that every f : HQ, qL Ø HP, pL in GalptêX  induces an inclusion

f * : HomSchêX HU HP, pL, Y L ÕöHomSchêX HU HQ, qL, Y L.

But by the previous Lemma [__], we have HomSchêX HU HP, pL, Y L @ FHY L for every Galois P ö X  factoring through
Y ö X , with p any point in Px.  Thus

limö GalptëX HomSchêX IU IPi, piM, Y M @ FHY L.            à

Part        2: p1HX , xL is Profinite.
The virtue of realizing F  as the above ind-scheme is that we know how to "compute" homsets between ind-

schemes.  In particular, we have

EndFuncHFL @

@ limô i limö j HomFuncJHomSchêX IU IPi, piM, –M, HomSchêX (U(P j, p j) , –) N =

= limô i limö j HomSchêX IP j, PiM.

If you think about this for a moment, you'll realize that this implies that

AutFuncHFL @ limô i AutSchêX HPiL.

Since the automorphism group at left in the above isomorphism is none other than p1HX , xL, this means that in order to
show that p1HX , xL is profinite, all we need to show is that AutSchêX HPL is finite whenever Pö X  is Galois.

But this follows immediately from the fact that for every finite étale cover Y ö X , the induced AutSchêX HY L-
action on Yx  is always simple, which follows from the fact that every Y öY  takes its complete determination from its
action on any single point y œ Yx (i.e., from Claim [__]).      à

Part 3: F Factors Through the Category of Finite Sets with Continuous p1HX , xL-action.
Recall that the action of any topological group G  on a finite set S  (equipped with the discrete topology) is

continuous if and only if the stabilizer Gs of every element s œ S is open in G.
Let  Y  be a connected, finite étale cover of X ,  and let  P  by Y 's  canonically associated Galois object.   The

fundamental  group's  profinite  structure  includes  a  consistent  system  of  group  homomorphisms  projections
ji : p1HX , xL Ø AutSchêX HPiL  and  for  each  g œ p1HX , xL  and  each  y œ Yx,  we  have  g y = jHgL y,  where  j  is  the
homomorphism

j : p1HX , xLöAutSchêX HPL.

[make sure that it's clear that this is the action]  Thus the stabilizer H Õ p1HX , xL, of any given y œ Yx  is none other
than j-1(Hy) ,  where Hy  is y's  stabilizer in AutSchêX HPL.   Since AutSchêX HPL  is always finite, Hy  is trivially open in
AutSchêX HPL, and thus by the definition of the canonical (Tychonoff) topology of a profinite group, H = j-1(Hy)  is open
in p1HX , xL.      à
Part 4: F Induces an Equivalence FinÉtêX  > the Category of Finite, Continuous p1HX , xL-sets.

We need to show that F is fully faithful and essentially surjective.  We start with essential surjectivity:
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Claim.  —  F is essentially surjective.
Proof:  Let S  be a finite set with continuous p1HX , xL-action.  Decomposing S into its p1HX , xL orbits, we can assume
that p1HX , xL acts transitively on S.  Fixing s œ S, the continuity of the p1HX , xL-action becomes the statement that s's
stablizer is an open subgroup U Õ p1HX , xL, and we have S @ p1HX , xL êU  as a set.

Letting ji : p1HX , xL Ø AutSchêX HPiL be the arbitrary structural projection for an arbitrary Galois cover Pi ö X ,
we know that  the open subgroups of the form Ui := ji

-1H1L  form a basis  of  open neighborhoods of the identity  in
p1HX , xL.  Furthermore, each Ui is normal in p1HX , xL since for each u œ Ui and each g œ p1HX , xL, we have

ji(g-1u g) = jiHgL-1ji HuL
=1

jiHgL = jiHgL-1jiHgL = 1.

In this way we obtain a normal open subgroup Ui 0U Õ p1HX , xL, and hence a subgroup

H := U êUi Õ p1HX , xL êUi @ AutSchêX HPiL.
From this, in combination with the fact that AutSchêX HPiL @ FHPiL (Corollary [__] and Corllary [__]), we obtain

S @
p1HX , xL

U
@

p1HX , xL êUi

U êUi
@

AutSchêX HPiL
H

@
FHPiL

H
@ FHH \PiL,

where the last identity comes from Corollary [__].      à

Claim.  —  F is fully faithful.
Proof:   Without  loss  of  generality,  we  can  restrict  attention  to  homsets  HomSchêX HY , ZL  for  connected  Y ,  since
FHY1 ˇY2L @ FHY1LˇFHY2L.

Faithfulness of F  is then an immediate consequence of the fact that every map Y öZ  over X  in FinÉtêX  takes
its complete determination from its action on a single geometric point y in Yx.

For fullness of F, we want to argue first that FHY L contains a point y1 such that every morphism FHY Lö FHZL
of finite, continuous p1HX , xL-sets takes its unique determination from its action on y1.  Since FHY L @ p1HX , xL êU  as a
set  for  some (not  necessarily  normal)  open  subgroup U Õ p1HX , xL,  we  define  y1 œ FHY L  to  be  the  image of  1  in
p1HX , xL êU .

Let j : FHY L Ø FHZL be an arbitrary p1HX , xL-set morphism.  Every other y œ FHY L has a representative g y1 for
g œ p1HX , xL.  Thus since j is a  p1HX , xL-set morphism, we have

j y = jg y1 = g j y1,

and j takes its complete determination from the image of y1.
This lets us reduce the demonstration that F  is full to a demonstration that for every continuous p1HX , xL-set

morphism j : FHY L Ø FHZL,  there's a scheme a map f : Y Ø Z over X  taking

y1
f

j y1.

If we replace Y  with it's canonically associated Galois cover y : P Ø Y , then this last claim follows trivially from
the definition of Galois covers.  For the general case, we need the following lemma and its corollary:

Lemma (Galois-type "Fixed-Field Conjugacy" for Invariant Subsheaves).  —  If G is a finite automorphism

group acting on some affine Y ö X , then g Y
H @ Y

g-1H  g in X -QCoh.
Proof:  If g-1h g s = s, then h g s = g s, and conversely.      à
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Corollary.  —  If H  is any subgroup in AutSchêZHPL, then H \ P is canonicaly isomorphic to g-1H  g \ P in FinÉtêX
along a map fitting into the commutative diagram

P
g

P

H \ P Ø g-1H  g \P.

Proof:  Immediate consequence of the last Lemma via previous observations.      à

Completion of Proof of Claim [__]:  Since FHPLö FHY L is surjective, we can find p in Px  over y1 along with a map

f
è

: PöZ taking p # jy1.  In general through, the automorphism group of P over this new map P öZ will differ from
the automorphism group of P over the original

P ö
y

Y öZ

will differ by conjugation.  Thus we can factor f
è
 canonically through a copy of H \ P "of Y ," and to obtain the map

f : Y Ø Z we're really after, we have have to ...[make sure this last part is stated clearly]
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