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Abstract

We consider in this paper a class of variational models introduced for image decomposition
into cartoon and texture in [17] (see also [10]) of the form inf, {||uHBV F K = (f — u)||%p}

where K is a real analytic integration kernel. We analyse and characterize the extremals of
these functionals and list some of their properties.

1 Introduction and Motivations

A variational model for decomposing a given image-function f into u + v can be given by

inf {F ARy (v) : f = }
(u,v)él)l(l x Xo I(U) + 2(U) f utv

where Fj, F» > 0 are functionals and X;, Xy are function spaces such that Fj(u) < oo, and

F5(v) < oo, if and only if (u,v) € X7 X X5. The constant A > 0 is a tuning (scale) parameter. A

good model is given by a choice of X7 and X5 so that with the given desired properties of v and v,

we have: Fj(u) << Fi(v) and F(u) >> F5(v). The decomposition model is equivalent with:

inf {F w)+ A (f —u }
int {Fu(w) + AR ~ )

In this work we are interested in the analysis of a class of variational BV models arising in the
decomposition of an image function f into cartoon or BV component, and a texture or oscillatory
component. This topic has been of much interest in the recent years. We first recall the definition
of BV functions.
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Definition 1. Let u € L} (R?) be real. We say u € BV if
sup{/udivgpd:c € CHRY), sup |p(x)] < 1} = ||u|]|py < 0.

If u € BV there is an R? valued measure /i such that % = (fi); as distributions, a positive measure
J

p, and a Borel function §: R? — S9! such that

Du = i = pp

Hmmv=/ﬁw

and

(see Evans-Gariepy [16], for example).

1.1 History

Assume f € L2(Rd), f real. We list here several variational BV models that have been proposed
as image decomposition models.
Rudin-Osher-Fatemi [23] (1992) proposed the minimization

. 2
uggﬂmmv+xfu uPdz}.

In this model, we call u a “cartoon” component, and f —u a “noise+texture” component of f, with
f =u—+v. Note that there exists a unique minimizer u by the strict convexity of the functional.
A limitation of this model is illustrated by the following example [21, 13]: let f = axp, d = 2,
with D a disk centered at the origin and of radius R; if AR > 1/a, then u = (o — (AR)™!)xp and
v=f—u= (AR)"'xp; if \R < 1/a, then u = 0. Thus, although f € BV is without texture or
noise, we do not have u = f.
Chan-Esedoglu [12] (2005) considered and analyzed the minimization (see also Alliney [5] for

the discrete case)
ot (o + 2 [ 17 = ulaz}.

The minimizers of this problem exist, but they may not be unique. If d = 2, f = xp(o,r), then
u=fifR>%andu=0if R < 3.
W. Allard [2, 3, 4] (2007) analyzed extremals of

inf { A ~ f)dz}

nt {ulla 3 [+ - o

where v(0) = 0, v > 0, «y locally Lipschitz. Then there exist minimizers u, perhaps not unique, and
*({u>t})) ectt ae(0,1)

where 0% denotes “measure theoretic boundary”. Also, Allard gave mean curvature estimates on

O ({u > t}).



Y. Meyer [21] (2001) in his book Oscillatory Patterns in Image Processing analysed further the
R-~O-F minimization and refined these models proposing

Jnf {fullpy +Au— fllx}

where
X = (Wbl = {divg: je LOO} —G, X= {divg: je BMO} - F
or

X = {Ag i g Zygmund} =F.

Inspired by the proposals of Y. Meyer, recently a rich literature of models has been developed
and analyzed theoretically and computationally. We list the more relevant ones.
Osher-Vese [27] (2002) proposed

int {Jull v + plf = (u-+ diva) 3 + Ml . p— o

to approximate the (BV, G) Meyer’s model and make it computationally amenable. Osher-Solé-Vese
[22] proposed the minimization

inf { Jullgv + ALS = ull- }
and later Linh-Lieu [20] generalized it to
in {HuHBV +AIf - uHHﬂ}, s> 0.
Similarly, Le-Vese [19] (2005) approximated (BV, F') Meyer’s model by
inf { ullpy +plf — (u+iva) [ + Allpeo }-

Aujol et al. [7, 8] addressed the original (BV,G) Meyer’s problem and proposed an alternate
method to minimize

inf { lull v + M1 —u—vll2}.
subject to the constraint ||v||g < p.
Garnett-Le-Meyer-Vese [17] (2007) proposed reformulations and generalizations of Meyer’s (BV, E)
model (see also Aujol-Chambolle [10]), given by
inf { ullpv + ullf = (u+ 293+ Ml b
u,g Pq
where 1 < p,q < 00, 0 < a < 2, and the exact decompositions are given by
inf {[Jull gy + AIf = ull g2 |-

In a subsequent work, Garnett-Jones-Le-Meyer [18] proposed different formulations,

inf {Jullzy + I = (u SIS + Ml psror }
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with BMO® = I,(BMO), ||v| g0~ = |l1av| Bro, and
inf {[ullpy + pllf = o+ A) 1+ Ml |

with [[v]ljiyep = [[Lav|lp, 0 < a < 2.

Generalizing (BV, H™®), (BV, By,), and the TV — Hilbert model [9], an easier cartoon+texture
decomposition model can be defined using a smoothing convolution kernel K (previously introduced
in [17]):

Jnt {Jlullzy + MK+ (= wllf, }- (1)

This can be seen as a simplified version of all the previous models.

2 The Variational Problems

In this paper we assume K is a positive, even, bounded and real analytic kernel on R? such that
[ Kdz =1 and such that the map L > u — K « u is injective. For example we may take K to be
a Gaussian or a Poisson kernel. We fix A > 0, 1 < p < oo and 1 < ¢ < oo. For real f(z) € L' we
consider the extremal problems

mpgx = nf{[[ul|py + Fpga(f —u) :u € BV} (2)

where

Fpar(h) = MK * h|[],. (3)

Since BV C L7 and K € L™, a weak-star compactness argument shows that (2) has at least
one minimizer u (see Section 3 below for a more detailed argument). Our objective is to describe,
given f, the set My, , z(f) of minimizers u of (2) .

The papers of Chan-Esedoglu [12] and Allard [2, 3, 4] give very precise results about the mini-
mizers for variations like (2) but without the real analytic kernel K, and this paper is intended to
complement those works.

Remark 1. According to the definition of admissibility given in [2], the functional F,, 4 ) is admissible
for an appropriate choice of K, for instance take K to be bounded (i.e. heat kernel K; or Poisson
kernel P, for some ¢ > 0). Thus the regularity results from section 1.5 in [2] holds for minimizers in
Mp g (f). On the other hand, If K is not a Dirac delta function, then F, , y is not local as defined
in [2].

2.1 Convexity

Since the functional in (2) is convex, the set of minimizers M, , \(f) is a convex subset of BV
If p > 1 orif ¢ > 1, then the functional (3) is strictly convex and the problem (2) has a unique
minimizer because K * u determines wu.

Lemma 1. If p=q=1 and if u1 € My 4 and us € M, 4, then

K+ (f —u1) _ K (f —u2)
K (f —ur)|  [K*(f — u2)|

almost everywhere, (4)

4



and

where for j = 1,2,
Duj = fij = pjpu,
with |pj| =1 and pj > 0.

Proof: Since M, ,(f) is a convex subset of BV, WT“Q is also a minimizer. This implies,

up +u up +u 1
) e (715 | = 5 oy + el
\4 1 /\ (6)
+ 5 [ (f = wn)ll + [[ K+ (f = u2)l[a].
On the other hand, using convexity of || - ||y and || - |11, we have
up +u
M < sy + lualsy], and
BV
U1 + u2 1 (7)
Ex\f=—5— )| =g UHE*(f—u)lls + 1K+ (f —u2)ll]
1
Combining (6) and (7), we obtain
u1 + u2 1
Ko (= 2| = S (F = wn)lly + 1K (F = us)ll)
which implies (4). Moreover,
[ur +uall gy = llual By + [[uzllBv- (8)
For j =1,2, let
Duj = jij = pjp, with [pj] =1 and ;> 0.
Then for k = 1,2, k # j, equation (8) implies
L dji; dji;
/‘Pk+w‘dﬂk:/dﬂk+/‘w‘dﬂkv
He Hk
which implies (5). O
2.2  Properties of u € M, ,(f)
Lemma 2. Given an f € L'. Suppose u is a minimizer of (2) such that u # f. Let
Du=ji=p-p.
For each real-valued h € BV, write Dh =V and U p + Us as the Lebesgue decomposition of U
with respect to p. Then
[ - A/h(K < Jy)da| < || o)
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where
_ F|Fp?

pqg — 45T o=
(P2l

and ||Us|| denotes the norm of the vector measure Us. Conversely, if w € BV, w # f and (9) and
(10) hold, then u € My g 2(f).

with = K * (f —u) (10)

Note that since v # f and K * (f — u) is real analytic, Jp, 4 is defined almost everywhere.
Proof: Let |¢| be sufficiently small. Since u is extremal, we have

u -+ ehll sy — l[ul v + Fpga(f — u— ch) = Fpgalf — u) 2 0. (1)

2\ 1/2 .
— (1452 4 o(le))
- IO d,LL 9

where in the last equality, we use the estimate (1 + a)%/? =1+ $ +o(|al). This implies,

On the other hand, we have

2 dv

dp

7 dv
e

di
= (1—1—26/7-612—1-62

—

- . dv
|[u+ eh||py — |[ullsv = [€]|| 7] +/ ( P+€@

- L dav
) du= el + e [ 7+ St o),

Moreover,
Fpar(f —u—eh) = Fpor(f—u) = —Ae/(K * h)Jp qdx + o(Je])
_ —)\e/h(K v Jy0)dz + o(|e])

since K is even (symmetric). By (11), we have
L dv .
—e| | Pt = A | I Tpg)de | < [el7s | + ollel)

Taking +e and since the right hand side of the above equation does not depend on the sign of e,
we see that (9) holds.
The converse holds because the functional (3) is convex. O

Following Meyer [21], we define

d O d
[[v]|« = inf |||U|||oo3U=Zaijg|u|222|uj|2
j=1 Ot

=1

and note that ||v|| is the norm of the dual of W' C BV, when Wh! is given the norm of BV.
By the weak-star density of Wh! in BV,

‘/ hvdzx

< [[nl[Bv||v]]« (12)

whenever v € L2.



Remark 2. Taking h € BV in Lemma 2 such that s = 0, i.e. Dh is absolutely continuous with
respect to Du, then (9) implies

.
/ﬁ- idu - /\/h(K s Jyg)dz = 0. (13)

In particular, for any h € W, the above equation holds. Le.

1 [ dv
/h(K* Tog) di = /p S (14)
We have the following characterization of minimizers in terms of || - ||« (following Meyer [21]).
Lemma 3. Let u € BV such that u # f, and let J, 4 be defined as in Lemma 2. Then u is a
minimizer for the problem (2) if and only if

1
[[K * Jpgll« = <

3 (15)

and

1
[t s 3payde = Sl (16)
Proof: If u is a minimizer, we use Lemma 2. For any h € W11, (14) yields

[ K * Jpgll« <

>| =

By (12)
’/u(K s Jpq)dz

and by setting h = u in (13), we obtain

< lull v [[K * Jpgll«;

)\/u(K* Ipq)dx = ||u||py.
Therefore (15) and (16) hold.

Conversely, assume u € BV satisfies (15) and (16) and note that w determines Jp,. Still
following Meyer [21], we let h € BV be real. Then for small € > 0, (12), (15) and (16) give

[+ ehllgy + MK * (f —u—eb)lly > A/<u+eh><K*Jp,q>d:c+A||K* (f =wlh

- eA/h(K s Jpq)dx + o(€)

l|ul|gy + €A / WK * Jp q)dx — e / h(K * Jp q)dx + o(€)
> 0.

Therefore u is a local minimizer for the functional (2), and by convexity that means u is a global
minimizer.



2.3 Radial Functions

Assume K is radial, K(z) = K(Jz|). Also assume f is radial and f ¢ M, ,(f). Then averaging
over rotations shows that each u € M, , \(f) is radial, so that

x

Du = p(lx\)mﬂ

where y is invariant under rotations and where p(|z|) = £1 a.e. du. Let H € L'(u) be radial and
satisfy [ Hdp =0 and H =0 on |z| < €, and define

1
h(z :/ H(|ly|) ——du.
(=) B(0,]z]) ( |)|ylcH

. x
Dh=v= H(|:E|)’x—|,u

Then h € BV is radial and

Consequently s = 0 and (9) gives

o= [xsso [ Sz = [([ e dlepia) 08 ).

so that a.e. du,

A
pllsh = s /x|>|y| K 5 Jyg(x)de. (a7)

But the right side of (17) is real analytic in |y|, with a possible pole at |y| = 0, and p(|y|) = +1
almost everywhere p. Therefore there is a finite set

{ri<re<---<mrp} (18)

of radii such that

T n
Du = chjAdfn{\xr =7}
j=1

for real constants cy, ..., c,, where Ag_1 denotes d — 1 dimensional Hausdorff measure. By Lemma
1, Jp 4 is uniquely determined by f, and hence the set (18) is also unique. Moreover, it follows from
Lemma 1 that for each j, either ¢; > 0 for all w € My 1 (f) or ¢; <0 for all u € M, ,(f). We
have proved:

Theorem 1. Suppose K and f are both radial. If f ¢ M, (f), then there is a finite set (18)
such that all w € My, 4 (f) have the form

> iXBo)- (19)
7j=1

Moreover, there is X* C {1,2,...,n} such that ¢; >0 if j € X while c; <0 if j ¢ XT.

Note that by convexity M, \(f) consists of a single function unless p = ¢ = 1. In Section 2.6
we will say more about the solutions of the form (19).



2.4 Example

Unfortunately, Theorem 1 does not hold more generally. The reason is that when u is not radial it
is difficult to produce BV functions satisfying / << u. For simplicity we take d =2 and p = ¢ = 1.
Let J = Ji1 = Xo<a<1 — X—1<z<0 and J(z + 2,y) = J(z,y). Choose A > 0 so that U = AK * J

satisfies [|U]|« = 1, and note that ‘% = J. Notice that u € C? solves the curvature equation

div(’gz‘) —U (20)

if and only if the level sets {u = a} are curves y = y(z) that satisfy the simple ODE y” =
U(x,0)(1+ (y)%)3/? on the line. Consequently (20) has infinitely many solutions « and both u and
J satisfy (15) and (16). Hence by Lemma 3 w is a minimizer for f provided that

B Kx(f—u)
T = K (= w) (21)

and there are many f that satisfy (21). For example, one can choose u and f so that f —u = J.
Note that in this example u can be real analytic except on U~!(0) and not piecewise constant.
Similar examples can be made when (p,q) # (1,1).

2.5 Properties of Minimizers when q =1

Here we follow the paper of Strang [25].

Lemma 4. If g =1 and v € M, 1,(f), then u € My (u).

Proof: If
[[Rl[Bv + AlIK * (u = h)|]p < [|ullBv,

then by the triangle inequality
RllBv + ALK (f = W)llp < [lullsy + A|[K * (f = u)llp

so that u is not a minimizer for f. O

We write
M= Myax = Mpia(f).
f

Lemma 5. Let u € BV. Then u € M if and only if
v .
P g = H(@)s]] + ALK Al (22)
for all h € BV, where Dh = 1.
Proof: This follows like the proof of Lemma 2. Let a < b be such that

uw({u =a}U{u=>})=0. (23)
Then u,p = Min{(u — a)™, (b—a)} € BV and D(uqp) = Xa<u<bfh- O



Lemma 6. Assume q = 1.

(a) If u € M, then uqy € M.

(b) More generally, if u € M and if v € BV satisfies p, << oy and p, = py a.e. di,, then
v e M.

Proof: To prove (a) we verify (22). Write a5 = X(q,5) 4 50 that D(uep) = pitap- Let h € BV and
write Dh = . Then by (23)

dv

V=X —p+ ((F)s + X —V,u)
a<u<b s u(z)¢la
Sus d/.L ( )g[ 7b} dﬂ

is the Lebesgue decomposition of 7 with respect to fi,p, and

dv dv dv
p- dﬂa,b:/ﬁ'dﬂ_/ pr——du.
/ dftap dp g(@)¢lab] A

Then (22) for v and pqy follows from (22) for 1 and v. The proof of (b) is similar. O

For simplicity we assume u > 0. Write Ey = {z : u(z) > t}. Then by Evans-Gariepy [16], E:
has finite perimeter for almost every t,

o
lallav = [ 1L, 24
0
and
[e.e]
u(z) = / X, (z)dt. (25)
0
Moreover, almost every set F; has a measure theoretic boundary 0. Fy such that
Ag—1(0:Er) = |[Xg.||BV (26)
and a measure theoretic outer normal Ty : 0, Fy — S% ! so that
D(Xpg,) = fitAg—1|0xEy. (27)

Theorem 2. Assume g = 1.
(a) If w € M, then for almost every t, Xg, € M.
(b) If u € M and u > 0, then for all nonnegative cy,...,c, and for almost all t; < ... < ty,

Z CiXEr; eM.

Proof: Suppose (a) is false. Then there is § < 1, and a compact set A C (0, 00) with |A| > 0 such
that for all t € A (26) and (27) hold and there exists hy € BV such that

[IXE, — hiellBv + MK * hellp < Bl XE, BV (28)

Choose an interval I = (a,b) such that (23) holds and [T N A| > LQ Define hy =0 for t € I'\ A, and
take finite sums such that

Np,
D Xe ) A =ty (11— 00), (29)
j=1 7
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Nn

> IXE ) IV ALY = Jluapl| (n— oo),
=t

(30)

and tg»n) € A whenever possible. Write h(") = Z;V:”l h 4 Atgn). Then by (25) and (28) {(™} has a

weak-star limit h € BV, and by (28), (29) and (30),

1+
s — Bl + NI bl < 252 gl

contradicting Lemma 6. The proof of (b) is similar.

We believe that the converse of Theorem 2 is false, but we have no counterexample.

2.6 Radial Minimizers

In this section we assume ¢ = 1 and p = 1. For convenience we assume the kernel K = K; is

Gaussian, so that K has the form
Ki(w) =t 'K(3)

and
Ks * Kt = K\/m
Note that (31) and (32) imply that

|| K¢+ f||1 decreases in t

and for f € L' with compact support

i |1+ 7l = | [ fdal.

For fixed A and ¢ we set
R(A\t) ={r > 0: Xp, € M}.

(31)

(32)

By Theorem 1 and Theorem 2 we have R(\,t) # (). For t = 0 and K = I our problem (2) becomes

the problem
inf{||ul|v + Allf — ul|p1}

studied by Chan and Esedoglu in [12], and in that case Chan and Esedoglu showed R(),0) = [3, 00).

Theorem 3. There exists ro = ro(A\,t) such that
R(\, t) = [rg, 00).

Moreover
[0,00) 5t — 1o(t) is nondecreasing

and
tlim ro(t) = 0.

11
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Proof: Assume r ¢ R(\,t) and 0 < s < 7. Write « = £ > 1 and f = Xp(g,). By hypothesis there
is g € BV such that
gl + All Kz = (f = 9l < || fllBv- (38)

We write §(z) = g(az), f(z) = f(az) = Xp(0,s)(7), and change variables carefully in (38) to get

~ 1 T—Y\,z Y -
gl + Az [ KT =) dyllay < alllav

so that

. a? ar' —oy' + .
algllay + A1 [ K(“)(F = )0 sy < ol il

and
dajl < Ole”BV-

algllay +a? [|Ky « (7 - 5)(=)
Since o > 1, this and (33) show

G115y + MK+ (f = Dll < [ fllsv

so that s ¢ R(A,t). That proves (35), and (36) now follows easily from (33). To prove (37) take
g= ;—;XB(O, s), s >r and use (34). O

We note that not all radial minimizers have the form Xp(,). This is seen by considering
separately, for large fixed ¢ and A, the function Xpg,) + Xp(0,r;) With r1 and ro — 71 large.

2.7 Characteristic Functions

Still assuming ¢ = 1 we let E be such that Xg € M. Then by Evans-Gariepy [16] 0.E = N UJ K},
where D(Xg)(N) = A,—1(N) = 0, K is compact and K; C S;, where S; is a C'—hypersurface
with continuous unit normal 7i;(x),x € S;, and 7i; is the measure theoretic outer normal of E.
After a coordinate change write S; = {zq = fj(y)},y = (z1,...,24-1) with Vf; continuous and
i;(y, £i(y)) L (Vf;,1). Assume y = 0 is a point of Lebesgue density of (f;,1)71(K;), let V C RI!
be a neighborhood of y = 0, let g € C§°(V') with g > 0, and consider the variation ue = X, where
€ >0 and
E.=FU{0<z4<euly),yecV}

Then F C E., and writing ug = Xg, we have

lulloy = lluallov = [ /041905 +)l) =+ 982y = ofe) (39)

because by [16]
’ Ad—l((a*E) U (Ee \ E)) = 0(6)

Ag—1 a.e. on K. Also, for a similar reason

MK # (e — w0y = Ael /Vudy + o(e). (40)

12



Together (39) and (39) show

/Vvu. (\/%)dwx/vudyzo. (7.3)

Repeating this argument with € < 0, we obtain:

Theorem 4. At Ag_1 almost every x € O F,

‘div(\/%ﬂ <A\ (41)

as a distribution on R,

2.8 Smooth Extremals

For convenience we assume d = 2 and we take p = ¢ = 1.

Theorem 5. Let u € C? N My ,(f) and assume u # f. Set By = {u >t} and J = %
Then
(i) A1(0Ey) = )\ffEt K x Jdzdy, (ii) the level curve {u(z) = ¢} has curvature \(K * J)(z), and

(iii) if |Vu| # 0, then

i L MK x J)(2) o
ai ™ (O Er) = /aE Va()

Theorem 5 is proved using the variation u — u + eh,h € C3. It should be true in greater
generality, but we have no proof at this time.

3 Existence of minimizers

Although the proof of the existence of minimizers of our problem can be seen as a generalization
and application of more classical techniques [1], [11], [26], we include it here for completeness in
several cases. We consider the cases of bounded domain @ and of the whole domain R¢, with
various kernel operators Ku = K x u. We recall that here, for u € BV (Q), ||ul| gy () denotes the
semi-norm

ull pvg) = Sup{/udiwdw € CHQ,RY),sup [p(z)| < 1, = € Q}.

3.1 Bounded domain, general operator K and general case p>1, 1 < g < >

We recall that K(x) is non-negative and even on RY with [ K(z)dr = 1, thus K € L'(RY),
|K|l;: =1, with K1 =1 # 0. The linear and continuous operator u — Ku = K v is well defined
on L'(R?). There are several ways to adapt linear and continuous convolution operators Ku to the
case of bounded domains @, e.g. as shown in [17].

13



Theorem 6. Assumep >1,1<¢q < o0, A >0, Q open, bounded and connected subset of R¢, with
Lipschitz boundary 0Q. If f € LP(Q) and K : LY(Q) — LP(Q) is linear and continuous, such that
IKxqll1 (@) > 0, then the minimization problem

inf MK(f — g 42
ueg‘l/(Q)HUHBV(Q)Jr 1K (f =)l 70 (42)

has an extremal w € BV (Q).

Proof: Let E(u) = |lullpy + A|K(f —w)||}. Infimum of E is finite since E(u) > 0, and E(0) =
A|K f|| < oo. Let u,, be a minimizing sequence, thus inf, F(v) = lim, . E(u,). Then E(u,) <
C < 00, Vn > 1. Poincaré-Wirtinger inequality implies that there is a constant ¢’ = C'(d, Q) > 0
such that for all n > 1, we have ||u, — un,gll1 < C'||un|| By, where u, ¢ is the mean of u, over Q.
Let vy = uy — Up,@, thus v, ¢ = 0 and Dv, = Du,,. Similarly, we have ||v,][1 < C'||vs]|BV.

Since () is bounded, we have for some constant C; > 0,

(O 2 K (f = wn) 2 CLE (T — )
= Cul[Kun = K1} = Cull (v — K1) + Kunll
> O Ko — K s = [ Kum ol |

> Cil[Kun gl (1 Kun

> C1l[Kun gl (1K un gl = 20K (oalls + 1711))

1= 2[|Kvn — K1)

2/
Let @, = |[Kungll and an = [|K|[(Joalls + I £]l1). Then a,(z, — 2a,) < {227

0 < a, <|K|(CC"+|fll1), thus we obtain 0 < z, < a, + /a2 + ¢* < Cy for some constant
Cy > 0, which implies

= ¢, with

|f Updr]
ol = Q’THKXQM < Cs.

Thanks to assumptions on K, we deduce that the sequence |uy | is uniformly bounded. By
Poincaré-Wirtinger inequality we obtain |lu,||1 < constant. Thus, [Jua| gy (q) + [unllr1 (@) is uni-
formly bounded. Following e.g. [16], we deduce that there is a subsequence {uy,} of {u,}, and
u € BV(Q), such that u,; converges to u strongly in L'(Q). Then we also have [ugy(g) <
liminf,, oo [t || Bv(q)- Since (un, — f) — (u— f) in L'(Q), and K is continuous from L'(Q) to
LP(Q), we deduce that || K (un; — f)|lp — [ K(u— f)[l, as nj — co. We conclude that

E(u) < liminf E(uy,,) = inf E(v),

thus u is extremal. O

3.2 Convolution operator K and particular case p=¢q¢=1

In this section, we study the existence of minimizers for different choices of convolution kernels K,
in the particular case p = ¢ = 1.
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3.2.1 Smooth Kernels

Suppose Kv = K; *x v, where for example K; is the Poisson kernel of scale ¢ > 0. We have
Ki(€) = e 2™l Let f be a distribution such that ||K; * f||;1 < co. We recall our minimization
problem,

Jnf {T(u) = llullsy + AllKe* (f —wlp ) (43)

To motivate the proposed minimization model (43) with ¢ > 0 for the decomposition of an
image f into a BV component u and an oscillatory component f — u (rather than taking ¢ = 0),
we consider the following two examples of functions or distributions f with ||K; % f||z1 small while
| £l is large.

Ezample 1. Suppose f(z) = sin(27nz), € R, is an oscillatory function. Then K; x f =
2sin(2mnx)e 2", For Q = [~m/n, m/n], we have

8m _
e 27rtn'

[| K fHLl(Q) = -
On the other hand, ||f||z1(q) = Am - Clearly, || Ky * fll1 < || f]|lz when n is large.

Exzample 2. Suppose we are in R and f = > 72, a;0,, with > 2 |a;| < oo can also be seen as a
(generalized) oscillatory distribution. Note that f ¢ L'(R). However,

[e.e]
1K fllr <D las| < oo,
=0

Recall that by using the standard property of convolution (Young’s inequality), we have for all
veLP,1<p< oo,
1K+ vl o < Kl pellvllze = (o]l e

Also, using the same arguments as the ones from Lemma 3.24 in Chapter 3 of [6], one obtains the
following result

Lemma 7. Let u € BV (R%). Then
K x =l < tlulsy- (44)

Theorem 7. Let Q = (0,1)4 or Q =R9, A > 0. For each distribution f such that | Ky f||;1 < oo,
the variational problem (43) has a minimizer.

Proof. Let {u,} be a minimizing sequence for (43). This minimizing sequence exists because
J(u) > 0 for all w € BV(Q) and J(0) = [|K; * f||L1(q) < oo. We have the following uniform
bounds,

lunllBv (@) < C, (45)
[ Kt * (f — un)llrg) < C. (46)

Suppose @ = R?, then
lunllzi@) < llun — Ki* unllp1 (@) + 1K * unllL1(q) < tlunllBv @) + 1Kt * unllL1(q)- (47)
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This shows that [[un|| (@) is uniformly bounded. On the other hand, if @ = (0, 1)4, then (45)
and (46) imply that |lun[/z1(g) is uniformly bound. Indeed, suppose (45) and (46) hold. Let
Wy, = Uy — Up,Q as before, then

|lwnll By (g) < C.

By Poincare’s inequality, we have
lwnllLr@) = lwn —wnell @) < Collwallpv < C.
But,
[un,q| = [[ Kt * ungllrr < 1Kt * unllp1(qy + 1Kt * wallpy @) < 1K+ unllL1g) + llwnllLig) < C;

thus wy, g is uniformly bounded. Moreover, by applying Poincare’s inequality to u,,, we have

[unllzr < [QlunQl + llun — ungllLr@) < |Qllunql + Collunllpvq) < C-

Therefore, [|un|[11(g) is uniformly bounded.
Now, using the compactness property in BV and the lower semicontinuity property of the map
u — ||lull v (@) [16, 6], there exists u € BV (Q) such that, up to a subsequence (which we still denote
by un), U, — w in L'(Q) and
[ullBv(@) < liminf [[un || gy (Q)- (48)

Moreover,
| Kt * (up — U)”LI(Q) < lup — uHL1(Q) — 0, as n — oo. (49)

This together with the asumption that K; * f € L'(Q), we have
1K (f =)l < lim |G+ (f = un)lz1q)- (50)
Combining (48) and (50), one obtains

J(u) < liminf J (uy,),

n—oo

which shows that u is a minimizer. O

3.2.2 Riesz Potential
Recall the Riesz potential I, 0 < a < d, defined as [24]

Inf = (=A)™2f = Ko * f,

where K, (&) = (2n]¢€])~. For each a € (0, d), the homogeneous Sobolev potential space W1 is
defined as .
W=t = {f + [afllzr < oo}

Equipped with the norm || f||;i;—an = [[Lof]|L1, W1 becomes a Banach space. From Stein [24]
(Chapter V, Section 1.2),if 1 <p < oo and 1/¢ =1/p — a/d, then

fllr(®ay- (51)

”IafHLQ(Rd) < Ap,q
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Here we would like to model the oscillatory component using I, 0 < a < d. Thus the variational
problem (43) can be rewritten as

it {J(w) = lullpy + NKa * (f = )ll12} (52)

Theorem 8. Let Q = (0,1)2. For each0 < a < d and a distribution f such that [ Ko fllL1 (o) < o0,
the above variational problem (52) has a minimizer.

Proof. Again, as before, let {u,} be a minimizing sequence for (52). We have

lunllBv (@) < C, (53)
[ Ko * (f = un)llL1q) < C. (54)

As in the proof of Thm. 7, condition (54) implies that u, o is uniformly bounded, and so by
Poincare’s inequality, ||u,|/,1 < C, for all n. This implies that the BV-norm of u, is uniformly
bounded. Thus, there exists u € BV such that, up to a subsequence, u,, — u in L' and

HUHBV < lim inf HunHBV
n—0o0

By the compactness of BV in LP, 1 < p < d/(d — 1), we have up to a subsequence, u,, — u in L,
1 <p<d/(d—1). Now for a fixed p € (1,d/(d — 1)), we have

1Kot (=) 11 < Coll K% (1t = w)][ 20 < Cpgllun — ull 1w — 0 a5 1 — oc.
This implies, up to a subsequence,
[ Ko (f —w)llpr = lim [|Ko s (f = un)l| 2
n—oo

Therefore, u is a minimizer. ]

4 Characterization of Minimizers 2

In this section, we apply the general duality techniques of Ekeland-Temam [15] and in particular
of Demengel-Temam [14] to our minimization problem. We note that these results may be seen as
related with the other characterization of minimizers from Lemma 2 and Lemma 3, but expressed
and proven here in a different language.

4.1 Dual problem and optimality conditions p=¢ =1

Let f : L'(Q) be the given data, with Q@ C R? open, bounded, connected, and K a smoothing
(analytic) convolution kernel, such as the Gaussian kernel or the Poisson kernel. The minimization
problem for p =1, ¢=11s

(P1) ueg‘l}f(Q)E(U) = [|lullBv(g) + AIK * (v — f)ll1(q),
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using the notation ||ul| gy () = fQ | Du| for the semi-norm of u in BV(Q). As we have seen, this

problem has a solution u € BV (Q) C L*(Q). For u € L'(Q), we will also use the operator notation
Ku = K *u to be the corresponding linear and continuous operator from L! to L!, with adjoint K*
(with radially symmetric kernel K, then the operator K is self-adjoint). We wish to characterize
the solution u of (P;) using duality techniques.

We have

inf E(u)= inf F(u),
u€BV(Q) ueWbhl(Q)

since for any u € BV(Q), we can find u, € WH(Q) such that u, — u strongly in L'(Q) and
lunllBv (@) — llullBv(@)- Thus let’s first consider the simpler problem

P inf F(u) = Vauldx + A|| K — .
(Bt o P = [ 1Vl + K+ (1= Do

We now write (FP5), the dual of (P), in the sense of Ekeland-Temam [15]. We first recall the
definition of the Legendre transform (or polar) of a function: let V' and V* be two normed vector
spaces in duality by a bilinear pairing denoted (-,-). Let ¢ : V — R be a function. Then the
Legendre transform ¢* : V* — R is defined by

¢*(u*) = sup {(u*,u) - qﬁ(u)}

ueVv

We let G1(wg) = )\fQ |lwg — K * f|dx and Ga(w) = fQ |w|dz, with G; : LY(Q) — R, Gs :
LY (Q)? — R, and using w = (wg, w1, ws, ..., wq) € LY(Q)¥H!, we define G(w) = G1(wg) + Go(0).

Let A = (Ku, Vu) : WH(Q) — LY(Q)%*!, and A* be its adjoint. Then E(u) = F(u) + G(Au),
with F'(u) = 0.

Then (P5) is ([15], Chapter III, Section 4):

(Py) sup  —F*(A*p") — G*(—p").
p* ELOO (Q)d+1

We have F*(A*p*) =0 if A*p* =0, and F*(A*p*) = +oo otherwise. It is easy to see that
G*(p") = Gilpo) + Ga(p"), for p* = (p5, 1)
We have that,
Gi(ri) = [ po(0< + f)da
if |p§l < A ace., Gi(p;) = +o00 otherwise, and
Ga(p*) =0

if |p*| <1 a.e., G5(p*) = +oo otherwise.
Thus we have

() sup - /Q (—p5) (K * f)d,

p*eX

where X = {(p§, 0}, ..., p}) = (05, D*) € LX) ps| < A, |p*| < 1, A*p* = 0}.
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Under the satisfied assumptions, we have that inf(P;) = inf(P2) = sup(P2)* and (P;) has at
least one solution p*.
Using the definition of A, we can show that [26]

X = {05, p%s - 0) = (05, 0°) € L=, [pg| < A, [p| <1, K*py—divp* = 0, p*-v = 0 on 9Q}.

Now let u € BV(Q) be the solution of (P;) and p = (po,p) € X be the solution of (Py). We
must have the extremality relation

lull sy + 1 *u — K * fllig) = /Q pol(K  f)da.

We have that Du - p is an unsigned measure, satisfying a Generalized Green’s formula

/Du‘p:—/ udivpda:—i—/ u(p - v)ds.
Q Q oQ

Since p- v =0 0N a.e., we have

/\Du|—|—/|K*u—K*f|dw+/poKuda:—|—/Du-ﬁ—/po(K*f)dxzo,
Q Q Q Q Q

or using the decomposition Du = Vudz+Dsu = Vudz+Cy+.J, = Vudz+Cy+(ut—u~ )vdH g,
[16], with S, the support of the jump measure J,, we get

/|Vu\dx—|—/ \Cu|+/ (u+—u)dH1+/ Vu~pdx+/ p-Cy
Q Q\Su Su Q Q\Su

+/ (u*—u)p-udel—i—/ \K*u—K*f\da:—i—/pgKudx—/pO(K*f)da;—O.
Su Q Q Q

Since for any function ¢ and its polar ¢* we must have ¢*(u*) — (u*, u) + ¢(u) > 0 for any u € V
and u* € V*, we obtain:

1. |K xu—Kx* f| = (=po) (I *u) + (—po) (K * f) > 0 for dz a.e. in Q

2. |Vu|—Vu- (—=p) +0 >0 for dz a.e. in Q where Vu(x) is defined

3. 0= (=p) - Cu +|Cul = (1 +p-h)|Cy| >0, since |p| <1 (letting C,, = h - |Cul, b € L'(|Cu))?,
h =1)

4. 0 — (—p-v)(wt —u )+ (wr —u") = (ut —u" )1 +p-v) >0 for dH* ! ae. in S, (again
since |p| < 1).

Therefore, each expression in 1-4 must be exactly 0 and we obtain another characterization of
extremals u:

Theorem 9. u is a minimizer of (Py) if and only if there is (po,p1,...,pa) = (po,p) € (L®)*H!
such that
‘po‘ S )\7 ‘ﬁ’ S 17

p-v=0 ondQ,
K*po_d“)ﬁ:oa
|K # (u— f)| +po(K *u—Kxf)=0, (55)
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|Vu|+ Vu-p=0,
1+p-v=0o0nS, and |p| =1 on Sy,
and
supp|Cu| C {x € Q\ Sy, 1+ p(x) - h(z) = 0, h € L'(|Cu))?, |h] =1, Cu = h|Cul}.
4.2 Case 1 <p,qg< o0

A similar statement as Thm. 9 can be shown for the general case 1 < p,q < co. The main change
a/p
is in the definition of G1, which becomes Gy (wg) = A|wo — K * f||§ = )\(fQ |wg — K * f|pd1‘> for

wo € LP(Q). For example, if 1 < ¢ < oo, then Gi (pf) = Aq[§||§—§|\gﬁ + f (K * f)%dx} and (55)

changes accordingly, where % + z% =1 and % + % =1 (similarly in the case 1 <p < o0, ¢ =1).

References

[1] R. AcAr AND C.R. VOGEL, Analysis of Bounded Variation Penalty Methods for Ill-Posed
Problems, Inverse problems 10(6): 1217-1229, 1994.

[2] W.K. ALLARD, Total variation reqularization for image denoising. I: Geometric theory, SIAM
J. Mathematical Analysis 39(4): 1150-1190, 2007.

[3] W.K. ALLARD, Total variation regularization for image denoising. II: Examples
[4] W.K. ALLARD, Total variation regularization for image denoising. II: Examples

[5] S. ALLINEY, Digital filters as absolute norm regularizers, IEEE Transactions on Signal Pro-
cessing 40(6): 1548-1562, 1992.

[6] L. AMBROsIO, N. Fusco, D. PALLARA, Functions of Bounded Variation and Free Disconti-
nuity Problems, Oxford University Press, 2000.

[7] G. AUBERT, AND J.-F. AujoL, Modeling very oscillating signals. Application to image pro-
cessing, Applied Mathematics and Optimization, Vol. 51, no. 2, pp. 163-182, 2005.

[8] J.-F. AujoL, G. AUBERT, L. BLANC-FERAUD, AND A. CHAMBOLLE, Image decomposition
into a bounded variation component and an oscillating component, JMIV 22(1): 71-88, 2005.

9] J.F. Aujol, G. Gilboa, T. Chan and S. Osher, Structure-texture image decomposition - mod-
eling, algorithms and parameter selection, International Journal of Computer Vision 67(1):
111-136, 2006.

[10] J.-F AujorL AND A. CHAMBOLLE, Dual norms and image decomposition models, 1JCV
63(2005), 85-104.

[11] A. CHAMBOLLE AND P.L. LIONS, Image recovery via total variation minimization and related
problems, Numerische Mathematik 76(2): 167-188, 1997.

20



[12]

[13]

[14]

[15]
[16]

[17]

23]

[24]

[25]

[26]

[27]

T. F. CHAN, AND S. ESEDOGLU, Aspects of total variation regularized L' function approwi-
mation, Siam J. Appl. Math., Vol. 65, No. 5, pp. 1817-1837, 2005.

T. CHAN AND D. STRONG, Edge-preserving and scale-dependent properties of total variation
reqularization, Inverse Problems 19: S165-S187, 2003.

F. DEMENGEL, AND R. TEMAM, Convex Functions of a Measure and Applications, Indiana
Univ. Math. J., 33: 673-709, 1984.

I. EKELAND AND R. TEMAM, Convexr Analysis and Variational Problems, STAM 28, 1999.

L. C. Evans, AND R. F GARIEPY, Measure theory and fine properties of functions, CRC
Press, Dec. 1991.

J.B. GARNETT, T.M. LE, Y. MEYER, AND L.A. VESE, Image decompositions using bounded

variation and generalized homogeneous Besov spaces, Appl. Comput. Harmon. Anal. 23:25-56,
2007.

J.B. GARNETT, P.W. JONES, T.M. LE, AND L.A. VESE, Modeling Oscillatory Components
with the Homogeneous Spaces, UCLA CAM Report 07-21, to appear in PAMQ.

T . M. LE AND L. A. VESE, Image Decomposition Using Total Variation and div(BMO),
Multiscale Model. Simul., Vol. 4, No. 2, pp. 390-423, 2005.

L.H. Lieu and L.A. Vese, Image Restoration and Decomposition via Bounded Total Variation
and Negative Hilbert-Sobolev Spaces, pplied Mathematics & Optimization 58: 167-193, 2008.

Y. MEYER, Oscillating Patterns in Image Processing and Nonlinear Fvolution Equations,
University Lecture Series, Vol. 22, Amer. Math. Soc., 2001.

S. OSHER, A. SOLE, L. VESE, Image decomposition and restoration using total variation
minimization and the H—* norm, STAM Multiscale Modeling and Simulation 1(3): 349 - 370,
2003.

L. RubpIN, S. OsHER, E. FATEMI, Nonlinear total variation based noise removal algorithms,
Physica D, 60, pp. 259-268, 1992.

E. STEIN, Singular Integrals and Differentiability Properties of Functions Princeton University
Press, 1970.

G. STRANG, L' and L™ Approzimation of Vector Fields in the Plane, Lecture Notes in Num.
Appl. Anal., 5, 273-288 (1982), Nonlinear PDE in Applied Science, U.S.-Japan Seminar,
Tokyo, 1982.

L. VESE, A study in the BV space of a denoising-deblurring variational problem, Applied
Mathematics and Optimization, 44(2):131-161, 2001.

L. VESE, S. OSHER, Modeling Textures with Total Variation Minimization and Oscillating
patterns in Image Processing, Journal of Scientific Computing, 19(1-3),2003, pp. 553-572.

21



