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dimension of Cn is 1 this means that the scale factor for Hausdor� measureof a clone map is also an integral power of n: Thus �j ; �k are measure linearwith scale factors for Hausdor� measure which are powers of n: Thus thescale factor for Hausdor� measure for  j and  k is nasj = nbsk and so s isa rational power of n:By (10.9) we have that s is also the scale factor of a local similarity ofCm: The above then implies that s is also a rational power of m: �
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scale factor of �m is sm and it su�ces to prove that sm is a rational powerof n: By this means we may suppose that the domain of � is a clone A:Since � is BD there is L > 1 such that for all p > 0 we have that�p is L-quasi-conformal. De�ne � � �(Cn): The lemma (10.4) provides aconstant,M =M(Cn; Cn; K; �); for the case that C and C 0 are both Cn; andK = L6��1; and � = K�1�: Given an integer a > 0; de�ne a new metric,dnew on Cn which is na times the n-adic metric thus dnew = nadn: Thereis a unique clone, D; of diameter 1 in the dnew-metric which contains theunique �xed point of �: We may choose a large enough that D is containedin �2MA: Then D with the metric dnew is a clone Cantor set isometric toCn with the n-adic metric. Also �jD is a local similarity of D with scalefactor s: Also for all p > 0 we have �p is L-quasi-conformal. We now replace(Cn; dn) and � by (D; dnew) and �jD: By means of this we may assumeour original local similarity, �; admits an extension to a local similarity, �;de�ned on all of a clone Cantor set, E; of large diameter containing Cn as aclone. Furthermore we may assume that the image of �2M contains Cn:Suppose that Ap is the smallest clone containing �pCn: If �p is the clonemap taking Ap onto Cn; de�ne  p � �p�p then  pCn is not contained in anylevel-1 clone of Cn thus diam( pCn) � �: The clone map �p has domain theclone Ap which it maps bijectively to Cn: De�ne Bp = (�)�pAp and de�nea bijection  p � �p�p : Bp �! Cn:Since �p is L-quasi-conformal and �p is linear  p is also L-quasi-conformal.Thus, in particular,  p is L-quasi-conformal. Apply lemma (10.8) to p : X � Cn �! Y �  pCn:Then diam(X) = 1 and diam(Y ) = diam( pCn) � � so � � N � 1thus  p is (L4��1)-bilipschitz. Since  p is L-quasi-conformal and (L4��1)-bilipschitz on Cn it follows that  p is K-bilipschitz with K = L6��1:We wish to apply the lemma (10.4) to the maps  p : Cn �! Cn with1 � p � 2M: These maps are all K-bilipshitz. We claim that sep( pCn) � �:Since p � 2M we have �pE contains Cn thus  p(Bp) = Cn: Since  p is K-bilipschitz sep( pCn) is at least K�1dE(Cn; Bp � Cn): Now dE(Cn; Bp �Cn) � � because Cn is a clone in E and the separation of Cn in E istherefore bigger than the separation of any clone contained in Cn: Thussep( pA) � K�1� = �; which proves the claim.By lemma (10.4) there are M = M(Cn; Cn; K; �) possibilities for  pCn:So for some 1 � k < j � 2M we have that  jCn =  kCn: The metric scalefactor of every clone map of Cn is an integral power of n: Since the Hausdor�35



An Application to n-adic Cantor setsGiven n > 1 let Cn; or just C; be the Cantor set of sequences (x0; x1; � � �)where xi is an element of f0; � � � ; n � 1g: The metric on Cn is de�ned bydn(x; y) = n�p if p is minimal subject to xp 6= yp: Thus C has diameter1: The shift map � mapping C onto itself is de�ned by �(x0; x1; � � �) =(x1; x2; � � �): De�ne clones Ai for 0 � i � n � 1 to be the subsets of C with�rst digit i: De�ne a clone map �i = �jAi which linearly maps Ai onto C:Proposition 10.10. The Hausdor� dimension of the Cantor set C is 1 andit has measure 1 in this dimension.Proof. There is a map � of C onto the unit interval [0; 1] given by regardinga sequence (x0; x1; � � �) as an expansion 0:x0x1x2 � � � in base-n of a realnumber. Consider a subset A in C with diameter R: Choose p so thatn�p � R < n1�p: Then all points in A consist of sequences which havethe same digits up to and including xp�1 and therefore �A has Euclideandiameter at most n�p: ThusdiameterC(A) � Euclidean diameter(�A):Thus the sum of the diameters of the sets in any cover of C is at least 1 andso the Hausdor� 1-measure of C is at least 1: Given � > 0 there is a coverof C by level-k clones each of which has diameter in the dC-metric n�k < �:There are nk such clones, so the sum of their diameters is 1: Therefore theHausdor� 1-measure is at most 1: �Since clone maps are measure linear it follows that the measure of aclone of C equals the Euclidean length of its image under �: Thus � ismeasure preserving. Hence the clopen invariant of Cn is the similarity classof [0; 1]\Z [1=n]:Corollary 10.11. There is a bilipschitz homeomorphism of the clone Can-tor set Cn onto a clopen subset of Cm if and only if there are integers i; j > 0such that ni = mj :Proof. If ni = mj then it is clear that the Cantor sets are bilipschitz home-omorphic. For the converse, suppose that � is a local similarity of Cn withscale factor s < 1 for Hausdor� measure. We �rst show that s is a rationalpower of n:Let A be a clone in the domain of � which contains the �xed point of �:Then some iterate, �m; of � maps A into A: We replace � with �mjA: The34



De�nition. A map � : (X; dX) �! (X; dX) of a metric space (X; dX) toitself has bounded distortion or is BD if there is a constant K > 1 suchthat for every integer n > 0 the map �n is K-quasi-conformal. Informally,the iterates of � are almost similarities. For example the conjugate of acontracting similarity by a bilipschitz map is BD. This de�nition is notquite equivalent to the one in [CP], but is better for present purposes.De�nition. A local similarity of a clone Cantor set C is a continuous map� : U �! U de�ned on a non-empty clopen U of C which is a homeomor-phism onto V = �U:We require that V is a clopen contained in U , and thefollowing properties:(1) � has a unique �xed point x called a similarity point of C:(2) � is measure linear with respect to Hausdor� measure. The Radon-Nikodym derivative of � is called the scale factor of �:(3) � is BD.If x is a similarity point of C we de�ne the similarity group Sx(C) of Cat x to be the subgroup of the multiplicative group R+ generated by thescale factors of the local similarities of C �xing x:Corollary 10.9. Suppose that C and C 0 are clone Cantor sets and thereis a bilipschitz homeomorphism of C onto a clopen subset of C0: If x is asimilarity point of C there is a similarity point y in C 0 such that Sx(C) =Sy(C 0):Proof. By theorem (10.6) there is a clopen A of C on which the givenbilipschitz homeomorphism � : C �! C 0is measure linear. The orbit of x under the semi-group of clone maps of Ccontains a point in every clone and hence contains a point z in A: ClearlySx(C) = Sz(C): We claim that the conjugate of a local similarity by ameasure-linear bilipschitz homeomorphism is a local similarity. To verifythis, let � : A �! A be a local similarity de�ned on the clopen A of C andwith �xed point z: Let �0 = � � � � ��1 then �0 has a unique �xed point�(z): Since � is a homeomorphism, �A is a clopen of C and so the domainof �0 is the clopen �A: Since �jA and � are measure linear, �0 is measurelinear. Since � is BD then the iterates �n are all K-quasi-conformal. Also� is bilipschitz and thus M -quasi-conformal for some M: Thus�0n = � � �n � ��1is (M2K)-quasi-conformal. Hence �0 is BD. �33



There is another invariant which measures the expansions of the simi-larity self maps of a clone Cantor set. A clone map is an example of sucha map. In order to obtain a notion which is an invariant of bilipschitzhomeomorphism, one must allow for conjugating a map which is a metricsimilarity by a bilipschitz map which is measure preserving, and this leadsto the following.De�nition. Given K > 1 we will call a map  : (X; dX) �! (Y; dY )between metric spaces K-quasi-conformal ifK�1 � d( x;  y)=d(x; y)d( x;  z)=d(x; z) � Kfor all distinct points x; y; z: Thus a similarity is 1-quasi-conformal. A K-bilipschitz map is K2-quasi-conformal. The composition of K and K 0 quasi-conformal maps is (KK0)-quasi-conformal. Suppose that x; y; w are distinctthen K�1 � d( y;  w)=d(y;w)d( y;  x)=d(y; x) � Kthus K�2 � d( y;  w)=d(y;w)d( x;  z)=d(x; z) � K2:Regard x and z as �xed, then we see that  is M -bilipschitz with M =K2max(L; 1=L) where L = d( x;  z)=d(x; z):Lemma 10.8. Suppose that  : X �! Y is a K-quasi-conformal bijec-tion. Then  is M -bilipschitz with M = K4max(N; 1=N) where N =diam(Y )=diam(X):Proof. Choose x; y; z; w in X with dX(y; w) = diam(X) and dY ( x;  z) =diam(Y ): ThenK�2 � dY ( y;  w)=dX(y; w)dY ( x;  z)=dX(x; z) = dY ( y;  w)dX(y; w) dX(x; z)diam(Y ) :Now dX(x; z) � diam(X) thus(K2N�1)�1 = K�2 diam(Y )diam(X) � dY ( y;  w)dX(y; w) � diam(Y )diam(X) = N � K2N:It follows that  is M -bilipschitz with M = K2max(K2N;K2N�1): �32



Assuming this, suppose that f jA is not measure linear. Then there issome clone E in A such that MR(A) < MR(E): Otherwise for every cloneE in A we would have MR(E) � MR(A) but this would imply, by theremark, there is always equality and this implies that f jA is measure linear.Thus if f jA is not measure linear we may choose a clone E in A withMR(A) < MR(E) and with n = level(E) minimal. Note that if D is anyclone in A of level less than n then MR(D) = MR(A): Let D be a clonein A containing E with level(D) = n � 1: Then MR(E)=MR(D) is in S:De�ne � to be the minimum of the elements of S which are larger than 1:Thus MR(E)=MR(D) � �: If we choose � such that (L� �)� > L thenMR(E) > �MR(D) = �MR(A) > �(L� �) > Lwhich contradicts the de�nition of L; proving that f jA is measure linear.To prove the assertion observe thatMR(E)MR(D) = �C0(fE)=�C0(fD)�C(E)=�C(D) :Since level(E) = level(D) + 1; as discussed in the proof of (10.5), thereare only �nitely many values for the ratio �C(E)=�C(D): By (10.5), appliedwith � = rel(fC); there are only �nitely many values for �C0(fE)=�C0(fD);and this proves the assertion. �One may now de�ne various invariants of the bilipschitz type of cloneCantor sets. Let C be a clone Cantor set with Hausdor� measure �C in itsHausdor� dimension. We will call two sets of real numbers A and B similarif there are non-zero scalars �; � such that�A � B and �B � A:The clopen invariant of C is the similarity class of the countable set of realnumbers f�C(A) : A a clopen in C g:Corollary 10.7. If C;C0 are clone Cantor sets and there is a bilipschitzmap of C onto a clopen in C0; then C and C 0 have the same clopen invariant.Proof. By the theorem, there is a clopen, hence a clone, A in C and ameasure linear map of A onto a clopen in C0: The set A is a clone Cantor setand the clone map of A onto C shows that it has the same clopen invariantas C: Let � be the Radon-Nikodym derivative of the measure linear map ofA into C0: The image of a clopen B in A is a clopen in C 0 with � times themeasure of B: Using that the inverse of a bilipschitz map is bilipschitz, oneobtains the reverse relationship. �31



Then there are �nitely many possible images � 0(fB) by lemma (10.4). Wewill show that there are only �nitely many possibilities for the set � 0(fD);then the result follows.The ratio diam(D)=diam(B) is one of the �nitely many numbersdiam(A)=diam(C) for A a level-1 clone of C; and is thus bounded awayfrom 0: By lemma (10.3) diam(P 0) approximates diam(fB) which approx-imates diam(B) since f is bilipschitz. Let Q0 be the smallest clone ofC0 containing fD: Then diam(Q0) approximates diam(D) and so the ra-tio diam(Q0)=diam(P 0) approximates diam(D)=diam(B) and so is boundedaway from 0. Now diam(Q0)diam(P 0) = diam(� 0(Q0))diam(� 0(P 0))and � 0(P 0) = C0 hence diam(� 0Q0) is bounded away from 0:There are only �nitely many clones � 0Q0 in C0 which are this large. Ifwe map Q0 onto C0 by a clone map �, then �� 0(fD) is one of �nitely manypossibilities by lemma (10.4), and since there are only �nitely many possiblechoices for � there are only �nitely many possible sets � 0(fD): �The following is the basic result in this subject.Theorem 10.6. Suppose that C;C 0 are clone Cantor sets and that f is abilipschitz map of C onto a clopen subset of C0: Then there is a clopen A inC such that the restriction f jA of f to A is measure linear.Proof. Given a measurable subset A of C of positive measure de�ne themass ratio of A to be MR(A) = �C0(fA)�C(A) :This is the multiplicative factor by which f changes the mass of A: Since f isbilipschitz the mass ratio function is bounded above, let L be the supremum.We remark that MR(A [B) � maxfMR(A);MR(B)gand the inequality is strict unless the mass ratios are equal. Thus given� > 0 there is a clone A of C with MR(A) > L� �: We will show that for� small enough, that f jA is measure linear.Assertion. There is a �nite set S of real numbers such that for everypair of clones E � D of C with level(E) = level(D)+1 thenMR(E)=MR(D)is in S: 30



Proof. Since f is K-bilipschitz diam(fA) � K diam(A): Choose x in fAand y in C0 � fA minimizing the distance between x and y: If y is in C0 �fC then sep(fA) � sep(fC) and diam(fA) � diam(fC) so rel(fA) � �:Otherwise if y is in fC then,sep(fA) = dC0(x; y) � K�1dC(f�1x; f�1y) � K�1sep(A):Using lemma (10.2) we get that sep(fA) � K�1diam(A)�(C)�1: Hence ineither case rel(fA) � min K�1diam(A)�(C)�1K diam(A) ; �! � 
:Since P 0 is the smallest clone containing fA it follows that C0 is the smallestclone containing � 0fA thus diam(� 0(fA)) � �(C0): Since � 0 is a similarity,rel(� 0(fA)) � rel(fA) � 
; thussep(� 0(fA)) = rel(� 0(fA))diam(� 0(fA)) � 
�(C0) � �:Consider a clone B of C0 contained in � 0(fA) and not a proper subsetof any other clone contained in � 0(fA). We will call such a clone a maximalclone in � 0(fA): Let D be a clone containing B with level(D) = level(B)�1:There is a point y 2 D which is not in � 0(fA) for otherwise B would not bemaximal. Hence sep(� 0(fA)) � diam(D): Combining this with the previousinequality gives diam(D) � �: The argument of the last paragraph of lemma(10.2) again shows that level(D) is bounded and so there only a boundednumber of possibilities for B: This bound depends only on � and C0:Thus there is a bounded number of choices for the collection of maximalclones. By lemma (10.1) the clopen � 0(fA) is a �nite union of (maximal)clones, hence there are a bounded number of possibilities for � 0(fA): �Corollary 10.5. Given K > 1; � > 0 and clone Cantor sets C;C0 there isa �nite set S of positive real numbers with the following propery. Supposethat f is any K-bilipschitz map of C onto a clopen in C0; and suppose thatrel(fC) � �: If B is any clone of level n containing a clone D of level n+1in C then �C0(fD)=�C0(fB) is in S:Proof. Let P 0 be the smallest clone of C 0 containing fB and � 0 the clonemap of P 0 onto C0: Since � 0 is a similarity�C0(fD)�C0(fB) = �C0(� 0(fD))�C0 (� 0(fB)) :29



Proof. Let x; y be points in A and C � A of minimal distance apart andlet B be the smallest clone containing containing both of them. Let � bethe clone map taking B onto C; thus rel(�A) = rel(A): After replacing Aby �A we may assume that B = C and � is the identity.Now x; y are in di�erent level-1 clones by choice of B so dC(x; y) ��(C): Let D be the smallest clone properly containing A: Suppose thatdiam(D) < �: Then there every point in D�A is closer to A than x is to y;a contradiction. Thus diam(D) � � and there are only �nitely many clonesthis large, so that there is a bound on level(D): By choice of D we havelevel(A) = level(D) + 1 and so there are only �nitely many possibilities forA: Hence �(C) is the maximum of a �nite set. �The next result says that the smallest clone containing a given set hasapproximately the same diameter as that set.Lemma 10.3. Given a clone Cantor set C there is a constant �(C) withthe following property. Let X be any subset of C of positive diameter andlet A be the smallest clone of C containing X: Thendiam(X)� diam(A) � diam(X)�(C):Proof. Let � be the clone map sending A onto C: Then �(X) is not con-tained in any level-1 clone of C by de�nition ofA: Thus �(X) contains pointsin two di�erent level-1 clones of C; and so diam(�X)� �(C): Hencediam(A)diam(X) = diam(�A)diam(�X) � diam(C)�(C) :Taking �(C) = diam(C)�(C)�1 gives the result. �The clone structure of a clone Cantor set provides a natural way tomagnify phenomena, in particular a way to magnify subsets. Given a subset,A; of a clone Cantor set C there is some smallest clone, B; which contains A:Now B is a copy of C but linearly scaled down. The clone structure providesan identi�cation, � : B �! C; of B with C: Then �A is a magni�ed copyof A in C; in particular the diameter of �A is at least �: This technique isused to enlarge phenomena which happen on a very small scale.Lemma 10.4. Given K > 1; � > 0 and clone Cantor sets C;C0 there is aconstant M with the following property. Let f be any K-bilipschitz map ofC onto a clopen in C0; and suppose that rel(fC) � �: Let A be any clone ofC: If P 0 is the smallest clone of C 0 containing fA and � 0 is the clone maptaking P 0 onto C0 then there are at most M = M(C;C0; K; �) possibilitiesfor the image � 0(fA) as a subset of C0:28



minimum distance between A and its complement,sep(A) = inf fdC(x; y) : x 2 A; y 2 C �A g:By convention, sep(C) = 1: Recall that the diameter of a metric spaceis the supremum of the distance between points in the metric space. Nowde�ne the relative separation of A to be rel(A) = sep(A)=diam(A):We willmake frequent use of the minimum separation between level-1 clones:�(C) = minf sep(A) : A is a level-1 clone of C g:An �-cover of a metric space, X; is a cover by sets each of which has diameterat most �: Given a cover U = f Ui g of X and � > 0 de�neH�(U) =Xi [diam(Ui)]�:The Hausdor�-� outer measure of X is the limit as �! 0 of the inf H�(U�)where the in�mum is taken over all �-covers, U�; of X: We will assume thatthe Hausdor� measure �C of C in its Hausdor� dimension is �nite and notzero.A map f : (X; �X) �! (Y; �Y ) between measure spaces is called measurelinear if there is a constant K > 0 such that for every measurable set A in Xwe have �Y (fA) = K�X(A): In other words, the Radon-Nikodym derivativeof f is K everywhere. We also describe this by saying that the map is linearat the level of measure theory. A similarity map between metric spaces ismeasure linear for Hausdor� measures, thus in particular clone maps aremeasure linear. Similarly the notion of bilipschitz at the level of measuretheory may be de�ned. Let f be a bilipschitz homeomorphism between twosuch Cantor sets with bilipschitz constant K: Then f is K�-bilipschitz for�-dimensional Hausdor� measure. It follows that the two Cantor sets havethe same Hausdor� dimension.We will use the term approximates to mean that the ratio of two numbersis bounded away from 0 and 1 by numbers depending only on certainconstants.The following says that the separation of a clone approximates its diam-eter.Lemma 10.2. Given a clone Cantor set C there is a constant �(C) > 1such that for every clone A of C with A 6= C we have�(C)�1 � rel(A) � �(C):27



linear self-similarity structure. There is a further generalization to a muchwider class of Cantor set, where the self-similarity structure is smooth ratherthan linear. This will not be dealt with here.The main result is Theorem (10.6) which states that every bilipschitzhomeomorphism between two Cantor sets of the type we consider has con-stant Radon-Nikodym derivative on some clopen. The reason is, roughlyspeaking, that a bilipschitz map only permits a limited amount of metricdistortion. The self-similar bumpiness of a Cantor set forces non-linearityto come in discrete amounts. Thus a �nite number of discrete distortionsexhausts the amount of metric distortion possible. Actually, this argumentshould be made at the level of Hausdor� measure rather than at the levelof the metric.The main ideas are already in [CP], except that there the topologicalproperties of the real line are heavily used. This obstacle was overcome in[Vu1] with the introduction of separation de�ned below.Cantor SetsA map f : X �! Y between metric spaces is called a similarity map if thereis a constant K > 0 such that dY (fx1; fx2) = K dX(x1; x2) for all x1; x2in X: Consider a Cantor set C equipped with a metric dC then a clonestructure on C is the following data. Let A1; A2; � � � ; An be a partition ofC into clopens and for each Ai let �i be a similarity map of Ai onto C. Wewill call such a Cantor set a clone Cantor set.Any composition of the maps �i is called a clone map, (we include theidentity map as a clone map) thus the set of clone maps forms a semi-group.A clone of C is the pre-image of C under a clone map. Thus C and eachof the Ai are clones. More generally any pre-image of a clone under a clonemap is also a clone. For every clone there is a clone map sending the cloneonto C: The clone structure is not unique, since one may replace any cloneby �nitely many clones which partition it. The level of a clone is de�nedinductively. The clone C is level 0; and a clone has level n if the smallestclone properly containing it has level n � 1:Two clones are either disjoint or else one is a subset of the other. Thusone may construct a tree where the vertices are clones and there is an edgebetween a clone of level n and any clone of level n+ 1 that it meets (hencecontains.)Lemma 10.1. Every clopen is a �nite union of clones.Given a subset A of a Cantor set C de�ne the separation of A to be the26



of a cocompact lattice in any (real, p-adic, or product of real and p-adic)semisimple Lie group. The reason is that BS(1; n) contains an in�nitelygenerated rank 1 abelian group Q, namely the kernel of the homomorphismBS(1; n)! Z taking a! 1, b! 0. The translation number of any g 2 G isde�ned to be �g = infx2X d(x; g(x)). The number �g is bounded away fromzero as g ranges over the in�nite order elements of G, and �gn = n�g. If Qwere a subgroup of G, then Q would have elements with nonzero translationnumbers arbitrarily close to zero, a contradiction.We should note that, at least for prime p, BS(1; p) in some sense exhibitsa mixture of real and p-adic behaviour as follows: BS(1; p) is an in�nite in-dex subgroup of GL(2;Z[1=p]), which is a discrete subgroup of GL(2;R)�GL(2;Qp) via the representation M 7! (M;M). The group PGL(2;R) �PGL(2;Qp) acts transitively by isometries on H2 � T , where T is theBruhat-Tits tree for PGL(2;Qp) (see [Se]). Furthermore, PGL(2;Z[1=p])acts properly discontinuously and isometrically with co�nite volume (butnot cocompactly) on H2� T [Se]. By restriction we then obtain an isomet-ric, properly discontinuous action of BS(1; p) on H2 � T . This action hasin�nite covolume (as it must by the above comments).10 Appendix: Bilipschitz homeomorphisms of Self-Similar Cantor Sets by D. CooperIntroductionThe study of properties of a metric space which are preserved by bilipschitzhomeomorphism occurs in the study of groups via a word metric. It wasalso studied in [CP] for a certain type of Cantor set embedded in the realline. The Cantor sets concerned are mild generalizations of the originalmiddle-third Cantor set. This Cantor set has the basic property that it isthe union of two exact copies of itself each scaled down in size by a factor of1=3: The generalization allows �nitely many linear scale factors. It is easy tosee that the Hausdor� dimension of this type of Cantor set depends only onthese scale factors. Now a bilipschitz homeomorphism preserves Hausdor�dimension, and so a natural question is what, if any, further invariants otherthan Hausdor� dimension are there. An almost complete answer was givenin [CP], using invariants derived from the Hausdor� measure. This workwas generalized to analogous Cantor sets in Euclidean space of dimensionn by H. Vuong in his thesis, [Vu1], [Vu2]. In this section, we generalize ina di�erent direction to abstract metric Cantor sets which possess a certain25



we have that f is a quasi-isometry. It is clear that f` = � and fu = �,proving that QI(BS(1; n)) maps onto Bilip(R)� Bilip(Qn).To show that the map is injective, given a quasi-isometry f : Xn ! Xn,suppose that f` is the identity on @`Xn and fu is the identity on @uXn. Itfollows that for each hyperbolic plane Q � Xn, f(Q) is a bounded Hausdor�distance from Q, and so we obtain a horocycle preserving quasi-isometryfrom H2 to itself de�ned as the compositionH2 ��1n�! Q f�! Xn ! Q �n�!H2where Xn ! Q is the closest point projection. The quasi-isometry constantsof this map depend only on those of f . This quasi-isometry ofH2 is thereforea bounded distance from a quasi-isometry of the form (x; y)! (f`(x); yeT) =(x; yeT ) for some constant T = T (Q). As remarked earlier, if [a; b] is thesmallest interval containing the bilipschitz constants for f`, then the interval[a=eT ; b=eT ] is bounded above and below by positive constants dependingonly on the quasi-isometry constants of f . In the present situation wherea = b = 1, it follows that T = T (Q) is bounded independent of Q. Thedistance between (x; yeT) and (x; y) is therefore bounded, and it followsthat f is a bounded distance from the identity map in the sup norm. �Remark. The quasi-isometry group QI(G) has a natural topological groupstructure, and it can be proved that the isomorphismQI(BS(1; n)) � Bilip(R)� Bilip(Qn)is an isomorphism of topological groups.9 Is BS(1; n) a lattice?Here is an easy argument to show that BS(1; n) is not a lattice in any 1-connected solvable real Lie group S. If it were then it must be cocompactsince all lattices in a solvable Lie group are cocompact. Since S is simplyconnected it is actually contractible (the matrix exponential map is a di�eo-morphism), hence �nS would be a K(�; 1) space. But BS(1; n) has (virtual)cohomological dimension 2, hence S would have to be two-dimensional. Butthe only connected two-dimensional (real) solvable Lie group admitting alattice is R2, which gives a contradiction since BS(1; n); n � 2 is not abelian.We also know that BS(1; n) is not a subgroup of any group G actingproperly discontinuously and cocompactly on any space X which is nonpos-itively curved in the CAT(0) sense. In particular BS(1; n) is not a subgroup24



� f induces a one-to-one correspondence between elements of CX andCY .� f restricts to a L-quasi-isometry between corresponding elements ofCX and CY .Then f : X ! Y is a C-quasi-isometry.We leave the proof of the Rubber Band Principle as an easy exercise.Proof of Theorem 8.1. Choosing a base point of Xn induces mapsQI(Xn) 7! Bilip(@`Xn) � Bilip(R)f 7! f`and QI(Xn) 7! Bilip(@uXn) � Bilip(Qn)f 7! fuThese two maps are obviously homomorphisms, and so we obtain a homo-morphism QI(Xn)! Bilip(@`Xn)� Bilip(@uXn).To show that the map is onto, consider � 2 Bilip(@`Xn), � 2 Bilip(@uXn).Choose a constant T 2 R so that d(�(Q); �(Q0)) � eTd(Q;Q0) for allQ;Q0 2 @uXn. Given Q 2 @uXn, de�ne the map fQ : Q ! Q0 = �(Q)to be the composition Q �n�!H2 ���T���!H2 ��1n�! Q0where (���T )(x; y) = (�(x); �T(y)) = (�(x); ye�T ). Note that fQ is a quasi-isometry from Q to Q0, with constants that are independent of Q. GivenQ1; Q2 2 @u(Xn), we shall show that the maps fi = fQi agree on the overlapQ1 \Q2. Let � = @(Q1\Q2) and let �0 = @(Q01\Q02). By the choice of T itfollows that h(�0)� h(�) = � log(d(�(Q01); �(Q02))) + log(d(Q1; Q2)) � �T ,and so h(�0) � h(�)�T . It follows that if x 2 Q1\Q2 then h(x) � h(�) andhence h(f1(x)) = h(f2(x)) � h(�0), so f1(x) and f2(x) both lie in Q01 \ Q02.But the points f1(x); f2(x) are both taken by �n to the same point of H2,and �n is 1� 1 on Q01 \ Q02, and so it follows that f1(x) = f2(x).We may now paste together the maps fQ, as Q ranges over @u(Xn), toget a map f : Xn ! Xn. This map is a quasi-isometry on each hyperbolicplane Q, with constants independent of Q. By the Rubber Band Principleapplied to the collection of isometrically embedded hyperbolic planes in Xn,23



subset of Qn is contained in some clone C(a; I) of Zn. The clone C(a; I) isisometric to Zn with its metric scaled by n�I . Thus, multiplying the metricon fu(Zm) by nI , we obtain a bilipschitz embedding Zm ! Zn.The proof of Theorem 7.1 is completed by applying the following theo-rem, whose proof is found in the appendix as Corollary 10.11:Theorem 7.2 (D. Cooper). For integers m;n � 2, if there is a bilipschitzembedding Zm ! Zn then there exist integers r; j; k > 0 such that m =rj ; n = rk. �8 The quasi-isometry groupGiven a metric space X , the quasi-isometry group QI(X) is de�ned as fol-lows. De�ne an equivalence relation on quasi-isometries where f � g if f andg have bounded distance in the sup norm. Let QI(X) be the set of equiv-alence classes of quasi-isometries from X to itself. Composition of quasi-isometries gives a well-de�ned group structure on QI(X). A quasi-isometrybetween two metric spaces induces an isomorphism between quasi-isometrygroups. In particular, QI(BS(1; n)) � QI(Xn).Let Bilip(Y ) be the group of bilipschitz homeomorphisms of a metricspace Y .Theorem 8.1 (Quasi-isometry group). QI(BS(1; n)) is isomorphic toBilip(R)� Bilip(Qn):Before proving this theorem we need to state a basic principle, dubbedthe \rubber band principle" by Rich Schwartz. The trivial but useful ideais that if one takes any size chain of rubber bands connecting two distantpoints, and if each rubber band is stretched by a factor of at most K, thenthe whole chain is stretched by at most a factor of K.Lemma 8.2 (Rubber Band Principle). For all L;M > 0, there existsC > 0 so that the following holds: Suppose X and Y are path metric spacesand f : X ! Y is a map. Suppose that there are collections of isometricallyembedded subspaces CX of X and CY of Y satisfying:� Any two points in X can be connected by an M -quasigeodesic whichis a concatenation of a �nite number of subpaths, each lying in anelement of CX; similarly for Y .22



However, f1(x; y) = f2(x; y) and sojT1 � T2j = d�(f`(x); yeT1); (f`(x); yeT2)� � 2R1proving the claim.To prove Theorem 6.1, consider hyperbolic planes Q1; Q2 2 @u(Xm) andQ0i = fu(Qi) 2 @u(Xn). Let � = @(Q1 \ Q2) and let �0 = @(Q01 \ Q02). Wemust show thatlog(d(Q01; Q02))� log(d(Q1; Q2)) = �h(�0) + h(�)is bounded above and below by constants that depend only on f , not on Q1and Q2. For each p 2 �, it follows from Lemma 5.1 that jh(�0)� h(f(p))j isbounded depending only on K;C. Also, the second claim above shows thatjh(f(p)) � h(�) � T j is bounded depending only on K;C. It follows thatjh(�0)� h(�)� T j is bounded, �nishing the proof of the theorem. �7 Proof of main theoremRecall the statement:Theorem 7.1 (Quasi-isometric i� commensurable). For integersm;n � 2, the groups BS(1; m) and BS(1; n) are quasi-isometric if and onlyif they are commensurable. This happens if and only if there exist integersr; j; k > 0 such that m = rj and n = rk.Proof. The group BS(1; m) = ha; b �� aba�1 = bmi has a �nite index sub-group isomorphic to BS(1; mI), generated by aI ; b. This subgroup is thekernel of the homomorphism BS(1; m) ! Z=IZ taking a ! 1; b ! 0, andso the index equals I . The groups BS(1; rj) and BS(1; rk) are thereforecommensurable, and hence quasi-isometric.If BS(1; m) and BS(1; n) are quasi-isometric, then by the observationof Svarc-Milnor there is a quasi-isometry f : Xm ! Xn. By Theorem 6.1,f induces a map fu : Qm � @uXm ! @uXn � Qn which is a bilipschitzhomeomorphism.The n-adic integers Zn are de�ned to be the subset of Qn consisting ofall (ai) 2 Qn where ai = 0 for i < 0. Given a 2 f0; : : : ; n� 1g and I 2 Z,the set C(a; I) = f(bi) 2 Qn �� bi = 0 if i < I; bI = agis called a clone of Zn. Noting thatZm has diameter 1 in Qm, it follows thatthe set fu(Zm) has bounded diameter in Qn. But every bounded diameter21



Proof. We have already proved this for f`. Let K;C be quasi-isometryconstants for f . There exists a unique map �j : Xj ! H2 satisfying thefollowing properties:� �j takes horocycles to horocycles.� �j is an isometry when restricted to each hyperbolic plane in Xj .� �j is normalized to take the base point ofXj to the point (x; y) = (0; 1).For each hyperbolic plane Q � Xm de�ne the map fQ : H2 !H2 to bethe composition H2 ��1m�! Q f�! Xn �n�!H2:Claim 6.2. The map fQ is at most a distance R1 = R1(K;C) in the supnorm from a map of the form (x; y)! (f`(x); yeTQ), where the translationconstant TQ depends ostensibly on Q.To prove the claim, de�ne f̂Q to be the compositionH2 ��1m�! Q f�! Xn ! Q0 = fu(Q) �n�! H2where the map Xn ! Q0 is the closest point projection. By Proposition4.1 the maps fQ and f̂Q are at bounded distance in the sup norm. ByLemma 5.1 the map f̂Q coarsely preserves horocycles. By Proposition 5.3the map f̂Q is a bounded distance in the sup norm from a map of the form(x; y) ! (f`(x); yeTQ). All the distances in this argument depend only onK;C, proving the claim.We can remove the dependence of the translation constant on Q, usingthe fact that any two hyperbolic planes intersect below some horocycle, andon that region of intersection the translation constants must nearly agree.More formally:Claim 6.3. There exists T 2 R (depending on f) and R2 � 0 (dependingonly on K;C) such that for each hyperbolic plane Q � Xm, the map fQ isat most a distance R2 in the sup norm from the map(x; y)! (f`(x); yeT)To prove this claim, set f i = fQi and Ti = TQi , and it su�ces to bound��T1 � T2�� independent of the hyperbolic planes Q1; Q2. Choose a pointP 2 Q1 \Q2, and let (x; y) = �m(P ). By the previous claim, for i = 1; 2 wehave d(f i(x; y); (f`(x); yeTi)) � R120



Metric on @uXnGiven hyperbolic planes Q1; Q2 2 @uXn, de�ne the distance between themto be d(Q1; Q2) = e�h(�) = n�k , where the horocycle � = @(Q1 \ Q2) hascombinatorial height k. We leave the reader to check that this de�nes alocally compact metric on @uXn. In fact the metric d is an ultrametric, alsocalled a nonarchimedean metric, in other words a metric satisfying d(x; z) �maxfd(x; y); d(y; z)g for any x; y; z 2 @uXn.Note that @uXn is isometric to the n-adic rational numbers Qn with theusual n-adic metric. This is the space of all bi-in�nite sequences of the form(ai) where ai 2 f0; : : : ; n � 1g for i 2 Z, and ai = 0 for i su�ciently closeto �1. In number theory one thinks of (ai) as the in�nite series Pi aini(although this is usually only studied when n is a prime). The distancebetween two distinct n-adic rational numbers (ai); (bi) 2 Qn is equal to n�I ,where I is the largest integer such that ai = bi for all i � I . The isometrybetween @uXn and Qn can be exhibited by choosing, for each vertex v 2 Tn,a bijective labelling of the set of outgoing edges at v by elements of the setf0; : : : ; n � 1g, thereby assigning a label sequence (ai) to each coherentlyoriented line in Tn. The labelling must be chosen so that some coherent linehas a label sequence of all zeroes.Lower boundaryWe de�ne the lower boundary ofXn, denoted @`Xn, to be the common line atin�nity of any two hyperbolic planes in Xn. That is, given hyperbolic planesQ1; Q2 � Xn, the inclusions Q1\Q2 � Qi, i = 1; 2 induce a bijection @`Q1 �@`Q2. Moreover, for any three hyperbolic planes we obtain a commutativetriangle @`Q1 � @`Q2 � @`Q3 � @`Q1:We may therefore de�ne @`Xn by pairwise identifying @`Q for all hyperbolicplanes Q � Xn. The choice of a height function on Xn determines a spe-ci�c isometry between Q and the upper half plane, taking the height zerohorocycle on Q to the horocycle y = 1. This identi�cation determines aspeci�c Euclidean metric on @`Q, and these metrics all agree, thereby de�n-ing a Euclidean metric on @`Xn. A quasi-isometry f : Xm ! Xn induces awell-de�ned map f` : @`Xm ! @`Xn, as the reader may easily check.Theorem 6.1 (Boundary maps are bilipschitz). If f : Xm ! Xn is aquasi-isometry, then the induced maps f` : @`Xm ! @`Xn and fu : @uXm !@uXn are bilipschitz. 19



The above inequalities also show that for any horocycle y = s0, settings1 = s00 we have 1E6eT � s1s0 � E6eTand so log(s0) + T � log(E6) � log(s1) � log(s0) + T + log(E6):For any point P = (x0; y0) in the upper half plane, we know that thepoint f(P ) lies in the A-neighborhood of the horocycle y = y00. The pointf(P ) also lies in a certain bounded neighborhood of the geodesic x = f`(x0)where the bound depends only on K;C. It follows that d(f(P ); (f`(x0); y00))is bounded above by a constant depending only on K;C;A. From the aboveinequality with s0 = y0, s1 = y00 it also follows thatd((f`(x0); y00); (f`(x0); y0eT )) � j log(E6)jcompleting the proof of the proposition. �Remark. It is easy to see that for any bilipschitz homeomorphism � : R!R and any T 2 R, the map (x; y)! (�(x); yeT) is a quasi-isometry of H2.Proposition 5.3 therefore characterizes quasi-isometries that take horocyclesbased at 1 to bounded neighborhoods of horocycles based at 1.6 The upper and lower boundaries of XnWe have de�ned the upper boundary @uXn and the map on upper bound-aries induced by a quasi-isometry. We now de�ne a metric on @uXn, andwe study how the induced map acts on that metric.Height functionChoose once and for all a height function on Tn, that is a continuous functionh : Tn ! R which maps each oriented edge E � Tn homeomorphically to anoriented interval in R of length log(n). We obtain by composition a heightfunction Xn ��! Tn h�! R also denoted h. The choices in the de�nition ofh may be �xed by requiring that the base point of Xn map to the origin ofR, and by requiring that for each edge E � Tn, the map h �� ��1(E) is anisometry on each vertical geodesic segment. We assume that the base pointof Xn lies on a branching horocycle, and hence for each branching horocycle� � Xn we have h(�) = k log(n) for some integer k called the combinatorialheight of �. 18



As a �rst application of the lemma we show that f` is lipschitz in thelarge. Given a horocycle y = s0, choose l0 su�ciently large so that l0=s0 �D. For any p0 < q0 2 R such that jp0 � q0j � l0, the �rst inequality ofLemma 5.4 applies to the rectangle R = [p0; q0] � [0; s0]. Setting s1 = s00,p1 = f`(p0), q1 = f`(q0), and l1 = jp1 � q1j we therefore havel1l0 � Es1s0Fixing the horocycle y = s0 and its coarse image y = s1, we have shown thatf` is lipschitz in the large: if jp�qj � l0 then jf`(p)�f`(q)j � (Es1=s0)jp�qj.To show that f` is lipschitz, consider � < � 2 R with m = j� � �j < l0.Choose the points p0; q0 so that p0 < �; � < q0 and l0 = q0 � p0. Choosea horocycle y = r so close to the line at in�nity that the rectangle R =[�; �] � [0; r] has eccentricity m=r � D, and hence the �rst inequality ofLemma 5.4 applies. Setting m0 = jf`(�)� f`(�)j we therefore havem0m � Er0rNow we �nd an upper bound for r0=r. We know that r0 ! 0 as r ! 0, andso we may choose r so close to zero that l1=r0 � D. The second inequalityof Lemma 5.4 therefore applies with p = p0, q = q0, and s = r, and we have1E r0r � l1l0and so m0m � E2 l1l0 � E3s1s0proving that f` is lipschitz.A similar argument using the coarse inverse of f givesmm0 � E3s0s1and so 1E3s1=s0 � m0m � E3s1=s0Fixing, say, s0 = 1 and letting T = log(s1), we have1E3eT � m0m � E3eTproving that f` is bilipschitz. 17
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)) + 2Band by choosing ecc(R) � K(2B + C) we haveLength(�) � 2 � Length(f(
))and therefore 12 Length(�) � K � ecc(R) + C:By further choosing ecc(R) � C we obtainLength(�) � 2(K + 1) ecc(R):By projecting � straight upward to the horocycle y = s0eA we obtainLength(�) � l0s0eA = ecc(R0)e�Aand thus ecc(R0) � 2(K + 1)eA ecc(R):The same argument using the coarse inverse of f shows that if ecc(R0) hasthe same lower bounds as ecc(R) thenecc(R) � 2(K + 1)eA ecc(R0)proving the lemma. �16



coarse inverse of f . Also, by changing the value of A we may assume thatthere is a bijective \Euclidean height transformation" s $ s0 such that foreach horocycle � = fy = sg, setting �0 = �f (�) = fy = s0g, we havedH(f(�); �0) � A and similarly for a coarse inverse of f . The new values ofK;C;A needed to acheive these e�ects depend only on the old values.We shall also need the fact that lims!0 s0 = 0.Consider a rectangle of the form R = [p; q]�[0; s]. De�ne the eccentricityof R to be ecc(R) = width(R)=height(R) = jp � qj=s. The next lemmadescribes how eccentricity is distorted by f . The quasi-image of R under fis de�ned to be the rectangle R0 = [p0; q0]� [0; s0] where p0 = f`(p); q0 = f`(q).Lemma 5.4 (Eccentricity is quasi-preserved). There exist constantsD �0 depending only on K;C;A and E � 1 depending on K;A, both indepen-dent of f , such that for any rectangle R = [p; q] � [0; s] with quasi-imageR0 = [p0; q0]� [0; s], if ecc(R) � D thenecc(R0) � E � ecc(R)and if ecc(R0) � D then 1E ecc(R) � ecc(R0)Proof. Since f preserves 1, each vertical geodesic x = a maps to a neigh-borhood of another vertical geodesic x = a0, where the size of the neigh-borhood depends only on K and C. It follows that there is a constantB = B(K;C) such that each point on the image of x = a is connected to apoint of x = a0 by a horocyclic segment of length at most B.Let l = jp� qj, let 
 = Top(R) = [p; q]� s, and note that Length(
) =l=s = ecc(R). Similarly, Length(
 0) = l0=s0 = ecc(R0), where l0 = jp0 � q0jand 
0 = Top(R0) = [p0; q0] � s0. We need to compare the lengths of 
 and
0 (see Figure 3).Consider the path f(
), which lies below the horocycle y = s0eA, andwhose endpoints are connected to the vertical geodesics x = p0 and x = q0by horocyclic segments of length at most B. Concatenating f(
) with thesetwo horocyclic segments we obtain a path �. From Lemma 2.1 we have1K � Length(
)� C � Length(f(
)) � K � Length(
) + Cand so 1K � ecc(R)� C � Length(f(
)) � K � ecc(R) + C:15



Corollary 5.2. Given K;C there exist constants K0; C0; A such that foreach (K;C)-quasi-isometry f : Xm ! Xn and each Q 2 @u(Xm); Q0 =fu(Q) 2 @u(Xn), the map fQ : Q ! Q0 is a (K 0; C0)-quasi-isometry of hy-perbolic planes, and for each horocycle � � Q there is a horocycle �0 � Q0such that dH(fQ(�); �0) � A.Horocycle preserving quasi-isometries of the upper half-planeConsider a quasi-isometry f : H2 ! H2 which �xes 1 in the upper half-space model. The induced boundary map f` : R ! R is quasi-symmetric,but typically this boundary map will not be bilipschitz. The following propo-sition explains under what circumstances f` is bilipschitz. In the next sectionwe will see that this kind of improvement in the quality of f` imposes strongrestrictions on quasi-isometries Xm ! Xn.Recall that forH2 we use the upper half plane model with metric (dx2+dy2)=y2.Proposition 5.3 ((bilipschitz)�(translation)). For each K � 1; C �0; A � 0 there exists D � 0 satisfying the following. Given a (K;C) quasi-isometry f : H2 ! H2 which preserves the point 1, suppose that for eachhorocycle � based at 1, there is a horocycle �0 = �f (�) based at 1 such thatdH(f(�); �0) � A. Then the induced boundary map f` : R! R is bilipschitz.Moreover there exists a real number T such d(f(x; y); (f`(x); yeT )) � D forall (x; y) 2H2.In other words, the map f is a bounded distance in the sup norm froma map of the form (bilipschitz)�(translation), where the bilipschitz mapacts on the line at in�nity and by translation we mean a translation of the\hyperbolic height" parameter log(y).Remark. The sup norm bound D depends only on K;C;A, but the bilips-chitz constant for f` and the translation constant T can depend on f in addi-tion to K;C;A. For example, take f to be any homothety (x; y)! (sx; sy),s > 0. However, the proof of Proposition 5.3 will exhibit the following re-lation: if [a; b] � R is the \bilipschitz norm" of f`, i.e. the smallest intervalsuch that ajx � yj � jf`(x) � f`(y)j � bjx � yj for all x; y 2 R, then theinterval of ratios [a=eT ; b=eT ] has bounded size depending only on K;C;A.In other words, f is a \quasi-homothety".Proof of Proposition 5.3. By changing the values of K;C we may as-sume that K;C are Lipschitz quasi-isometry constants for both f and a14



Proof. Clearly we may assume that h is a branching horocycle. The ideaof the proof is that h is the boundary of the closeness set of two hyperbolicplanes, but closeness sets and their boundaries are coarsely preserved byquasi-isometries.Let Q1; Q2 � Xm be the hyperbolic planes such that h = @(Q1 \ Q2).By Proposition 4.1, we have hyperbolic planes Q0i = fu(Qi), i = 1; 2 inXn, satisfying dH(f(Qi); Q0i) � A for some A = A(K;C). We also have abranching horocycle h0 = �f (h) = @(Q01 \Q02) in Xn.Choose x 2 h. We must show that x0 = f(x) is close to h0. The setXn � h0 has n+ 1 components. The component intersecting Q01 \Q02 is saidto be below h0, and the remaining n components are above h0.Case 1: x0 is above h0It follows that h0 separates x0 from Q01 \Q02, and hence d(x0; h0) � d(x0; Q01\Q02) � A.Case 2: x0 is below h0Choose a point y 2 Q1�Q2 such that d(y; x) = d(y;Q2) = D = 2K(A+C).The point y0 = f(y) satis�es: d(y0; Q01) � Aand d(y0; Q02) � DK � CIf y0 is below h0, then the point on Q01 closest to y0 is also in Q02, and sod(y0; Q02) = d(y0; Q01) � A = D=2K � C < D=K � C, a contradiction.It follows that y0 is above h0, and so h0 separates x0 and y0. Therefored(x0; h0) � d(x0; y0) � Kd(x; y) + C = 2K2(A+ C) + C.This shows that f(h) lies in a bounded neighborhood of h0. Applyinga similar argument to the coarse inverse of f , we conclude that h0 lies in abounded neighborhood of f(h). The bounds clearly depend only on K;Cand on A, which in turn depends only on K;C by Proposition 4.1. �Consider a (K;C) quasi-isometry f : Xm ! Xn, a hyperbolic planeQ � Xm, and the hyperbolic plane Q0 = fu(Q) � Xn. Let fQ : Q ! Q0be the composition of f with the closest point projection to Q0. SincedH(f(Q); Q0) � A it follows that the closest point projection stretches dis-tances by at most a factor depending on A. Applying the preceding lemmawe have: 13



doubled horoball B1 [ B2 does not satisfy the fellow traveller property: bychoosing two points x; y 2 B1 \ B2 su�ciently far apart, the two geodesicsconnecting x; y in B1 and in B2 can be made to have arbitrarily large Haus-dor� distance in B1 [B2.This completes the proof of Proposition 4.1. �5 Horocycles in XnThe results of Proposition 4.1 motivate the following de�nitions. We de-�ne the upper boundary of Xn, denoted @uXn, to be the set of hyperbolicplanes in Xn. Note that two distinct hyperbolic planes in Xn are an in�-nite Hausdor� distance from each other. Combining this fact with Propo-sition 4.1, it follows that any quasi-isometry f : Xm ! Xn induces a mapfu : @uXm ! @uXn, characterized as follows: for each Q 2 @uXm we havedH(f(Q); fu(Q)) <1, where the bound depends only on the quasi-isometryconstants of f .In this section we use the map fu to investigate how horocycles behaveunder a quasi-isometry f : Xm ! Xn. This information is used in turn tofurther pin down the structure of f .Quasi-isometries preserve horocycles.Given a quasi-isometry f : Xm ! Xn, de�ne an induced map �f from the setof horocycles ofXm to the set of horocycles ofXn, as follows. Consider �rst abranching horocycle in Xm, one of the form � = ��1(vertex) for some vertexin Tn. There exist hyperbolic planes Q1; Q2 � Xm such that � = @(Q1\Q2).Let Q0i = fu(Qi) for i = 1; 2. Let �0 = @(Q01 \Q02), a branching horocycle inXn. Then we de�ne �f (�) = �0. For any nonbranching horocycle � � Xn,de�ne �f (�) to be the same as �f (�1) where �1 is the closest branchinghorocycle above �. Note that if f : Xm ! Xn is a coarse inverse for f then(�f )�1 = �f when restricted to the set of branching horocycles.Although �f is only a set map, the next lemma explains the geometricsigni�cance of �f .Lemma 5.1 (Horocycles are coarsely preserved). Given K � 1; C �0, there exists a constant � � 0 so that if f : Xm ! Xn is a (K;C) quasi-isometry, then for each horocycle h � Xm we havedH(f(h); �f(h)) � �12



γ1 γ2

E0Figure 2: An example of En with n = 2. If En+1 does not contain anedge path of length 2n + 3 centered on E0, then one of 
1 or 
2 misses U ,because they both miss any edge E 0 which intersects En at a vertex lyingat distance less than n from E0, and at least one of them misses any edgewhich intersects En at a vertex lying at distance exactly n from E0.of the two paths 
1; 
2 would be disjoint from U (see Figure 2). Suppose
1 is disjoint from U . For each edge E 0 that 
1 pierces, there exists a pointv 2 E 0 such that ��1(v) 6� �(H2), and we may assume that 
1 pierces E0at v. We may then lift 
1 to a path in R3 that misses �(H2) and connectsC to C 0, a contradiction.By induction there is a bi-in�nite path L � S1i=0Ei � U , and so��1(L) � �(H2), �nishing the proof of step 1.Step 2. �(H2) is Hausdor� close to the plane Q = ��1(L).The (K;C) quasi-isometric embedding � has a coarse inverse  : �(H2)!H2. The map  is a quasi-isometry with constants depending only on K;C.Applying the Packing Theorem (Proposition 4.3) to the restriction of  toQ gives a constant K 0 = K 0(K;C) so that nbhdK0( (Q)) � H2. It followsthat �(H2) � nbhdKK0+C0(Q). Step 1 showed that Q � �(H2), and hencethe Hausdor� distance between Q and �(H2) is at most KK 0 + C.Step 3. Q is a hyperbolic plane.Since Q = ��1(L) for some line L in T , it follows that the plane Q ismetrically either a hyperbolic plane or a doubled horoball. By step 2, Qis quasi-isometric to H2. But it is well-known that a doubled horoball isnot quasi-isometric to H2 (see e.g. [ECH+] Figure 7.8). For example, thehyperbolic plane satis�es the \fellow traveller property", a quasi-isometryinvariant that says: for each K � 0 there exists D � 0 such that twoK-quasigeodesics with the same endpoints are D-Hausdor� close. But a11



hyperbolic plane or a doubled horoball in X , and in either case @C is totallygeodesic in X , in that the induced metric from X and path metric on @Care the same. In fact, the embedding � : T ! R2 can be chosen so that each@C is a doubled horoball.Choose a homeomorphism from C = C [ @C to @C � [0;1). Usingthis product decomposition of C, we may de�ne the metric on C to be theproduct of the metric on @C (as a totally geodesic subset of X) and theusual metric on [0;1). This de�nes a path metric on C for each componentC of R3�X . These path metrics agree where they meet along X , so pastingthem together gives a geodesic metric d on all of R3. In this metric, theembedding X ,! (R3; d) is totally geodesic, meaning that for any geodesicin (R3; d) whose endpoints lie in X , the entire geodesic lies in X .The metric space (R3; d) is uniformly contractible: any ball B � (R3; d)with B \X 6= ; admits a deformation retraction B � [0; 1]! B such thatB � 1 ! B \ X ; and furthermore X is uniformly contractible because itadmits a cocompact isometric group action. If B \ X = ; then B admitssuch a deformation into a (uniformly contractible) copy @C�fxg, x 2 (0;1)of @C.Consider the lipschitz quasi-isometric embedding � : H2 ! X . Com-posing this with the isometric embedding X ! (R3; d), we may regard �as a lipschitz quasi-isometric embedding H2 ��! (R3; d). Applying CoarseSeparation (Proposition 4.2), we know R3��(H2) has at least two compo-nents. Since �(H2) � X , it follows that there are at least two componentsC;C0 of R3 � X which are separated by �(H2). There exists a �nite se-quence of components C = C0; : : : ; CJ = C0 of R3 �X such that Cj�1; Cjare adjacent, meaning that Cj�1 \Cj = ��1(Ej) for some closed edge Ej ofT . Without loss of generality, we may therefore choose C;C0 to be adjacent,with C \ C0 = ��1(E0).Let U be the union of all edges E � T such that ��1(E) � �(H2). Notethat E0 � U , for otherwise there would be a path from C to C0 piercingX in a single point lying in ��1(E0)� �(H2), contradicting that C;C0 areseparated by �(H2).Let En be the union of all edge paths in T that start with E0, arecontained in U , and consist of at most n+1 edges. We assume by inductionthat En contains an edge path consisting of 2n + 1 edges centered on E0.Let 
 be the boundary of a regular neighborhood of En in R2, and write
 = 
1 � 
2, where 
1; 
2 meet at a transversal to the midpoint of E0 (seeFigure 2).The next step of the induction says that En+1 contains an edge pathconsisting of 2n + 3 edges centered on E0. If this were not true, then one10



Proposition 4.2 (Coarse Separation Theorem). Suppose � : H2 ! Yis a lipschitz K-quasi-isometric embedding of H2 into a uniformly con-tractible Riemannian manifold Y di�eomorphic to R3. Then Y � �(H2)has at least two components.Remark. This is an immediate consequence of the general Coarse Sepa-ration Theorem given as Theorem 5.2 of [FS], or more precisely from thelipschitz version of that theorem given in Section 5 of [FS]. To apply The-orem 5.2 of [FS], one uses the fact that H2 is uniformly contractible, andhas an \expanding sphere", namely the r-spheres for r > 0.The following is a metrical version of invariance of domain:Proposition 4.3 (Packing Theorem). Suppose that J is di�eomorphicto Rn and is uniformly contractible, and � : J ! J is a K-quasi-isometricembedding. Then nbhdK0(�(J)) = J for some K 0 depending only on the pair(K; J).A short proof of the packing theorem is given as Lemma 8.2 in [EF]. Adi�erent proof (assuming more hypotheses) is given in Section 5 of [FS].Proof of Proposition 4.1. LetX = Xn, and let � : X ! T be the naturalprojection to the tree T = Tn. The proof of Proposition 4.1 is divided intoseveral steps.Step 1. There exists a proper line L � T such that the plane Q = ��1(L)is contained in �(H2).We will adjust the given setup to a situation in which Coarse Separation(Proposition 4.2) can be applied.To start with, let � : T ! R2 be any proper embedding. For example,if S is a cusped hyperbolic surface of su�ciently large topological type,then S has a spine � which is a rose of valence at least as large as thevalence of all vertices in T , and then there is a proper embedding of T intoe� � eS �H2 � R2.Choose a homeomorphism � : X ! T �R. The map (� � Id) � � givesa proper topological embeddingX ��! T �R ��Id�! R2 �R = R3Regarding X now as a subset ofR3, for each component C ofR3�X thefrontier @C is a topological plane in X . Metrically the plane @C is either a9



Given a hyperbolic plane P � Xn, when we speak of a horocycle in Pwe shall always mean one of the form ��1(x) for some point x 2 Tn. Theseform a concentric family of horocycles, based at a point in @P which wedenote 1. The line at in�nity of P will mean @P �1.Note that a doubled horoball has concentrated positive curvature alongits seam. In particular Xn is not a nonpositively curved space. Indeed it iseasy to see that BS(1; n) has no properly discontinuous cocompact isometricaction on any CAT(0) space, because BS(1; n) has exponential isoperimetricfunction.4 Quasi-hyperbolic planes in XnOur �rst \rigidity" result is a study of subsets of Xn which are quasi-isometric to hyperbolic planes. Let dH denote Hausdor� distance betweentwo subsets of a metric space, i.e. dH(C;C0) is the in�mum of numbers� 2 [0;1] such that C � N�(C 0) and C0 � N�(C).Proposition 4.1 (Quasi-hyperbolic planes). For all K � 1; C � 0 thereexists A � 0, such that if � :H2 ! Xn is a (K;C)-quasi-isometric embed-ding, then there exists a hyperbolic plane Q � Xn such that dH(�(H2); Q) �A. Proposition 4.1 may be thought of as an analogy to Xn of the fact thatquasi-geodesics in a hyperbolic space lie close to geodesics, although Propo-sition 4.1 seems much harder to prove.Applying the \connect-the-dots" argument discussed above, for the restof the proof we may replace � by a lipschitz quasi-isometric embedding whichis close to � in the sup norm.Coarse topologyIn proving Proposition 4.1 we will use two coarse topological theorems. The�rst is due to R. Schwartz, and both were �rst applied to quasi-isometricrigidity problems in [FS].Recall that a metric space (M; d) is uniformly contractible if there is afunction � : R+ ! R+ having the following property: If a continuous mapof a �nite simplicial complex � ! M is contained in an r-ball, then it iscontractible in an �(r)-ball. The function � is not supposed to depend onthe dimension of �. Clearly any contractible space admitting a cocompactgroup of isometries is uniformly contractible.8



To describe further features of Xn, let s be the \horostrip" in H2 givenby 1 � y � n. The parabolic isometry � : (x; y) 7! (x + n; y) acts ons, and the quotient s=� is a metric cylinder having one boundary circleof length 1 and the other boundary circle of length n. We alternativelyconstruct Cn by gluing the long boundary circle of s=� to the short boundarycircle, via a degree n locally isometric convering map, induced by the pathisometry taking the horocycle y = 1 to the horocycle y = n via the formula(x; 1) 7! (nx; n).De�ne a horocycle in Cn to be the image, under the map s! s=� ! Cn,of a horocycle fy = tg in s. De�ne a horocycle in Xn to be a connected liftof a horocycle in Cn. Collapsing each horocycle of Xn to a point de�nes a�bration � : Xn ! Tn, where Tn is an in�nite, regular, (n + 1)-valent tree(see Figure 1). The �bration of Xn by horocycles is preserved by the actionof BS(1; n) on Xn, and hence there is an induced action of BS(1; n) on thetree Tn. The tree Tn is the usual Bass-Serre tree (see [Se]) associated to theHNN extension BS(1; n) = Z�� where �(k) = nk.The horocycles on the horostrip s have a transverse orientation pointingtowards 1. This induces a transverse orientation on each horocycle of Xn,which in turn induces an orientation on each edge of Tn. Each vertex of Tnhas one incoming and n outgoing edges (see Figure 1).A proper line in Tn is the image of a proper embedding R! Tn. Thereare two types of proper lines L:� L is coherently oriented, i.e. the orientation on L induced by Tn agreeswith a global orientation on L.� L is not coherently oriented. Since each vertex has exactly one incom-ing edge, there is a unique point p 2 L with the property that eachcomponent of L� p is coherently oriented, and these two orientationspoint away from p.The inverse image P = ��1(L) of a proper line L is a proper plane in Xn.There are two types of proper planes, depending on the orientation typeof L:� If L is coherently oriented then P is an isometrically embedded hyper-bolic plane in Xn.� If L is not coherently oriented then P is an isometrically embeddeddoubled horoball in Xn, that is, the union S1[S2 of horoballs with com-mon horocircle boundary @S1 = @S2 called the seam. The horocirclesare identi�ed via an isometry in the path metric.7



Hence it makes sense to talk about how a Lipschitz quasi-isometry be-tween piecewise Riemannian complexes distorts path length `X . We alsocould have de�ned and used an obvious coarse notion of path length, whichagrees with the above notion up to constant multiplicative and additivefactors.Lemma 2.1 (bounded stretch). Let q : X ! Y be a lipschitz K-quasi-isometric embedding between piecewise Riemannian complexes. Then thereexists K 0, depending only on K and not on q, so that if 
 is lipschitz pathin X, then 1K0 `X(
)�K0 � `Y (q � 
) � K 0 `X(
) +K 0Proof. The second inequality follows easily from the fact that q is lipschitz.The �rst inequality follows from applying the same reasoning to a lipschitzmap which is a bounded distance from a coarse inverse of q. �3 The 2-complex XnFor the rest of the paper let H2 = f(x; y) �� x 2 R; y > 0g denote thehyperbolic plane in the upper half plane model, with metric (dx2+dy2)=y2,and with @H2 = R [ f1g.In this section we construct a metric 2-complex Xn on which BS(1; n)acts properly discontinuously and cocompactly by isometries. This 2-complexis a well-known object in combinatorial group theory (see e.g. [ECH+]). Weshall put an equivariant metric on this complex, which is designed so thatXn contains many isometric copies of H2.To describe Xn topologically, consider the \horobrick" Hn �H2 de�nedby 0 � x � n, 1 � y � n. The left and right sides of Hn are both geodesicsegments of hyperbolic length log(n); orient these segments upward andlabel each with a. The top of Hn is a horocyclic segment of hyperboliclength 1; orient this segment to the right and label it with b. The bottom ofHn is a horocyclic segment of hyperbolic length n; divide the bottom inton equal subsegments of length 1, orient each subsegment to the right, andlabel with b. Now form a piecewise hyperbolic complex Cn by identifyingthe a segments isometrically, and identifying the b segments isometrically.The subdivision of @Hn induces a cell structure on Cn, from which oneeasily reads o� the presentation �1(Cn) = BS(1; n) = ha; b �� aba�1 = bni.Let Xn be the universal cover of Cn, and lift the metric on Cn to give apiecewise hyperbolic metric on Xn. The group BS(1; n) acts on Xn as thedeck transformation group of the universal covering map Xn ! Cn.6



2 Preliminaries on quasi-isometriesA (coarse) quasi-isometry between metric spaces is a map f : X ! Y suchthat, for some constants K;C;C0 > 0:1. K�1dX(x1; x2) � C � dY (f(x1); f(x2)) � KdX(x1; x2) + C for allx1; x2 2 X .2. The C 0-neighborhood of f(X) is all of Y .The map f is called a (K;C)-quasi-isometry, or a K-quasi-isometry forshort. There is always a coarse inverse of f , a quasi-isometry g : Y ! Xsuch that f � g and g � f are a bounded distance from the identity maps inthe sup norm; these bounds, and the quasi-isometry constants for g, dependonly on the quasi-isometry constants of f .A map satisfying (1) but not necessarily (2) is called a quasi-isometricembedding of X into Y .It is a fundamental observation of Svarc and Milnor (see [Mi], andalso [Ca]) that the fundamental group �1(M) (endowed with the word met-ric) of a compact Riemannian manifoldM is quasi-isometric to the universalcover fM of M . More generally, let X be a proper metric space and let �be a group of isometries acting properly discontinuously on X . If �nX iscompact, then � is �nitely generated and is quasi-isometric to X .Two groups are (abstractly) commensurable if they have �nite indexsubgroups which are isomorphic. Clearly commensurable groups are quasi-isometric.Furthermore, by the now-standard \connect-the-dots" technique (see,e.g. [FS], 5.4), we can change a quasi-isometry (and it's coarse inverse) bya bounded amount in the sup norm so that it is a lipschitz map, while stillbeing a quasi-isometry. This may require enlarging the constants, but theirnew values depend only on the old values.By Rademacher's Theorem (see e.g. [EG], 3.1.2), lipschitz maps are dif-ferentiable almost everywhere, enabling one to de�ne the length of a lip-schitz path 
 : [0; 1] ! X when X is a piecewise Riemannian simplicialcomplex. More precisely, if the derivative Dx
 exists at a point x 2 [0; 1],it sends a unit vector at x to a vector in T
(x)(X). We can compute thelength of this vector using the metric on X . This de�nes a function L(x)almost everywhere on [0; 1], and we can then de�ne the length of 
 to be`(
) = R[0;1]L(x)dx. This integral exists because L(x) is a bounded measur-able function de�ned almost everywhere on [0; 1], as kDx
k is bounded bythe lipschitz constant of 
. 5



The quasi-isometry group. For any metric space X , one can form thegroup QI(X) of all self quasi-isometries ofX modulo those that lie a boundeddistance (in the sup norm) from the identity. Modding-out by this equiv-alence relation makes QI(X) into a group. In proving Theorem 7.1, weactually compute the quasi-isometry group of BS(1; n), namely:QI(BS(1; n)) � Bilip(R)� Bilip(Qn)where Bilip(Y ) denotes the group of bilipschitz homeomorphisms of a metricspace Y .AcknowledgementsWe'd like to thank Alex Eskin, Curt McMullen, and Bill Thurston for usefulconversations, and Jen Taback for corrections. We especially thank CurtMcMullen and Bill Thurston for critical help on Proposition 5.3. Thanksalso to Steve Gersten and to Shmuel Weinberger, both of whom asked aboutquasi-isometries of Baumslag-Solitar groups. Finally, we'd like to expressour thanks and appreciation to Daryl Cooper for telling us about homeo-morphisms of self-similar Cantor sets, and for writing the appendix to thispaper.
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∂u

∂lFigure 1: A piece of the 2-complex X2 associated to BS(1; 2), together withthe �bration � : X2 ! T2 (see x3). For each edge E � T2, the inverseimage ��1(E) is isometric to the \horostrip" 1 � y � 2 in the upper halfplane model of H2. The geodesic curvature vector on a horocycle inducesan orientation on each edge of T2. For each coherently oriented proper lineL � T2, the set HL = ��1(L) is an isometrically embedded hyperbolic planein X2. The point inverse images form a family of horocycles based at a point1L 2 @HL. The �gure shows the \upper boundary" @uX2 (see x5), the setof hyperbolic planes in X2. Also shown is the \lower boundary" @`Xn (seex6), a line obtained by identifying all of the lines @HL � f1Lg.self-similar Cantor set, which can be thought of as the n-adic rationals Qnwith the usual metric.In the core of this paper, Sections 4, 5, and 6, we use topological andgeometric arguments to show that a quasi-isometry f : Xn ! Xm inducesa bilipschitz homeomorphism fu : @uXn ! @uXm. Homeomorphisms ofself-similar Cantor sets have been studied by Cooper and Pignataro [CP].In an appendix to our paper, Cooper provides an extension of their workwhich we use to �nish the proof of Theorem 7.1. The idea is that bilips-chitz homeomorphisms of self-similar Cantor sets are locally measure linear(for Hausdor� measure in the appropriate dimension). It is the local sim-ilarity groups of the self-similar Cantor set @uXn which are quasi-isometryinvariants of Xn, and which allow detection of the prime factors (with mul-tiplicities) of n. 3



These groups have served as a proving ground for many new ideas in com-binatorial and geometric group theory. For example, they are the simplestgroups to have an exponential isoperimetric function, and they were the�rst known groups to be asynchronously automatic but not automatic (see[ECH+]).The rigidity machinery for lattices in Lie groups does not directly applyto the group BS(1; n) when n � 2, for although BS(1; n) has a faithful,indiscrete representation into PSL2(R) given bya 7!  n1=2 00 n�1=2 ! b 7!  1 10 1 !it does not seem to be a lattice in any connected Lie group (see x9). Fur-thermore, BS(1; n); n � 2 is not a 3-manifold group ([JS], [Kr]), and is nota nonpositively curved group in any sense of the word (see x9).Our main result is the following (for de�nitions see below):Theorem 7.1 (Quasi-isometric i� commensurable). Given integersm;n � 2, the groups BS(1; m) and BS(1; n) are quasi-isometric if and onlyif they are commensurable. This happens if and only if there exist integersr; j; k > 0 such that m = rj and n = rk.We heard about this question from S. Weinberger [We] and S. Gersten[Ge]. As far as we know, Theorem 7.1 is the �rst quasi-isometric rigidityresult for non-nilpotent solvable groups. Note that BS(1; 1) � Z �Z is notquasi-isometric to BS(1; n), n � 2, because they have di�erent isoperimetricfunctions (see [ECH+]).Geometry, boundaries, methods. As does any �nitely presented group,BS(1; n) acts properly discontinuously and cocompactly by isometries on acertain metric 2-complex, in this case denoted Xn. In Section 3 we constructXn with an explicit metric (see Figure 1). The space Xn admits a beautifulgeometry which has aspects of both positive and negative curvature. Bya basic observation of Svarc and Milnor (see x2), Xn is quasi-isometric toBS(1; n), so we can use Xn to study quasi-isometries of BS(1; n).A key object of study in our proof of Theorem 7.1 is the upper boundary@uXn of Xn (see x6), which is the space of hyperbolic planes in Xn. This isto be compared/contrasted to the space of 
ats, or Furstenberg boundary,studied in Mostow's proof [Mo], for example the boundary at in�nity of ahyperbolic space. It turns out that the upper boundary @uXn is a certain2



A rigidity theorem for the solvableBaumslag-Solitar groupsBenson Farb and Lee Mosherwith an appendix byDaryl CooperSeptember 20, 19961 IntroductionIn [Gr1], [Gr2] Gromov proposes and studies the problem of classifying�nitely generated groups up to quasi-isometry. On the one hand this hasmotivated an industry of producing quasi-isometry invariants. On the otherhand there are rigidity results which give a complete quasi-isometry clas-si�cation within certain classes of groups. So far most of the progress inrigidity has been made for groups which arise in geometry. For example, ina series of papers by several authors (see, e.g. [Tu], [CC], [Me], [Pa], [Sch2],[FS], [Ch], [Sch1], [KlL], [EF], [Es], or [Fa] for a summary), a battery of newtechniques related to the proof of the Mostow Rigidity Theorem has led toa nearly complete quasi-isometry classi�cation of lattices in semisimple Liegroups. Quasi-isometric rigidity results for other groups arising in geometryand topology include [Ri], [BG], [KaL].In this paper we take the �rst steps towards applying some of theseideas to proving rigidity results for groups that arise most naturally not ingeometry but in combinatorial group theory.The solvable Baumslag-Solitar groups. The solvable Baumslag-Solitargroups BS(1; n) are given by the presentationBS(1; n) = ha; b �� aba�1 = bni:�The �rst author is supported in part by an NSF postdoctoral fellowship, the secondauthor by NSF grant DMS 95{04946, and the third author by NSF grant DMS 95{10505.The work of the authors at MSRI was supported by NSF grant DMS{9022140.1


