Determinants
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In class we showed that there exists a unique map

D:R"x -+ xR" =R, (v1,...,0,)— D(vq1,...,0,)
—_———

n components
satisfying the properties
(1) D is multilinear:
D(...; v +pw,...)=AD(...,v,...)+uD(...,w,...)
for all A\, u € R and v, w € R™.
(2) D is alternating;:
D(...,v,...,w,...) ==D(...,w,...,v,...)
for all v,w € R™.

(3) D is normalized:

We then defined the determinant of an nxn-matrix A with column vectors a4, ..., a,
to be

det(A) := D(ay,...,a,). (1)

Therefore the determinant has properties (1)-(3) with respect to the columns of the matrix
A.

We proved that for an nxn-matrix A = (a;;) the determinant is given by the explicit formula
det(A) = Z sign(o)asy 1+ Go(m)n- (2)
O’ES’n

This formula is sometimes called the Leibniz formula, named after the mathematician
Gottfried Leibniz (1646-1716).



Problem 1. Use the Leibniz formula to give an explicit formula for the determinant of a
4x4-matrix. (This should be a sum of 24 products, since #5, = 24).

Solution.

det(A) = a11022a33044 + 011032043024 + A11042023034
+ 21012043034 1 Q21032013044 + Q21042033014
+ a31012023044 + A31022043014 + 431042013024
+ Q41012033024 + Q41022013034 + Q41032023014
— (11022043034 — 111032023044 — A11042033024
— (21012033044 — G21032043014 — A21042013034
— A31012043024 — A31022013044 — A31042023014

— Q41012023034 — Q41022033014 — A41A032013024

Problem 2. An nxn-matrix A = (a;;) is called diagonal if a;; = 0 for i # j. Compute
the determinant of a diagonal matrix in two different ways. First use the Leibniz formula.
Secondly, use the definition (1) and properties (1)-(3).

Solution. In the Leibniz formula the only product which does not involve a zero entry
of the matrix A is the one corresponding to the identity permutation: ajjass...an,. This
proves the claim.

For the second proof let a4, ..., a, denote the column vectors of A.

det(A) = D(as,. .., ay)

= D(allel, N ,annen)
=ay ... apD(eg, ... e) by multilinearity
= Q1 ...0np by normalization

Problem 3. An nxn-matrix A = (a;;) is called upper triangular if a;; = 0 for i > j. Show
that the determinant of an upper triangular matrix is given by the product of the diagonal
entries. Hint: Use the Leibniz formula and realize that only one permutation contributes a
nonzero summand.

Solution. Same proof as above, the only permutation which leads to a nonzero product
is the identity permutation.

Problem 4. Using properties (1)-(3) show that the determinant of a matrix does not change
if we add a multiple of one column to another column.



Solution. Denote the columns of A by a4, ...,a,. Let’s say we add Aa; to the column a;:

D(ay,...,a;...,¢; +Xa;,...,a,) =D(ay,...,¢;...,05...,a,)
+AD(ay, ... a5, 4. .. a,)

=D(a1,...,Q;,...,a;5,...,a,) = det(A)



