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Abstract

Motivated by the setting of reproducing kernel Hilbert spac e (RKHS) and its extensions considered
in machine learning, we propose an RKHS framework for image and video colorization. We review
and study RKHS especially in vectorial cases and provide various extensions for colorization problems.
Theory as well as a practical algorithm is proposed with a num ber of numerical experiments.

1 Introduction and motivation

Let D R" be nonempty sets, andW a Hilbert space (for now assumeVN = R"). Suppose that we are
givenanf : D !'W with f belonging to some function spacé (D). An important problem in mathematics
isto constructan F : ! W such that F belongs to some function spac&X,() with F f onD. The

choice ofX () imposes a certain regularity on F. We refer to this problem as an extension problem. Image
colorization can be viewed as an instance of this extensionrpblem. The term \colorization" was introduced
by Wilson Markle who rst processed the gray scale moon imagdrom the Apollo mission. This term was
used to describe the process of adding color to grayscale meg or TV broadcasting program [9]. Recently
in [20], this colorization problem was motivated by recoveing frescoes paintings by A. Mantegna in an Italian
church which was destroyed during World War Il. There are phaos of the full frescoes available in black
and white, while only a few real pieces of frescoes with the @jinal colors are remaining. The objective is to
reconstruct the original color of the frescoes (image) fronthe few remaining real pieces of the original (with
color) and the full black and white gray scale photos of the fescoes.

In a variational approach, an extensionF is computed via minimizing the following functional

Nt F (F)= Fa(F)+ FaF f)g; ®

whereF; and F, are functionals de ned on X 1(D) and X () respectively and > 0 is a tuning parameter.
Some variational approaches are proposed and mathematidgl studied in [19, 20, 21, 27]. The work in
[20] uses a variational functional with a nonlinear function F, to t the grayscale data, and the existence
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of minimizers is studied in [21]; calibration method is usedin [19]; a couple of di erent variational models
using chromaticity and brightness color system are also prposed in [27]. Closely related to these variational
methods are partial di erential equation based approaches In [39], Sapiro recognized the similarity between
image inpainting problem [4], and proposed to inpaint the cdors by minimizing the di erence between
the gradient of luminance and the gradient of color. In [52],the authors utilized Dijkstra's shortest path
algorithm for fast computation. This idea of adding color to a gray scale image or movies (even if by hand) is
as old as photography, and many computer-assisted works habeen studied in computer vision and graphics
literature, such as [23, 25, 37, 51, 52]. More related workssing segmentation, matting and probability frame
work can be found in [6, 14, 24, 26, 30, 34, 45, 46].

A number of other recent approaches for colorization use thesimilarity information. For example, in
[30], the authors recognized that the neighboring pixels inspace and time with similar intensities should
have similar color, and optimized a quadratic cost function for colorization. In [7], the authors proposed
an anisotropic di usion with an a-priori-de ned di usion d irection for conditional color di usion, where
neighborhood lter is proposed for numerical computation. In [31, 36], manifold learning techniques are
used, and in [30], the authors used locally linear embeddingnd compared grayscale manifold and color
manifold for colorization. In [6], principle component anaysis (PCA)-based learning techniques is proposed
using probabilistic PCA and regressive PCA.

In machine learning, reproducing kernel Hilbert spaces (RKIS) have recently emerged as a powerful
paradigm, both from algorithmic and theoretical perspectives (see for example [48], [41], [42] for comprehen-
sive treatment) . The goal of machine learning is to make infeences and generalizations based on limited
sampled data. Thus machine learning algorithms can be very seful for solving the problem of function
extension ([16] is one recent RKHS-based approach). In thipaper, we will consider reproducing kernel
Hilbert spaces to modelX (). We will exploit di erent choices of the reproducing ker nel to obtain di erent
regularity conditions on F. For numerical work, we will employ a version of the well-knavn regularized least
square algorithm in RKHS (see for example [50], [17] for thecalar version).

We start this paper with a brief introduction to Reproducing Kernel Hilbert Spaces(RKHS), the abstract
theory for which was developed by Aronszajnin [1]. LetD be an arbitrary nonempty set. LetK :D D! R
be a symmetric function satisfying: for any nite set of points fx;gl{,; in D and real numbersfa g\, ,

X
ag K(xi;x;) O
ij =1

K is said to be apositive de nite kernel on D. There exists a unique Hilbert spaceHy of functions
f :D! R satisfying:

1. Ky 2Hk forall x 2 D, where K4 (t) = K(x;t);
2. sparf Kygx2x is dense inHg ;

3. the inner product hyiy, of Hk satis es:

f(x)= ;K xin, (reproducing property );



forall f 2Hk and all x 2 D. On the dense set spahKg, the inner product is de ned by

X X . X
h  aKy; bBKyin, = abK(Xy):
i j 5]
The Hilbert space H is called the Reproducing Kernel Hilbert Space with reproducing kernel K, with
norm jj jju. - The reproducing property means that Hx is a Hilbert space of functions onD, which are
well-de ned pointwise. If we apply the Cauchy-Schwarz ineaality, we get

IF0O01 T flin iKxiinge = P KOG il
This means that at each point x, the evaluation operator Ex : f ! f (x) is bounded (as an operator from
Hk to R) with norm = K (x;x). Conversely, if H is a Hilbert space of functions onD where E, is bounded
for all x 2 D, then H is an RKHS. In fact, by the Riesz Representation Theorem, for eaclx 2 D there is a
unique Ky 2 H such that
Exf = f(x) = H;K xin:

Then H is an RKHS with reproducing kernel K (x;y) = HK;Kyiy. This kernel can also be shown to be
unique. There is thus a 1-to-1 correspondence between the teayory of positive de nite kernels onD D
and that of the RKHS's of functions on D.

The boundedness of the evaluation operators means that in pécular, if the kernel is uniformly bounded

on D, thatis = sup,,p K(x;x) < 1, then jf (x)] jifjine forall x 2 D, and thus all functions
f 2Hk are bounded, with jjf jj1 jif ijn - One example is the Gaussian kerneK (x;y) = exp( M)
in R™ (or similar translation-invariant kernels), where =1 (or a nite constant, respectively).

Remark 1. The preceding property does not hold in general. IfK (x;y) = hx;yi® then K (x;x) on R" is
unbounded, and the functions inHy are unbounded, being polynomials of degred, even if for each xed
x 2 R" the operator Ex : Hcx ! R is bounded. In this paper, we will focus on translation-invaiant kernels,
which induce RKHS of bounded functions.

Remark 2. Note that L2 spaces are not RKHS in general because they are spaces of ealgnt classes of
functions which are the same almost everywhere, whereas fations in RKHS are de ned everywhere.

Next we would like to present some well-known examples of keels and RKHS in R".

The most popular kernel in practice is the Gaussian kerneK (x;y) = exp( M) on R". One of its
generalizations isK (x;y) = exp( M) which was shown by Schoenberg [40] to be positive de nite i
0 p 2. We will discuss the casep =1, p =2 further below.

The Sobolev spaceH3(R"), s >n=2, is a RKHS. Recall thatf 2 HS(R") if

z

— — — 2
Kf k2 eqrey = k(I ) S koo = L+jjH() d<1;

1
2)"
with the inner product in HS(R") de ned by
.
2"

i
M Qs (roy = @+ji»0e0) -



Sinces > n=2, eachf 2 HS(R") is continuous andf" 2 L(R"). By the Fourier Inversion Theorem

1 z e 1 z
f(x)= e d = 1+ 79°7()

e ih;x i q
2 )" g (1+] 2

Under the assumptions > n=2, let k(x) = ﬁ(lx—jl,—z?(x) and Ky(y) = k(x ), then K () = %ZF

and K (y) 2 HS(R"). It follows then that for all f 2 HS(R") and all x;y 2 R",
f(x)= MK xiysrny);
1 z e ihx i
——d
@) R @+]J7)0
Thus H*5(R") is a RKHS with the reproducing kernel K (x;y) = k(x ).

K Kyiysrny = = k(x y):

Remark 3. The reproducing kernelK above is the kernel that corresponds to the Bessel potentiall ) 5.
(see [44] chapter v, section 3 where an explicit formula is gen.)

An explicit example for this type of kernels is the Laplaciankernel K (x;y) =exp( ajx vyj)= k(x ),
a> 0, onR". Herek(x) = e @i, with

_ C(n)a ] _op ot N+l
()= (@ + j j2)(n+D =2’ C(n)=2 = ( 2 ):
The RKHS induced by K is
1 z
Hi = ff 2 Co(R")\ L*R") : jifjifi, = (@ +]j )= if()i*d < 1g; )

(2 )" aC(n) g

which is a Sobolev space of ordes = "L, Consider the Gaussian kerneK (x;y) = exp( M) again. On

2
R", the RKHS it induces is

z

Hic = 11 2 Co(RO\ LR 0if iR = Gy Pyr @ i )j2d < 1g (3)

Note that for an f 2 H ¢ with this choice of K, 1b( ) decays exponentially, which shows thatg—j5 2 L2(R")
forall k 0, hencef isin C' (R"). The spaceHk here can be viewed as a Sobolev space of in nite order.

We see that the Laplacian kernel given in (2) provides less sopthing e ects than the Gaussian kernel (3).
The smoothing properties of functions in RKHS, as seen in thee examples, make them particularly suitable
for regularization problems. In practice, there are two ways to de ne a RKHS. The rstis to de ne a kernel
K explicitly and then derive the form of the norm and its smoothing properties. The second, as in [50] for
smoothing splines problems, is to de ne the norm rst and then compute the kernel. Each approach has its
own advantage: the former tends to be more e cient computationally since the kernel has a closed form,
the latter tends to be much clearer analytically. More related literature can be found in [38, 50, 3, 49, 33]
and the numerous references they contain.

The main contribution of this paper is to apply the theory of r eproducing kernel Hilbert spaces (RKHS)
of vector-valued functions and RKHS-based function exten®n to image and video colorization. By using
the RKHS approach, the kernel (nonlocal) can be chosen apppriately for various applications. We will
also give comparisons with non-local di usion using neighlorhood similarities. This paper is organized as



follows: in Section 2, we discuss the extension of RKHS to th&ector-valued case, in Section 3, we present
the application to colorization, then various numerical results will be presented in Section 4.

2 Vector-Valued Reproducing Kernel Hilbert Spaces

The study of RKHS has been extended to vector-valued functios and further developed and applied in
machine learning (see [12, 32, 10] and references thereirlp the following, denote by D a nonempty set, W
a real Hilbert space with the inner product h; iw, L(W) the Banach space of bounded linear operators on
W.

Let WP denote the vector space of all functionsf : D ! W . Afunction K : D D !L (W) is said
to be an operator-valued positive de nite kernel if for each pair (x;y) 2 D D, K(x;y)2L(W)is a
self-adjoint operator and

hwi ;K (i x )wjiw - 0 (4)
i =1
for every nite set of points fx;gl\, in D and fwgl; in W, whereN 2 N. As in the scalar case, given such
a K, there exists a uniqueW -valued RKHS Hy with reproducing kernel K. The construction of the space
Hk proceeds as follows. For eaclk 2 D andw 2 W, we form a function K,w = K (;;x)w 2 WP de ned by

(Kxw)(y) = K(y;x)w forall y2 D:

Consider the set
Ho =spanfKywjx2D; w2Wg W P:

P P
Forf = [ Kyw,g= [t Ky zi2Ho, we dene

. X\l .
hf;g in, = hwi s K (Xi5yj)zjiw:
i =1

Taking the closure of Hg gives us the Hilbert spaceH . The reproducing property is
HF(xX);wiw = H;K ywiy, forall f 2Hg: (5)
As in the scalar case, applying Cauchy-Schwarz inequality iges
JjHEO)swiw g TKOGX) i i Jiwijw :
Thus for eachx 2 D, eachw 2 W, the evaluation operator Ey;,, : f ! h f(x);wiw is bounded as a linear
operator from Hx to R. As in the scalar case, the converse is true by the Riesz Remwentation Theorem.
Let Ky : W!IH g be the linear operator with K w de ned as above, then

FKWjiE = P OGx)wWswiw i K06 x)ji i wiiy

which implies that 0
K« tWIH g jj K (X))l



so that Ky is a bounded operator for eachx 2 D. Let K, : Hx ! W be the adjoint operator of K, then
from (5), we have
f(x)= K,f forall x2D;f 2Hk: (6)

From this we deduce that forallx 2 D and all f 2 H
I iiw i Kyjilifiing TKOGX)iifling

that is for each x 2 D, the evaluation operator Ex : Hx ! W dened by Exf = K,f is a bounded linear
operator. In particular, if =sup,,p KX Xx)jj < 1, thenjjfji1 =sup,,p jif (X)jjw jifjiin, forall
f 2Hk . In this paper, we will be concerned with kernels for which < 1 .

2.1 Extension of Vector-Valued Functions

Let D be closed subsets in a complete separable metric space, and/ be a separable Hilbert space. Our
aim is to extend a functionf : D ' W to a function F : ! W , which is as close tof as possible onD,
and at the same time reasonably well-behaved on the larger se We will describe two algorithms here for
function extension using RKHS, the rst for a general setD, and the second speci cally for the caseD is
discrete.

2.1.1 Function Extension Via Eigenfunctions - the Spectral Algorithm

In [16], Coifman and Lafon discussed scalar-valued functio extension using eigenfunctions of the given
reproducing kernel. We will extend their approach given in [L6] to the vector-valued case here.

Suppose thatK : 'L (W) is a positive de nite kernel, then K induces a RKHSH () of
functonsg: ! W . Let Dbe a nite Borel measure onD. Let L?(D;W) be the space of measurable
functions f : D ' W such that jjf jj3, is -integrable, with norm

Z

jifiiceow) = ( Djjf(X)Jj\ZNd ()

Assumption 1 : We shall assume throughout the paper thatK (x;x) 2 L (W) is a compact operator for
eachx 2 andthat =sup,, JK(x)j<1.
First consider the integral operator Lxp : L?(D;W)! L2(D;W) de ned by
z
Lo f(x)= . K (y)f (y)d (y):

Here we have adopted the notation of [17] and [43], where thisperator shows its crucial role in learning
theory. By Assumption 1, this operator is symmetric, positive, and compact (we refer to [12] for the
detailed treatment) so that the eigenvalues are 1 2 210 with [im g k = 0. Let f kgﬁzl be
the corresponding eigenfunctions ofLk.p , then 's can be normalized to form an orthonormal basis for
L2(D;W). Furthermore, if we assume also that has support in D, then Mercer's Theorem states that

X
K(xy)= k k(X)) k(Y); (7)

k=1

where the series converges in the operator norm df (W). Here w;  w; denotes the rank-one operator in



L (W), with
(w1 w)v=hv;waiwwy for wp;wo;v2W:

A consequence of Mercer's theorem is that

i, kiLzow) -

Hk (D)= Im(Lig )= ff 2L2(D;W) j 1g :

k=1; x>0 k

In particular, this shows that Lx.p f 2Hg (D) forall f 2 L?(D; W) and that fp k kOi-, is an orthonor-
mal basis forHg (D).
To perform extension from D to , note that by replacing D by , we have Lx. f 2 Hg () for all
f 2 L2(; W). By considering a functionf 2 L?(D;W) as one inL?(; W) with supportin D, we have the
following well-de ned integral operator Ly :L2(D;W)!H (), with
z
Lk f(x)= . KGy)f(y)d (y);

for every x 2 . In our context, it de nes a pointwise function Ly f on the larger domain from an L2
function f de ned on the smaller domain D, i.e. Lk is an extension operator.

Lemma 1. The adjoint operator L, : Hk () ! L?(D;W) is the restriction operator from Hg () to
L2(D;W). le. as L?(D;W) functions,

forall F2Hk () andx 2 D. Heref = Fjp.

Proof. For every g2 L?(D;W), we have

L Fgiczow = Flkdine = F KEYIN Gingo

R . R . ,
o HKEYVIW)ine o d (V)= pHFE(y);9(y)iwd (y) by the reproducing property
H;giL2(p;w). This showsthatL, F = f as L2 functions. O

Given anf 2 L?(D;W), we are interested in extendingf to F 2 Hg () by minimizing the following
functional (see [43] for a related scalar version):
FZHme() it LeFiitzowy* IFiGE ) 8

for some > 0. This is a standard least square Tikhonov regularization poblem in Hilbert spaces, which
has a unique minimizerF satisfying the normal equation (see for example [18])

(LkLg + 1)F =Lgf (0 F =(LgLyg+ 1) Lkt (9)

As in [16], for ¢ > 0, we can extend the eigenfunction ¢ onD to ¢ on by

Z
1

k(X) = - . K(xy) k(y)d (y); for x2 (10)

For x 2 D, we have (x)= «(x): The extension operation givesLx ¢ = k kandLklLy k= « «k as



pointwise functions. The restriction operationgivesL, k= kandL Lk k= « kinthe L2 sense. These

relations imply that h y; jin, () = X 5o that fp k kO, form an orthonormal system in Hg ().
Using eigenfunction expansion, the following result is imnediate.

b3 X
Lemma 2. Letf = ax k 2 L2(D; W) with a2 < 1 . Then the minimizer F for (8) is given by

k=1; >0 k=1
* k
F = ak k- (11)
K+
k=1; k>0
Moreover, we have
e ..2 X 2 2
it B flitzpw) = Wak; (12)
k=1; k>0
F ) _ X k 2. (13)
IE ke o = 7( s )zak.
k=1; k>0

Remark 4. As a mFl)JItiscaIe extension, as in [16], we can consider extemdy f on D to F on , for some
> 0, whereF = > & k- Thus we have

X
KLy F fki2paw) = az: (14)

k

The multiscale property in (12) is determined by the parameter instead of as in (14).

Remark 5. In practice, the computation of ¢ may be numerically di cult when | is small. One should
combine equations (10) and (11) and compute directly

z

& KOGY) k()d ) (15)

F (x)= k+

k=1

This formula also takes care of the case = 0, when  is not de ned. Note that for ( with ¢ =0,
Lk k(x) =0 forall x 2 D. In general, eigenfunctions corresponding to very small genvalues tend to be
highly oscillatory and their extensions may not be numericdly reliable, so one may consider excluding them.
For some analytic formulas of kernel spectra, see [33].

We now have the following algorithm for extending f 2 L?(D;W) to the larger domain using the
kernel K and its induced RKHS of functions on .

Function Extension - Spectral Algorithm

1) Compute the eigenvalues and eigenfunction§( «; k)9 of Lk.p .

2) Compute the expansion coe cients ax's of f in the basisf g.

3) Compute F using equation (15) (or alternatively F as mentioned above).

2.1.2 Regularized Least Square Algorithm

Let us now describe an algorithm with the true avor of RKHS-b ased machine learning. Suppose now that
D is discrete and is given byD = fx;gl; . We are given a set of valuez = f(x;;w; = f (Xi))g; , wi 2W.



In this case, a big advantage of the kernel method is that the gtension of f will be explicitly expressed in
terms of basis functions inHg () at the points x;'s. Here we compute

xn
iF()  wiig + iFiiE, o (16)

F =arg min
F2H « ( i

1
) m
This is the vector-valued version of the well-known regulaized least square algorithm in RKHS (see for
example [17], [50]). To cast this into the standard Tikhonov form (9), we can consider an approach as in
[11]. Consider the sampling operatorSy : Hx () !'W ™ dened by Sc(F) = (F(X1);:::;F(Xm)). By

de nition, we have forany F 2H () and w = (wq;:::;wn)2W™M,
Sy F; wiywm = RSy, Fiwiiw = hE, Sy Wilh, () = hE Ky Wil () = bF; Ky Wil () -
i=1 i=1 i=1 =1
X1
It follows that the adjoint operator S, : W™ ' H ¢ () is given by S,w = S (Wq;:::;Wm) = Ky, Wi,
i=1
X0
and the operator S, Sx : Hk () 'H « ()isgivenby S,ScF = Ky, F(xi): We can now cast expression
i=1
(16) into the form
. 1. o RPN
= — m + .
F arngWIKn() mJJSxF W]lw IFjin, o
This problem has a unique solution, given by
1 Y
F =(S,Sx+ml) sw= =SS+ | —S,w: 17)
m m
Proposition 1.  The unique solutionF of problem (16) has the form
X1 X0
F = Ky,a; with F (x)= K (x;Xi)ai;
i=1 i=1

where the vectorsa; 2 W satisfy the m linear equations
K(xi;xj)ag + ma; = w;:
j=1
forl i m.

Proof. Expression (17) is equivalentto §, S+ m | )F = S, w: Using the de nition of Sy and S, , we obtain

Xn X
KiF X))+ mF = Ky, Wi
i=1 i=1
xn A = ) xn - F )
This implies that F = Ky, W'T(X') = Ky, ai, wherea = W'T(X') We now have
i=1 i=1

X X
F )= (Kgag)xi)=  KXix)a:

j=1 j=1



P
Wi i1 K(xi;%))ay . X
It follows that a; = ! - , or equivalently K(xi;xj)ag + ma; = w;: O
i=1

This result was rst reported in [32] via a dierent derivati on. Our derivation follows directly from
expression (17) and is a natural generalization of the scatacase in [17].

xo
Example 1. Consider the scalar caséVN = R. Then, F (x) = aK (xi;x), wherea = (&;:::;an) is the

i=1
solution of the system of linear equations K [x]+ ml )a = w, whereK [x] is them m matrix de ned by
Kxlj = K(xi;xj) (see [17]).

2.1.3 Comparisons between the Two Algorithms

From the theoretical viewpoint, the Spectral Algorithm is m ore general, since it is forD either continuous or
discrete. Let us consider the cas® is discrete, of sizem, with  being the uniform probability measure onD.
Then the two algorithms are the same analytically, since thg both solve the same minimization problem. In
fact, we have thenLy = %SX andLk Ly = %SXSX From the numerical viewpoint, the Regularized Least
Square Algorithm (hereafter referred to as Least Square) isimpler to implement and should be expected to
be more stable. For example, foMW = R, it involves solving a well-conditioned system of linear egations, in
contrast to the eigenvalues and eigenfunctions that need tde found and extended in the case of the Spectral
Algorithm.

2.2 Vector-Valued Diagonal Kernel

Let D be an arbitrary nonempty subset of R™, and let W = R". In the following, all vectors in R" will be
treated as column vectors, unless stated otherwise. One er#le of operator-valued kernelsKk :D D! R"
can be de ned as

K(x;y) = diag(ki(x;y);:: 55 ka (X Y)); (18)

where eachk;(x;y) is a positive de nite real-valued kernel. In this case, the RKHS induced by K can be
described explicitly in terms those induced by the scalar cmponents of K. Each basis function is de ned

by

forany w 2 R" and any x;y 2 D. Let D be closed and be a nite Borel measure onD. Assume that

= lrnax i < 1 where ;= sup ki(x;x). We have the Hilbert space
n x2D
v 2
L?(D;R") = ff =(fy;::05f0) 1D R jkfkC 2 (popny = Djfi(x)jzd (x) < 19 ;

i=1
and the integral operator Ly : L2(D;R")! L?(D;R"), de ned by

z z n
Lk f(x)= S KGy)f(y)d (y) = S ki y)fi(y)d (y) = (L fi()) iy

i=1
which is self-adjoint, compact, and positive (since each amponent Ly, is).

Lemma 3. Assume that ' is an eigenfunction ofLy, with corresponding eigenvalue ', then = (0;:::; ';:::;0)
is an eigenfunction of Lk corresponding to the same eigenvalue.

10



Proof. This follows from Lx = (0;:::;Ly, ';:::;0)=(0;:::; T is:i:0)= 1
The following is a version of Mercer's theorem for this settng.

Theorem 1. Letf }; Lgi., be anL?(D) orthonormal spectrum of Ly, : L?(D) !

L2(D). For each

1 i nandk2 N xed, let L =(0;:::; k; ::1;0), with L(x) 2 R" considered as a column vector for each
x 2 D. Then the systemff .; |gi_, g, form an orthonormal spectrum of L :L2(D;R")! L2Z(D;R").

Furthermore,
x X C
K(xy)= k k) kW
i=1 k=1

where for each pair(x;y) 2 D D, the series converges in the operator norm ot (R").

Proof. Let e =(0;:::;1;:::; :;0) 2 R" be the column vector with only one nonzero entry at the ith postion.
Then g e is the matrix whose only nonzero entry is at the (; |)l903|t|on sothat K (x;y) = | 1 ki(x;y)eel.
Mercer's theorem for the scalar case states thak(x;y) =  ,_; k(x) k(y) therefore ki (x;y)e el =
i=1 K k(x) k(y)T, from which the series summation follows. O
x X xe X
Corollary 1. For f = a 2Hk,g= b, « 2H«, the inner product in Hk is given by
i=1 k=1 i=1 k=1
XX Sp
H;gin, = —kibL:
i=1 k=1 Kk
Proof. Let e = (0;:::;1;:::; :;0) 2 R". By de nition
xR i I ()T A [ i
Kxe(y) = K(xy)e = ( k k() k() )e = k k() k(X)
j=1 k=1 k=1
x o . P , x X
forall x;y 2 D, from which we haveK y g = k k(X) k- Forw= ' we 2R", Kyw= w' Kk
k=1 =1 k=1
so that the Hilbert spaceHk isHk = sparf Kxa X2 D;% i ng.
For x;y 2 D we haveKye = o, L LX) L, Kya =, & L(y) L and by de nition
: _ oo
MKxe Kyein, = e K(xy)eir = ki(xy) = k k() k(y):
k=1
o x s bL
From this we infer that if f = a xandg= b, « areinHg, then Hf;gin, = & The general
k=1 k=1 k=1 k
formula follows similarly. O

Corollary 2. The Hilbert spaceH is the direct sum of n orthogonal complementary subspaces:

Hk = (L1 Hi;

whereHg.;; = sparfKye : x 2 Dg.
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Forf =(fq;::fn) 2Hk andw; =(w};  ;wl) 2W, we have

- - X ji2 2 X 2
BEea)  wiji = 0fi0a) wiih kfkg, = kfkE,
j=1 i=1

It follows that the minimization problem (16) becomes

F = n 1xn'f- i 2+ itk
=arg min, . Ei:lll(x.) Wi+ i

It is clear then that F = (F'), , where
X

ifioa) Wi+ ifjiid,
i=1

Fl =arg min 1
fi2Hg O m
Thus in the diagonal case, the vector-valued minimizer is otained by solving the minimization problems for
all the scalar components separately, using the same reguiaation parameter
With the theory on vector-valued kernels and RKHS explored n this section, we set up the function
extension for colorization problem in the following sectia.

3 Colorization using Vector-Valued RKHS

Let R be the image domain, andD be a nonempty subset of . Colorization typically assumes
that the complete black and while (gray scale) image is giverin the entire domain . We denote this gray
scale image ag: ! R. Let the small patches where the color is given be the domaiD, and f be the
given color, i.e. f : D ! RS3. We consider color images as RGB (red, green, blue channelg)hich is a 3
dimensional vector. The objective is to colorize the whole dmain : to nd F: ! R®suchthatF jp f,
i.e. an extension fromf :D! R3®toF: ! RS,

From the variational approach, we consider the following functional for colorization,

n o
inf KFkh, ) +KF fkEzpps) (19)

with Hk () being the RKHS with the reproducing kernel K depending on the grayscale imageg. In partic-
ular, we would like to explore the kernel which utilizes the ron-local similarity information in a multiscale

fashion. For example for eachx;y 2 andsome t> 0Oand0<p 2, the scalar kernel functionk : ' R
is de ned as ] "

k(X;y) =exp w ;o8xy2 (20)
We will also consider kernels inspired by those in [8], de nd as

i i\P
! L Z #1=0
whereG; jox ) dly )= = ifx 2) fy 2)*dz
IBrl B, )

In the multiscale case, letf g;; :::; gn g be a multiscale representation ofg. Here, we pick a few meaningful
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discrete scalegy, i = 1;::;;m. For eachx;y 2 and some ty;::;ty, > 0, the kernelk : I Ris dened
as I
jg(x) g

4 ;o8xy; 2 (22)

k(x;y) =exp
or a similar variation as in (21).
Since the color image is a vector function, we consider the wator-valued kernel: K : I R3 which
depends on the gray-scale imagg,

K (x;y) = diag(k(x;y); k(x;y); k(x;y)) = k(xy)ls 3; (23)

where I3 3 is an identity matrix of size 3 by 3, and k(x;y) is as in (20) or (22). For di erent applications,
one may want to de ne K = (ky;kz; ks), where k; is di erent for each color channel. This is our proposed
colorization model, and in the following we present the detéls of how to compute F numerically.

3.1 Numerical Algorithm

Following the theory developed in section 2, in particular 21, we solve the minimizing functional (19) using
the Least Square and Spectral Algorithms. In this paper, eva within the general framework of operator-
valued kernels, we mostly consider the diagonal vector-valed kernels assuming that the three channels, red,
green, and blue, are independent to each other and that eachhannel can be computed separately.

Let D = fxi1; ;Xmg be a discrete domain andD . Then similar to (16), we are interested the
solution,

_ N o s
F =arg _min Ei:l IFi)  FxiiiRs + 0iFIin, () -

Using Proposition 1, the explicit solution can be computed &

X0
F = K (X;Xi)a (24)
i=1

where a's are the solutions of 38 9

K(xi;xj)a, +maj=f(x): (25)
j=1 ’

For practical computation, notice that the index i (or j) is from 1 to m which is the size of the domainD
with the given color. We need only to compute two kernel matrices here:Kp (x;y), where (x;y) 2 D D, for
solving the system of linear equations, anK ¢p (X;y), where (X;y) 2 D, for evaluating the result. The
kernel matrix Kp is of sizem m and K.p is of sizeNM  m, where the size of the discrete domain is
N M. Notice that this signi cantly reduces the computational c ost, since there is no need to compute the
NM NM full kernel matrix for colorization. In addition, by using t he Least Square Algorithm in RKHS ,
the solution (24) is computed explicitly without any iterat ion which also helps to reduce the computational
cost.

We have also experimented with using the Spectral Algorithmdiscussed in section 2.1.1 and found that
the numerical results are quite similar to the Least Square Agorithm. We will present the various numerical
experiments in Section 4.
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Least-Square Algorithm

Input: gray-scale imageg, domain D, and the given colorf .
Compute the partial kernels Kp and Kp of the full kernel K:

1. Get B(x):
B(x) is the neighborhood vector for eachx 2 , storing
the intensity values of the neighborhood patch of size (2+1) (2r + 1) centered at Xx.

2. GetK¢ep and Kp':
Use B (x) to compute the kernel using (23), via (20), (22) or others.
Keo (X;y) isthe NM m matrix for x 2 and y2 D, and Kp(x;y)ism m for x;y 2 D.
Solve the linear system Kp + ml , m)Al = ujD:
Here u{:, is the j th channel of the given coloruc 2 R® on D, as a column vector.
Al isthem 1 coe cient vector representing the j th-channel.

Compute the explicit solution u:
Compute for the j channelul = K Al.

4 Various Applications in Colorization

We present various numerical results in this section. Let a @screte image domain be with sizeN M, and
D be the region where the color is given with cardinalitym. The given image is denoted byF, : ! RS3:
whereF, jp= f, and forx 2 nD, F(x) = F2(x) = F3(x), i.e. all three channels are equal and represent
the gray scale. Let (2 +1) (2r +1) be the size of a square patch used to represent the neighloood of
a point: for eachx 2 and a positive integer | = (2r +1)2, x = (x1;::;%) 2 R as in (20) and (21). When
r = 0, this represents using only the intensity value at the point. We experimented with di erent kernels

such as 9% )P ) "
J9x)  9ly)) X )
2 @r+npr P P

k(x;y) = exp ; (26)
here is P N2+ M2, We experimented with O<p 2 and various ; and , values. When 0<p < 2, the
results can be sharper and less blurry compared tp = 2. This is consistent with the smoothing properties
of the kernels as described by theory.

4.1 Texture Colorization and Color Transfer

One of the bene ts of using the RKHS function extension is in ts exibility of choice of kernel, and as
seen in Subsection 6, this approach is related to nonlocal dision. These methods can perform very well
for texture colorization. Figure 1 and Figure 2 show typical results using the proposed model. Figure 1
shows a complicated textured image with only 2% of real cologiven (randomly chosen), and it gives a good
colorization result. The initial color points are chosen randomly, which shows a possibility to perform color
compression. Figure 2 shows another example of real imageloazation. Notice that less than 0:5% of color
is given from the original image and the colorization resultis realistic. Note also due to the small size of
given colored region, the computation is quite e cient numerically.

Another interesting application of colorization is color transfer [37, 51]. From a given reference image,
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20 40 60 80 100 120

Figure 1: (a) The given image. (b) The colorization result with r =10, p=1:5 ; =0:4, , =10. Here a
small set of color, less than 2% compared to the size of the ing&, is givenrandomly .

the color information is transferred to a di erent gray-scale image. In [51], the authors proposed to match
the luminance of two images, using texture information as a gide. Our work along this line is an extension
from [37] where the authors matched two colored images. Our wdel is somewhat di erent from ordinary
colorization methods in that a typical di usion-based colorization will fail to di use the color from one image
to another. However, since we propose using RKHS function @gnsion, as long as we de ne the relation (via
Kernel) between the given colored image and any other image;olor transfer becomes a natural extension.
Figure 3 shows one such an example and it shows this method cdre generalized to video sequence

colorization. One of the easiest generalization is to exteth the domain. Let F; be a given image de ned
on with a small region of color, and F, be another image de ned on totally black and white. One
can consider the new imagd~, = [F1; F2], where F; and F, are next to each other with the image size of
N 2M (in fact, the size of F, does not have to be the same as that df;). Then, apply the vectorial RKHS
function extension on the extended image domain. In Figure 3from the given image (a) with partial color
information, image (a) and image (d) are both colorized at the same time. Notice that images (a) and (d)
are quite di erent and yet the method gives a reasonable coldzation.

4.2 Cartoon Colorization and Color Transfer

One of the typical application of colorization is cartoon cdorization as considered in [34, 51]. The proposed
method can be also applied to piece-wise constant images, noenly images with complicated textures.
Figure 4 shows an example of cartoon image colorization givetiny regions of colors. For this example, we
used the intensity of each pixel, thatisr =0, with p=2, ; =0:001, and , =10. Notice that among many
regions, only four dab of colors are given (white backgroundone pink, yellow and green), and this proposed
method is able to color all the regions which have similar inensity.

This proposed method can be applied to color transfer as befe. Figure 5 shows such a result of color
transfer, colorizing both image (a) and image (b) at the sametime. Notice the new small ower without any
color information in image (b), which is also colorized autanatically by blending the given color information.
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Figure 2: (a) The given image. (b) The colorization result with p=1, r =2, ; =0:5, , =10. Less than
0:5% of color is given: around the left eye, middle of the nose,ra right bottom corner. The small D makes
the numerical computation e cient, and the colorization re sult is realistic.

From the brightness of this new ower, it is reasonable to gues that its color could be close to yellow yet
di erent. The new color is given by the extension function via a weighted mixture of the given colors.

5 Chromaticity-Brightness Model and Stereographic Projec tion

Since we are dealing with color images, we mention that RGB isiot the only color system available (see
[23]). Typical linear models such as RGB (Red, Green and Bluehannels) and CMY (Cyan, Magenta and
Yellow) are widely used, but in standard color TV broadcasting Luminance separated color systems such as
YIQ (Luminance, Hue and Saturation) are used. For digital video, YCbCr (Luminance,two color-di erence
components) is widely used. There are also nonlinear coloepresentations closer to human color perception
such as HSV (Hue, Saturation and Value) and in mathematical ttings, color images can also be treated
as 3-dimensional vectorial functions [5] as well as tensorrpducts of dierent color components such as
Chromaticity and Brightness (CB). Many related literature can be found in [13, 28, 35, 47].

For our proposed model, we also considered the nonlinear anl model Chromaticity and Brightness.
From a given RGB color image F(x) = (r(x);g(x);b(x)), the brightness is typically de ned by B(x) =
P r2+ g2 + k?, and the chromaticity by C(x) = %, i.e. jC(x)jj-=1and C: ! S2. The motivation is
from [13], where the authors found that color denoising is bst achieved when it is treated in the Chromaticity
and Brightness model (or similarly, when the color is represnted by one component and the brightness
separately to give added exibility for keeping details).

In this setting of colorization, we assume the brightnessB is given, and we compute the kerneK from
B. Since we consider the image as the multiplication of the brightness B and the Chromaticity C, we only
needto nd C: ! S?fromthe givencolorc:D ! S?in the region D. The di culty comes from the fact
that the Chromaticity component lies on a unit sphere, and the set of S?-valued functions is not a vector
space, so the RKHS model can not be directly applied.

To resolve this issue, we apply the stereographic projectio which maps points from S? one-to-one onto
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@) (b) (©

(d) (e)

Figure 3: Image (a) and image (d) are the two given images: oglsome part of image (a) is given as color
and image (d) is totally gray scale. (b) The colorization realt of image (a). (c) The true image of (a). (e)
The colorization result of image (d). (f) The true image of (d). Both images are colorized at the same time
usingr =4, p=1 1=1, 2 =10. Even if the two images are quite di erent the colorizati on results are
reasonable.

the extended complex planeC [ f1lg . This allows us to get rid of the normalized constraint kCk;= = 1
of the Chromaticity and directly work on R? space. Since the color values are all nonnegative, and to

keep the symmetry of the colors, we apply the stereographic qpjection with the projection point being
( #5; #4; #5) and the projection plane beingx + y + z = 0. Then, from the sphere x? + y? + 22 = 1

onto the plane X + Y + Z =0, the projection is given by:

X:n3x (X+y+£) = D

y (x+ty+tz . 3z (x+y+3)
P= P=: P= P= Z P
3x+y+z+ 3) 3x+y+z+ 3)

B "3x+y+z+ 3)
The inverse projection from the planeX + Y + Z =0 onto the spherex? + y? + z2 =1 is:

_2p§x+1 (x2+Y2+zz),y_2p§Y+1 (x2+Y2+zz),Z_2p§z+1 (X%2+ Y2+ 2?)
B+ X2+ Y2+ 22) B+ X2+ Y2+ Z2) B+ X2+ Y2+ 722)

Therefore, from the given colorc: D ! S?, we stereographically project this image ontox + y + z = 0 to
getcy(x): D! RZ Then we solve (19)

n o}
ot Kuki, ) + ku uck?opgsy
for two channels, to get the extensionCy(x). Project back this Cy(x) onto S? to get C(x) : ! S?, then

the colorization result becomesF = BC.
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@) (b)

Figure 4: (a) The given grayscale image with small regions vti color. (b) The colorization result using the
proposed method ¢ =0, p=2, ; =0:001, and , = 10). Notice that only one dab of color is given for
each four di erent colors, and all the regions are colorizedaccording to the intensity similarity.

(@) (b) (c)

Figure 5: (a) The same as Figure 4 (a), the given image. (b) A ttally gray scale image. (c) The colorization
result using extended image domain:r =0, p=2, ; =0:001, and , = 10. Notice that the new small
ower, without any color information, is also colorized aut omatically by blending the given color information.
From the brightness intensity of this new ower, it is reasonable to guess that its color could be close to
Yellow but is di erent, i.e. this method gives a weighted mixture of the given colors.

Figure 6 shows this approach. Compared to using RGB vector, specially if three channels are all
independently treated, the Chromaticity and Brightness model can give much sharper results. This is due to
keeping the sharp brightness information and only recoverig the color (see [27], which also uses Chromaticity
and Brightness model for colorization).

Another good feature of using Chromaticity and Brightness nodel is the automatic color blending in
the color space. Figure 7 shows such a result blending the anl naturally. Notice that by using RKHS
function extension, the results are more realistic compare to other methods which assumes homogeneous
colorization (cf. [27]). Some colorization approaches use look-up table or a color palette for more natural
colorization [23, 25, 52].

6 Connection with nonlocal methods

One bene t of using the kernel method for colorization is that the kernel information is already fully given
by the brightnessg: ! R. Depending on the di erent choice of kernel function, one ca experiment with
di erent e ects of the di usion process.

In this section, we explore the connection with nonlocal mehods, motivated from the nonlocal mean Iter
proposed by Buades-Coll-Morel [8], and nonlocal methods fim Kindermann-Osher-Jones [29] and Gilboa-
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(@) (b) ()

Figure 6: (a) The given image. (b) The colorization result usng Chromaticity and Brightness model via
Stereographic Projection. (c) The colorization result ushg RGB channel. For both experimentsp=1, r =2,
1 =0:5,and , =10 are used. Notice the sharper detail recovery in image (h)

(@) (b) ()

Figure 7: (a) The given image. (b) The colorization result usng Chromaticity and Brightness model via
Stereographic Projectionp=2, r =2, 1 =0:1, and , =10. (¢) The Chromaticity of the result. Note

that color blending is automatically achieved and from (c) the result is more natural compared to typical
homogeneous colorization.

Osher[22], among others. For each component, we considerédhfollowing functional J as a regularization
term: Z Z

1
J(F)= 2 K(xy)(F(x) F(y)? dxdy;
and the minimization for colorization to be
1 1Z
irF1f F(F)= J(F)+ ékf kaz(D): J(F)+ > (Ppf (x) PDF(x))2 dx ; (27)

where (
F(x) ifx2D;

Pp F(x) =
o F(x) 0 otherwise.

Remark 6. Here we only assume thatk is non-negative pointwise. This is di erent from the RKHS setting,
where K is assumed to be positive de nite (hence symmetric) but not recessarily non-negative pointwise.
Also, we do not want the kernel K to be symmetric. Since the color is already known forx 2 D and the
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unknown colors should not a ect the known colors, one shouldhave K (x;y) = 0 for all y 2 D¢. On the
other hand, if x 2 D¢, then to approximate the color at x, we need the color information fromy 2 D. Thus
for eachx 2 D¢, K (x;y) 6 0 for somey 2 D. For example if we do not want to change the colors fox 2 D,
then (

if 6 X
K(xy) = Y

28
1, if y=x (28)

If one wants some denoising on the colors ax 2 D, then K (x;y) should be non-zero for somegy 2 D. (cf.
in the RKHS setting, the values K (x;y) for x;y 2 D° were never needed, and hence never computed. )

The di erential & (F) in the direction of a test function v is given by

Z Z
@ (F) _ 1 :
@F ™M =53 KOGY)F(X)  F))(v(x) v(y)) dxdy
R —
= C(X)F(x) LF(x) v(x) dx;
where
z z

(K(xy)+ K(y;x)) :

C(x)= K(xy)dy; LF(x)= K(x;y)F(y) dy and K(xy)=

2
Thus a minimizer F of F de ned in (27) satis es
Oz@@(;:)z (CF LF) Py(f PpF)= (CF LF) Pp(f F): (29)

Here we assumd =0 in D€, and usedP, = Pp, and PS = Pp.

As mentioned in Remark 6,K (x;y) =0 for all x;y 2 D€, so that K(x;y) =0 for all x;y 2 D¢. Then, for
x 2 D¢, if F is a minimizer from (29) and using the de nition of P, (CF (x) LF (x)) = 0. In other
words, 7 Z

F(x)= ﬁ K(x;y)F (y) dy = C( ) D?(x;y)F (y) dy: (30)

If x 2 D, then from (29),

4
(COF () LF (x)) f)+F (x)=0) F(x)="f(x) CHF (x)+ K (G y)F (y) dy:

We have
Z Z Z
K(GYy)F (y)dy=  Ky)F (y)dy+  K(xy)F (y) dy
z° z°° Z

= Ry)F () dy+  K(xy) % K(y:2)F (2)dz dy;
D D¢ D

K (X y)K (y;2)

where in the last term we use (30) forF (y), y 2 D¢. Further de ning € (x;z) = . ) dy for
the last term, the minimizer F (x) for x 2 D can be expressed as
z z
FX)=1(x) CHF (x)+ . K(xy)F (y) dy+ . K (x;y)F (y) dy: (31)
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Combining equations (30) and (31), we have

z
1 _
Ty F(X)+ K(xy)+ K(xy) F(y)dy if x2D;
F (x)= S 1+ C(x) ZD (32)
——  K(xy)F d if x2DC¢
o . (x;y)F (y) dy
Discretely, we can solve it in the following way. SupposeD = fx;;  ;Xmg and denotef; = f (x;), and
Ci = C(xj). Letting a = F (x;), we have
L x h i 7
a = v ¢, fi+ ~ Kxi;xj)+ B(Xi; X)) & ;
which implies that a satis es the linear system
x h [
(1+ Ci)a Kxi;xj)+ R(xi;x;) g = fi: (33)
i=1
For all x 2 D€,
1 _
F (x)= I05) . KX xi)a: (34)

Let us compare this nonlocal regularization framework of egations (33) and (34) with the RKHS setting
in section 3, equations (24) and (25). Here they;'s represent the recovered values at the known colored pixsl
in D, which are then used to compute the values at the unknown col@d pixels in D€. In contrast, the a;'s
in the RKHS setting represent the coe cient of an explicit fu nction expansion that is valid throughout ,
which gives the color values at any pixel.

It is important to note here that it is not obvious when the coe cient matrix of system (33) is invertible
forany > 0. Itis likely that further assumptions on K are needed, which we will leave for a future work.
This is in contrast with the RKHS case, where it is immediate ffom the assumption of positive de niteness
that the coe cient matrix of system (25) is always invertibl e for any > 0. More importantly, in order to
solve system (33), we need to evaluate the matriX€. This essentially involves multiplying two generally
very large matrices, each of sizen (NM  m), and is therefore likely to be highly time consuming. We
thus expect that this method is not as numerically e cient as the RKHS framework above.

Remark 7. In the discrete setting, the nonlocal framework just propo®d is also related to the literature on
the graph Laplacian (see for example [15], [2]). LeG be an undirected graph with N vertices and W be
its non-negative symmetric weight matrix. Let D be the diagonal matrix with D = szl W; . Then the
unnormalized graph Laplacian is dened to be = D W. lItis precisely the operator C L above if the
set is discrete. For any y 2 RN we have

0. The multiplicity of this eigenvalue is precisely the number of connected components irG.
The matrix is symmetric and positive de nite, therefore po ssesses a non-negative spectrum. Let
feigll, be an orthonormal basis ofRN consisting of eigenvectors of , with corresponding eigenalues ;.
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X 2
y = iYi:

i=1
This shows that on the row space row() =nul() 7,y vy is a Hilbert space square norm, which is strictly
convex. If G is connected - guaranteed ifW; > O for all i;j - then row() = fy : iN:l yi =0g. This is
consistent with the continuous version in Kindermann-Oﬂwe-Jones [29], where (the example in Section 4),
J(u)'2 is a norm on the subspace of functions satisfying u(x)dx = 0.

7 Concluding remarks

Motivated by RKHS widely used in machine learning applications, we proposed extension methods for vector-
valued functions using vector-valued reproducing kernel Hbert spaces. We studied the vectorial setting of
RKHS, reformulated RKHS function extensions in terms of opeator-valued kernels and considered in detail
the diagonal case. One of the advantages of the proposed mdds the fact that the solution is given via the
minimization of a functional, and an explicit solution can be easily and e ciently computed through solving

a simple system of linear equations. The RKHS framework guantees, via a straightforward manner, that
there is a unique global solution and no iteration is requirel. In addition, the exibility of di erent choices

of kernel allows texture colorization as well as cartoon, ad this approach is not bounded by the boundary
of the objects.

We see this project as the starting point for exploring vectaial kernel applications. As seen in the
example of subsection 5, the color correlations are complited and the extension to non-diagonal vectorial
kernel is non-trivial. We used the diagonal kernel, and conglered both channel by channel case of RGB
color as well as chromaticiy and brightness color setting todeal with di erent color treatments and fully
explored the bene ts of RKHS. We believe there are interestng extensions for the setting of non-diagonal
vectorial RKHS and are exploring di erent possibilities.
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