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ABSTRACT. We study the fluctuations in the number of points of ¢-cyclic covers over the
finite field IFy, when ¢ is fixed and the genus tends to infinity. The distribution is given
in terms of a sum of ¢ + 1 i.i.d. random variables. This was completely settled for hyper-
elliptic curves by Kurlberg and Rudnick [KR09], while statistics were obtained for certain
components of the moduli space of ¢-cyclic covers in [BDFL10]. In this paper, we obtain
statistics for the distribution of the number of points as the covers vary over the full moduli
space of £-cyclic covers of genus g. This is achieved by relating ¢-covers to cyclic function
field extensions, and counting such extensions with prescribed ramification and splitting
conditions at a finite number of primes.
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Let ¢ be a prime power, and let I, be the finite field with ¢ elements. The goal of this
paper is to establish statistics for the distribution of the number of F -points of ¢-cyclic

covers C' of P! defined over F,, as C varies over the moduli space H,, of such covers
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genus ¢ for large g (and fixed ¢). We always suppose that ¢ is a prime number such that
g =1 (mod ¢). For £ = 2 (the case of hyperelliptic curves), this was addressed by Kurlberg
and Rudnick [KR09] who showed that the probability that #C(FF,) = m for some integer
m is the probability that the sum of ¢ + 1 independent and identically distributed (i.i.d.)
random variables is equal to m. This was generalized to cyclic ¢-covers of degree d by the
first, second, third and fifth named authors in [BDFL10] who obtained statistics for each
irreducible component of the moduli space

(1) Hg,z = U ’H(dly-~~7d271)7

d1+2d2—|—~~~+(£—1)d(,150 (mod f),
29=(-1)(d +- 1 ~2)

as dy,ds, ..., d; tend to infinity. Again, the probability that #C(F,) = m for some integer

m, as C varies over H(@%-1) and dy,...,ds_1 — o0, is the probability that the sum of
g+ 1 1iid. random variables is equal to m. The ii.d. random variables Xi,..., X,y are
given by (for any prime ¢ > 2)
.
. Lo (E=1)q
0  with probability ————,
P Y lg+0—1)
(2) Xi=4{1 with probability 6——17
q+0—1
¢ with probability 4
\ ﬁ(q + ¢ — 1)
As the statistics hold for dy,...,d,—1 — oo, this does not give statistics for the distribution
of the number of points on H,, since g — oo does not mean that d,,...,d,—; — 0o on all

components H (@41 for a given genus in (1). Other statistics for cyclic /-covers were also

obtained by counting the covers in a different way (which does not preserve the genus) by
Xiong [Xiol0] and Cheong, Wood and Zaman [CWZar|, and the distribution of the number
of (affine) F,-points on those covers was also given by a sum of i.i.d. random variables but
with different probabilities than the random variables of [BDFL10].

We show in this paper that the statistics for the distribution of the number of IF;-points for
covers in H, , are also given by the random variables (2). The strategy is completely different
from the work in [BDFL10]. In this paper we study the equivalent question of counting the
number of extensions of the function field K = F,(X) with Galois group Z/¢(Z, conductor
of degree n, and prescribed splitting/ramification conditions at a finite set of fixed primes
of F (X). We explain in Section 5 why these two questions are equivalent, and give general
formulas for the number of points on covers in terms of the distribution of their function
field extensions.

In order to count the cyclic function field extensions associated to our statistics for point
counting on covers, we use a classical approach described in [Wri89] (and first due to Cohn
[Coh54] for the case of cubic extensions of the rationals) which is to study the Dirichlet series

> D(L/K),

Gal(L/K)~G
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where D (L/K) is the absolute norm of the discriminant Disc(L/K’). The approach uses class
field theory to give an explicit expression for the Dirichlet series. This is done in generality
by Wright in [Wri89] for any global field K and any abelian group G. The count is then
obtained by an application of the Tauberian theorem, and the main term is given by the
rightmost pole of the Dirichlet series. The order of this pole varies according to the group
G and the ground field K (more precisely with the number of roots of unity in K). This is
described in [Wri89, Theorem 1.1].

In this paper, we apply those techniques to the case K = F,(X) and G = Z/{Z, and we
further restrict to counting extensions with prescribed splitting conditions at the [F -rational
places of K. To find our desired statistics for point counts of curves, we need to obtain explicit
constants in our asymptotics, and in particular understand how those constants change as
we change the splitting conditions. For this, we use the last author’s further development
of Wright’s method in [Woo10], which determines probabilities of various splitting types in
abelian extensions of number fields. We are also interested in the secondary terms, and
which power saving can be obtained after taking into consideration all secondary terms. Our
results can then be used to get the distribution of the number of points on H,,, but also
have other applications for statistics on the moduli spaces of curves over finite fields, such
as the power of traces and the one-level density, as it is shown in a forthcoming paper of
the first and second named author and some collaborators [BCD*14]. We also compute the
values of the constants for the leading term of the asymptotic, so the counts obtained with
those techniques can be compared with the counts of [BDFL10] (see Section 5.1).

We now state the main results of our paper. We first define some notation. Let Vi be the
set of places of K. Let N(Z/{Z,n) be the number of extensions of K = F (X) with Galois
group Z/¢Z such that the degree of the conductor is equal to n. Let Vg, Vs, V; denote
three finite and disjoint sets of places of F,(X), let N(Z/{Z,n; Vg, Vs, V) be the number of
extensions of F,(X) with Galois group Z/¢Z, which are ramified at the places of Vg, split at
the places of Vg, and inert at the places of V;, and such that the degree of the conductor is
equal to n.

Theorem 1.1. Let ¢ > 2 be a prime, and let Vg, Vs, Vi and N(Z/{Z,n; Vg, Vs, V1) be as
defined above and let V = Vr U Vs U V;. Then,

N(Z/(Z,n) = C, qnp(n)+o(q(%+e)n>,

veY

N(Z/KZ, n, VRv VS> VI) - CZ <H Cy) anVR,VS,VI (1’1) -+ O (q(%+5)n> ,

where P(X), Py, vey,(X) € R[X] are monic polynomials of degree ¢ — 2. Furthermore, C,
15 the non-zero constant given by

1 _ 8 142 r —2degv
o =TT (- e )
1 + q- egv)(l -I—jq egv)
veEVK
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and for each place v € V, we have

( (g_ 1)q—degv .
1+ (é — 1)q—degv if v € Vg,
- : fvey
o (1 + (€ — 1)gdeev) v S5
(-1 ’
L1+ (0 — 1)gdeev) ifveVr.

Furthermore, for { = 2 we get the exact count

2(¢" — ¢"%) n>2n even,
N(Z)2Z,n) = < 2¢* n=2,
0 n odd.

We prove Theorem 1.1 by using class field theory to show that counting Z/¢Z extensions
of F,(X) is equivalent to counting continuous homomorphisms of the idele class group of
F,(X) to Z/¢Z. This is the method carried out by [Wri89] for general abelian extensions
over function fields and number fields, and also in some recent work of Wood [Woo10] that
finds probabilities of various splitting types in abelian extensions of number fields. The idea
of obtaining statistics for the families of curves over finite fields by considering the family
of function field extensions attached to those curves was also used by Wood in [Woo12] for
the family of cyclic trigonal curves (corresponding to non-Galois cubic extensions of F (X)),
and by Thorne and Xiong [TX14].

We record below a special case of this result which will be needed in some applications
to the one-level density in a forthcoming paper [BCD*14]. Then, one needs to study the
number of F,»-points of families of F,-curves for large n, which can also be done using the
results of this paper. The key point is the explicit dependence of each of the coefficients of the
polynomial Py ¢(X) with respect to the splitting/ramification conditions to ensure enough
cancellation in the ratio of the densities for the split and inert primes. More corollaries of
that type can be extracted from the proof of Theorem 1.1 if needed for other applications.

Corollary 1.2. Let v € Vi be a place, let € € {ramified, split, inert}, and let N(Z/(Z,n, v, €)
be the number of extensions of F,(X) with Galois group Z/lZ such that the degree of the
conductor is equal to n and with the prescribed behavior € at the place v. Then,

) (6 — 1)q—degv n (%-D—a)n
N(ZJVZ,n, v, ramified) T - 1)q7deng£q Pgr(n) + O (q >
N(ZJ0Z,n, v, split) = 1 Cuq"Ps(n) + O (C](%-‘rs)n)
)t g(l + (g_ 1>q7degv)
1

N(Z/lZ,n, v, inert)

nP (%-{—e)n
e(1+(£_1)q—degv)05q 1(t1)—|—0<q )

where Cy is the non-zero constant defined by (3), Pr(X) and Ps(X) € R[X] are monic
polynomials polynomial of degree £ — 2 and Pr(X) = (¢ —1)Ps(X).
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Finally, we state the result for the distribution of points on f-cyclic covers of P! of fixed
genus that can be obtained by Theorem 1.1. This distribution is given in terms of the same
random variables from [BDFL10].

Theorem 1.3. Let H,, be the moduli space of Z/{Z Galois covers of P! of genus g. Then,
as g — 0o,

{C € Hg,f(]Fq) : #C(Fy)

_ 1
my| Prob (X + ... Xy = m) + O (5) )

’Hgl(Fq)l
where the X;’s are independent identically distributed random variables with
( ‘-1
0  with probability ﬁ,

. . q

\K with probability G i=1)

1.1. Outline of the paper. In Section 2, we set up notation and use class field theory to
translate the counting of extensions to the counting of maps of the idele class group. We
also prove a general form of the Tauberian theorem over function fields that we will need to
analyze the Dirichlet series for cyclic extension of F,(X) which is a slight generalization of
a result in [Ros02]. In Section 3, we define Dirichlet characters over F,(X), and we prove
analytic properties of some Dirichlet series that will appear in future sections. In Section 4,
we prove our main result, Theorem 1.1. In Subsection 4.1, we look at the particular case of
¢ = 2 where we can get exact results. Finally, we explain in Section 5 how to obtain statistics

for the point counting over the moduli space of cyclic f-covers, and we compare our results
with those of [BDFL10].

2. BACKGROUND AND SETUP

In this section, we set up notation and recall basic facts from Galois theory and class field
theory that allow us to rephrase our problem in terms of counting continuous homomorphisms
from the idele class group of a function field to a cyclic group of prime order.

Fix ¢ a prime. Throughout the paper F, denotes a finite field with ¢ = 1 (mod /) elements
and K = F,(X) is the rational function field over F,.

2.1. Notation. We will denote by Gi the absolute Galois group of K, that is the Galois
group Gal(K®P/K) of the separable closure of K. Let D} be the set of effective divisors of
K. For each place v of K we will use the standard notations K, for the completion at v,
O, for the local ring, x, for the residue field, and 7, for a uniformizer at v. Recall that the
degree of a place v is given by degv = [k, : F,| and its norm is Nv = ¢9°€?  the number
of elements in the residue field «,. Of course, for a place vy associated to an irreducible
polynomial f € F,[X], we have that degv = deg f. For the place at infinity associated with

the uniformizer 7o, = 1/X, we have that degv,, = 1.
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2.2. From covers to field extensions. A Z/(Z cover is a pair (C, ) where C > P! is an
(-degree cover map defined over K. Each Z/{Z cover (C,m) together with an isomorphism
ZJUZ — Aut(C/P') corresponds to a Galois extension L of K = F,(X) together with a
distinguished isomorphism 7 : Gal(L/K) = Z/¢Z. We refer to such extensions as (-cyclic
extensions. The genus of the curve C relates to the discriminant Disc(L/K) via the Riemann-
Hurwitz formula (see for instance [Ros02, Theorem 7.16]),

2gc — 2 = {(2gpr — 2) 4 deg Disc(L/K).

Since ¢ = 1 (mod /), there is no wild ramification and each place v of K either ramifies
completely, splits completely or is inert. Thus

(4) Dise(L/K)= Y ((—1)v

v ramified in L

and

200 =((—1) |2+ Z degv]|,

v ramified in L

where the sum is taken over the places v of K that ramify in L.

2.3. From field extensions to maps. Our translation from counting extensions to count-
ing maps has two steps. First, by Galois theory, ¢-cyclic extensions L/ K with a distinguished
isomorphism 7 : Gal(L/K) - Z/{Z are in one-to-one correspondence with the surjective
continuous homomorphisms Gx — Z/{Z from the absolute Galois group of K to Z/{Z. By
class field theory, the maps Gx — Z/{Z are in one-to-one correspondence with the maps
Ji /K> — Z/UZ from the idele class group of K to Z/{Z.

Thus an /(-cyclic extension L/K of given discriminant corresponds to a nontrivial con-
tinuous homomorphism ¢ : Jgx/K* — Z/0Z. We first remark that it suffices to count the
maps

(5) o7 x [[or = z/tz

which are trivial on [, since any such map has a unique extension to Jr/K* — Z/{Z.
(Here 7Z is the free abelian group generated by 7..)

There are ¢ — 1 unramified surjective continuous homomorphisms Jx /K> — Z/{Z (one
for each generator of Z/¢Z corresponding to the extensions K (v/B),..., K(x/81)). There
is also the trivial map, that is also unramified everywhere. In terms of extensions, this
corresponds to a K-algebra. In terms of covers of P!, this corresponds to the split cover that
consists of ¢ disjoint copies of P!.

For each place v of K, the component ¢, : OF — Z/lZ is the composition of ¢ with a
canonical map O, — Jx — Jx/K*. A place v ramifies in L if and only if the map ¢, is not
trivial on O¢. Let 1), be the restriction of ¢ to 2.

Thus the conductor of the map ¢ is

Cond(¢) = Z v,

v ramified in L
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which is also the conductor of the extension L/K. As there is no wild ramification, the
discriminant-conductor formula (see for instance [VS06, Section 12.6]) yields

(6) Disc(L/K) = (£ — 1) Cond(L/K) = (¢ — 1) Cond(¢).
We now address the global compatibility condition. Fix p € F,, a generator of the mul-

tiplicative group F. For each place v of K, we note that the map ¢, : O;% — Z/{Z factors
through (O, /(m,))”. Recall that degv = [0, /(m,) : F,] and thus

Ov/(ﬂ'v) = quegv.

For each v, fix a choice of g, € O, whose image generates (O,/(m,))" = (Fyaes»)* and such
that

qdcgv_l
q—1

M= Gv

Hence

o)+ = o(L, s pa, - . )
(L, p, 1,1, ) (1, L, 1,00) )

=o(Lp, 1,1,... )+ (1,1, 1,0 )+ ...

This implies

qdesv_y degv __
)\ _ q 1
- (55 K (G o
We note that % = qleevl pgdeev=2 4 ... 4 g+ 1 =degv (mod /) since g =1 (mod /).
Thus to have F map to zero it is necessary and sufficient that

(7) Z Ou(gy) degv =0 (mod /).

v€Cond(¢)

In order to count the extensions L/K with prescribed splitting/ramification conditions
at places v of K = F,(X), we have to count the maps ¢ as in (5) satisfying the global
compatibility condition (7) with corresponding conditions at places v of F,(X), which we
describe below.

If v is unramified, we need to distinguish between inert and completely split. Since v is
unramified, the map ¢, is trivial on O and therefore its image is dictated by ¢, (7Z). Since
this is a subgroup of a simple abehan group, we have only two possibilities: elther Yy 18
surjective, which corresponds to v being inert; or ¢, is trivial, which corresponds to v being
completely split.

If v = vy we can read the splitting behavior from ¢(7., 1,1,...). Namely, we have that
Voo & Cond(¢) if and only if ¢, (O, ) = 0. Therefore:

e Uy splits completely in L when ¢, (O; ) = 0 and 9o (7s) = 0,
® Uy is inert when ¢, (O ) = 0 and Y (7) # 0.

Let vy # vy be unramified. We denote it as an element in the ideles by putting the

infinite component first and the vy component second. Then since Frob,, corresponds

to (1,7, 1,1,...) under the correspondence from class field theory, vy splits if and only
7



if o(1,7m,,,1,1,...) = 0. By abuse of notation we also let vy represent the monic irre-
ducible polynomial in K* corresponding to vy and we choose m,, = vo. Thus val,,(vg) =
1,valy (vg) = —degvy and val,(vg) = 0 for v # vy, Vso. Since ¢ is trivial on K, we know
that
0 =p(vo, vo, ... ) = p(vo, 1,...) + (1,09, 1,...) + (1, 1,v0,1,...) + ...
=p(r e 1. )+ o(verde 1,...) + (1,00, 1,... )+
+ (1, L,v,1,...)+ (1,1, Lv, 1,... )+ ...

Since vy is monic and val, _ (vo7d®™) = 0, we have that p(vyrd®® 1,...) = 0. Denoting
by ©uo (7, ) the term p(1,1,...,1,vg,1,. .. 1) where the vy is in the vg place, we obtain,

¢oo( —degvo) + 90110(77110) + Z ¢v('UO> =0
VFV0, Voo

Since vy splits if and only if ¢, (m,,) = 0, we see that:
e v splits if and only if ¢,,(O,;) = 0 and

) P20 4 3T () = 0
VFV0, Voo
e v is inert if and only if ¢,,(O}) = 0 and

Yool degvo) + Z ¢u(vo) # 0

VAV0,Vo0

2.4. Generating series and the Tauberian Theorem. As in previous work, our strategy
is to make use of the Tauberian theorem to deduce an asymptotic formula for the number
of field extensions L/K with discriminant of degree n from the analytic properties of the

generating series
Y., DL/K)T
Gal(L/K)~Z/(Z

where ©(L/K) is the norm of the discriminant Disc(L/K). As mentioned above, since we
are dealing with cyclic extension of prime degree ¢, the conductor-discriminant relation gives

Disc(L/K) = ({ —1) Cond(L/K) <= ®(L/K)= N (Cond(L/K))" ",
and it is more natural to write the generating series as
> (LK) =Y
Gal(L/K)~Z/{Z. fEDJF

where ay(f) is the number of cyclic extensions of degree ¢ of K = F,(X) with conduc-
tor f. We will then extend this analysis to study the extensions L that are counted by
N(Z/0Z,n; Vg, Vs, Vr) as defined in Section 1 by understanding the generating series

S /)

Gal(L/K)~Z7/(Z
V.E
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where the sum now runs over the cyclic extensions of degree ¢ that satisfy all of prescribed
the splitting/ramification conditions. Again, we will write this Dirichlet series as

S oK) Y Y Vs V)

]\]]l.([ 1)8 !
Gal(L/K)=Z/¢Z f€D+
( /V,g / K

where a,(f, Vg, Vs, Vs) is the number of cyclic extensions of degree ¢ of K = F (X) with
conductor f that satisfy all of the prescribed splitting/ramification conditions.

We now state and prove the version of the Tauberian theorem needed to analyze the
Dirichlet series above. More generally, let k be a positive integer, let a : Dj; — C, and F(s)

be the Dirichlet series )
a
F(s) = Z N

+
feDk

We want a Tauberian theorem that will allow us to evaluate > ., ;_, a(f) in the situation
when the half-plane of absolute convergence is Re(s) > 1/k for some positive integer k,
and the function F(s) has a finite number of poles (of arbitrary multiplicities) on the line
Re(s) = 1/k. This is a slight generalization of [Ros02, Theorem 17.1].

Since the function ¢=**, and therefore F(s), are periodic with period 27i/(k log ¢), nothing
is lost by confining our attention to the region

() Bk:{seC:— T Im(s) < }

klogq — klogq

and we will always suppose that s is confined to the region By.

Theorem 2.1. Let k be a positive integer, and let 0 < § < 1/k. Let a : D), — C, and
suppose that the Dirichlet series
a(f)
I(S) - Z kas

‘
fevy;

converges absolutely for Re(s) > 1/k, and is holomorphic on {s € By : Re(s) > 0} except for
a finite number of poles on the line Re(s) = 1/k. Let u = q~* and define F(u) = F(s).
Then,

Z a(f) =— Z Resu% +0 (¢ M),
deg f=n jul=g—1
where
M = max |F(u)|= max F(s).

lul=g s Re(s)=3

Proof. With the change of variable u = ¢~*¢, we have that

F =3 (X an) e

n=0 \deg f=n

and by hypothesis, F(u) is a meromorphic function on the disk {u € C : |u] < ¢},

except for finitely many poles with |u| = 1/q. Let C5 = {u € C : |u| = ¢~*}, oriented

counterclockwise. Choose any n > 1 and let C,, = {u € C : |u| = ¢7"}, oriented clockwise.
9



Notice that fn(ff is a meromorphic function between the two circles C;, and Cs with finitely

many poles at |u| = 1/q. Thus, by the Cauchy’s integral formula,

2711 Cs+C un-i—l un+1.

lu|=¢~1

Since ¢~ < 1, using the power series expansion of F'(u) around u = 0, we have that

= F<u>du:— Z a(f).

27 Cy u"‘H

deg f=n

Therefore, we obtain

Z a(f)=— Z Res, pres) +%7{C(§Wdu.

deg f=n u[=g~*
Let M be the maximum of |F(u)| over Cs. Then

211 Cjs u“‘H

which proves the proposition. 0

3. DIRICHLET CHARACTERS AND L-FUNCTIONS

In this section, we define ¢th-power residue symbols over F,[X] (we recall that ¢ = 1
(mod ¢)). We refer the reader to [Mor91] for details. We then study some auxiliary functions
built out of the fth-power residue symbols that will be used in the proofs of our main results.

Recall that ¢ is a prime such that ¢ = 1 (mod ¢). Thus F;* contains the /th roots of

unity. In particular, b, = qu% is one of these roots where p is a fixed generator of Fy. Let
v = v(X) € F,[X] be a monic irreducible polynomial. We define the ¢-th power residue
symbol as follows. Let

(2),: LX) o)~ F;

(f)Z =77 (mod v).

be defined by

(Y

In other words, the /-th power residue symbol is given by an ¢-th root of unity.
Recall that the choice of ;1 determined for each place v a generator g, of

(Ou/(m0))* = (F[X]/(0(X)))" = (Fgacar)”

qdeg v_q

such that 4 =g, " . We have

gdesv_q gdesv 1\ "7 .
€ = -t S A X
Go =\ 9v = = by.

By the definition of the /-th power symbol,

<%)£ =b, (mod v).
10




We let o be an (-order character from Fy — C*. Then,

ve=ao(3)
is a Dirichlet character x : F,[X] — C* of modulus v, where we define x, ¢(f(x)) = 0 if v(z)
divides f(z).
For the infinite place v, we further define

1 degv=0 (mod /),
XU,Z(UOO) =
0 degv#0 (mod?).
For x a Dirichlet character, we denote by L(s,x) the Dirichlet L-function

L(s,x)= Y Tﬁ)

FeF,[X]

F monic

where F' varies over the monic polynomials of F,[X], and by L*(s,x) the completed L-
function that includes the place at infinity. For a Dirichlet character modulo a monic poly-
nomial v, we have that
L*(s,x) = (1= q°) " L(s, ),

where ), is 1 if degv =0 (mod /), and 0 otherwise.

Then, for x nontrivial, we remark that both L(s, x) and L*(s, x) are analytic and non-zero
for Re(s) > 1/2.

By /-power reciprocity, we can write the Kronecker symbol as

10) xustun) = o0 (%), = (=09 (L) ) <y (o)l

(Y Vo

where Xy,.¢(v) is the Dirichlet character modulo vy defined above, and W, ,(v) depends only
on the degree of v.
If v = vy, let a, be the principal coefficient of f. Then we define

[ o(ay) degf=0 (mod ),
Xvoo,f(f) T { 0 degf §é 0 (HlOd g)

We note that the above definition agrees with ¢-power reciprocity in the following way

(11) XU,Z(UOO) — ((_1)(Q—1)/£)degvXUOO’Z(U) = { é jgiz ;8 EEES 2’

where we have used that v is a monic polynomial, which implies that x,_,(v) = 1 when
¢ | degv, and that ((—1)(q_1)/€)degv = 1 when /¢ | degv and ¢ odd, and is trivially 1 when ¢
is even since then we have even characteristic.

Finally, we remark that by the above, the Kronecker symbol codifies ramification in ex-
tensions in the usual way. Let f € F,[X] (not necessarily monic). Then,

1 v splits in K(\/f),
Xoe(f) = &, forsome 1 <k <{¢—1 wvisinert in K(v/f),
0 v ramifies in K (v/f),

where & is a primitive /th root of 1.
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Lemma 3.1. Let x be a nontrivial Dirichlet character and let W be a function on F,[X] such
that V(F) = ¥(G) when deg F' = deg G. Then

V(F)x(F)
L(s,Uy) = Wk
FeF4[X]

F monic

1s an analytic function on C.

Proof. Let
Aln, W, x) = Y W(F)x(F)
Felfg[X],
F monic,
deg F'=n
Then

We note that

FeFy[X],
F' monic,
deg F=n
for any polynomial G of degree n, and thus A(n, ¥, y) = 0 if n is greater than or equal to
the degree of the modulus of y by the orthogonality relations of characters.
OJ

Lemma 3.2. Let & be a primitive £th root of 1. Let Vg, Vs and Vy be finite subsets of places
of Vi such that Vs = {v1,...,v,} C Vy, and Vy N Vg = &. For each 0 < 5 < (-1, and
each tuple (ky,..., k) # (0,...,0) with 0 < k; <€ —1, let

Mj7k1 ~~~~~ kn(S;VR7VS>VU)

= H (1 ' ( A H Xoo(vp) 0 o g8 H Xv,z(vh)(z_l)kh> Nu—(f‘m) .
h=1

vg€VrUVy h=1

Then, each Mg, ...k, (s; Vg, Vs, Vu) converges absolutely for Re(s) > 75 and has analytic

continuation to the region Re(s) > ﬁ
In the case where we have only one place vg € Vi with prescribed ramification ¢, €
{ramified, split, inert}, we will denote the above function by

(12) M (5500, €0) == Mk, (8; VR, Vs, V).

Proof. For the absolute convergence, we have that the convergence of [, (1+(¢—1)|Nv=s(=b))
is equivalent to that of ) m and this convergence follows in the same way as the ab-

solute convergence for the zeta function (x(s) in Re(s) > 1.
12



For the analytic continuation, we write

Mk e (5 VR, Vs, Vi)

it H 11 (1+€”deg”Hxvm)ikwv—w—ns)

i=1 vgVrUVy h=1

-1
Jkl, Lk H H (1 zjdegv H\I/vh, zth’Uh, ( )ikhNU_(g_l)s> ’

i=1 vgVrUVy

where we have used (-power reciprocity (10), and where Cj, . (s) and C3, . (s) are
analytic functions for Re(s) > 1/2(¢ — 1) as the Euler products converge absolutely in that
region. For each 1 <¢ < /¢ —1, each 0 < j </{¢—1 and each tuple (ki,...,k,) as above, we
have that the functions

~1
Lijioka(s) = ] ( ”deg”H\p% (0)* 0, o(0 )ikhNU(ens)

vEVrUVy
= L(s1,Vi k. kn Xi,j,kl,..‘,kh)

are twisted Dirichlet functions as in Lemma 3.1, where s; = (£ — 1)s,

_ giidesy i
Wik ek (V) = H\I’vhe "

Xt (V) = Hxvh,e(’v)ikh‘
h=1

Then, W, ; k..., (v) depends only on the degree of v, and X; j ...k, (v) is @ non-trivial Dirich-
let character since 1 <i</{l—1,and (ky,..., k) ;é 0. Applying Lemma 3.1, this completes
the proof of the analytic continuation.

O

Let & be a primitive fth root of 1. We now prove a result bounding the meromorphic
continuation of the functions

(13) Als) = J(1+ (= 1)Nu D)

v

(14) B(s) = H (1+( degv +€(e 1)degv)NU_(g_1)S>

v

on the line Re(s) = ﬁ + ¢, for any € > 0. We remark that the Euler products converge
(absolutely and uniformly) for Re(s) > 1/(¢ — 1).

Lemma 3.3. Let 0 < € < ﬁ The functions A(s) and B(s) have meromorphic con-
tinuation to the region Re(s) > 2(@ n tE and their only singularities are poles on the
line Re(s) = 1/(¢ — 1). Furthermore, both functions are absolutely bounded on the region
saen < Re(s) < 75

13



we have

Proof. For Re(s) >

1
-1

Als) = JJ @+ (=N 1)

v

= (e((0=D9) [T (1 + (6 = HNo=ED2) (1 = Np= (D)

v

= (=1 [T+ (€= 1)No=ED9) (1= (0= 1) Ny~

v

(-1
+ ( ) )NUWUS + NUS(ZUSO@(l))

= k(C-19)"] (1 - <£; 1> No~2=0s 4 Ny=3E=Ds, (1))

v
£(e=1)

= C(s)Cr((0—1)s) M (1 = No2-0s)

v

Cr((0—1)s) ! ’
Cr(2(0 - 1)8)" 5

= C(s)

where C(s) is analytic for Re(s) > ﬁ +e. Thus for s = —2(;_1)

the function A(s) converges to zero, and the result follows. The poles are given by those of
Ck((€ —1)s), namely s = 1/(¢ — 1), with multiplicity ¢ — 1.
Similarly, for Re(s) > we have

+ €, as € goes to zero,
1
-1

B(s) = H (1 (B ééffl)degv)NUf(efl)s)

v

-1 -1
j=1 ) =

£—1)s

where u = ¢ and

Ze) = i —w)

is the zeta function of K.
14



Thus, we have,

/-1
B(s) = T[]z [T (1+ (= 4 gl V0o )
Jj=1 v

« H(l N ( ziegv -+ 5/ 1) degv)N,U_(g_l)s

v

_|_< Z gzdegv ]degv) NU_Q(Z_l)S—FNU_S(E_l)SOg(l))

1<i<j<e—1
-1 '
= C(s) [ [ Zu(&uw) [T (1 + c(t)Nv2¢=12)
j=1 v
where
2
C(E) — _ < 2(9%” 4o +§§e71)deg”) + Z fzdegv jdegv

1<i<y<i—1
_ z : é-ldegv jdegv

1<i<j<t—1
——W;l) 0| deguv, > 2,
=<0 (1degv, l > 2,
1 —1,

and C(s) is analytic for Re(s) > ﬁ + e. Thus for s = ﬁ + ¢, as € — 0, the function
B(s) converges to 0, and the result follows.

The poles are those of Z K(qu), namely, poles of order one at s = Z_Ll + (z—ig—%ogq-

4. ¢-CycLIC EXTENSIONS

In this section, we will give the proofs of the main results of this paper. We will con-
tinue with the notation introduced in the earlier sections. Recall that, for a fixed prime ¢,
N(Z/lZ,n) denotes the number of extensions of K with Galois group Z/¢Z such that the
degree of the conductor is n. As before, & will always stand for a primitive ¢th root of 1.

Theorem 4.1. Let { € Z be a prime. We have
(15) mmmmzzafa@+o@%*y

where Py(X) € R[X] is a monic polynomial of degree ¢ — 2, and where Cy is the non-zero
constant given by

1 o q K 162 jq—Qdegv
Cy= .
l Hl:[ 1 +q degv)(l ‘|‘]q degv)

15




Proof. To count N(Z/{Z,n), we consider the Dirichlet series F(s), which is the generating
function with an added constant, namely,

F(s)=L+ >  DL/K)™
Gal(L/K)~Z/0Z
We claim that

F(S) _ Z H <1 + ]degv CF 5(@ 1) jdegv)NU_(z_1)5>

=0 v

= [Ja+@-)No @)+ e-D]] <1+( degv .4 gl deg”)NU—(€—1)8>

= A(s)+ (£ —1)B(s).
Indeed, we recall from Section 2 that we have to count the maps ¢ : 72 x [, OX — Z/{Z
satisfying (7). Let Cond(¢) be the conductor of such a map ¢, and v a place of the conductor.

In the first line above, the ith term &/ degv Ny =(t=Ds in each Euler product corresponds to the
map where ¢,(g,) =i for 1 <i < ¢ — 1. Therefore, considering all the places v of Cond(¢),
the term in the jth Dirichlet series above corresponding to the global map ¢ equals

( Zvj¢v(9v)degv> % N(Cond(¢))—(€—1)s

for 0 < j < ¢—1. Thus the sum of those terms over the index j will yield /N (Cond(¢))~¢1)*
if Y~ #u(gy) degv =0 (mod ¢) and 0 otherwise, and we recover (7). Notice that the ¢ factor
multiplying N(Cond(¢))~“~Y* is counting the different extensions with the same conductor

K(VF),K(Bf),...,K(~/B1f) for f € Fy not an (th power. Similarly, the constant ¢ in

the definition of F(s) accounts for the extensions K(v/3),..., K(y/1) for 8 € Fy not an
(th power, as well as the K-algebra given by the completely split cover.

Using the identity
14 (£ —1u ﬁ u?
(1—|—u51 i 1+u(1+ju)

1

we write

o Cx((£—1)s) -1tz jNv™ 2(£—1)s
N (M) Hl:[ ( (1+ No=(=Ds)(1 +jNU—(€—1)s)>

and similarly,

B(S) H (1 + ( degv +§(£ 1)degv)NU_(g_1)S)

v

(1 _|_< degv _'_5(8 1)degv)NU_(g_1)S)
_ HH (1 +§ydeng (¢— 1)s> H

v jg=1 v H];i (1 + fzdegUNU_(z_1)5>
16



Recall from Lemma 3.3 that A(s) is a meromorphic function on Re(s) > ﬁ with a

pole of order £ — 1 at s = 725 in the region B,_; as defined in (9). The function B(s) is also

meromorphic in Re(s) > 2(€—£I), with simple poles at s; = 75 + W?g—ﬂ)gq for |2j| < £ in the
region By_.

We set u = ¢~ “"V* and write A(u) := A(s) and B(u) := B(s). Thus,

A(@:(“—g“f);;*WY”ﬁH( )

j=1 v

degv 4t glgefl)degv)udegv>

degv (1+( ¢
ST o T

v j=1 v ];1 (1 + (é"gu)degv)

/—1
Zk( fz (1 + b(v)udeg“)
s e gomy

where
b(’l)) _ Elegv +§/ 1) degv7
and
Ziclw) =
T U= qu) (1 =)
Fix any § with 2(€ 7 <0 < 75 Then A(u) and B(u) are meromorphic functions on the

disk {u : |u| < ¢°}. We see that A(A u) has a pole of order £ — 1 at u = 1/q and B(u) has
(¢ — 1)-many simple poles at u = (¢&))~! for j = 1,--- ,¢ — 1. Then, applying Theorem 2.1
and Lemma 3.3 to F(s) = A(s) + (¢ — 1)B(s) with 5 = + ¢ for € > 0, we have that

2(£ 1)
Aln) < B(u)
(16> N(Z/EZ, n’) = _Resu:q*1W - Z Resu:(q§§)71W +0 (q(l/2+€)“) .

Jj=1
We compute,

A(u)

un—i—l

Resy—q—1

— lim L4 L =gy 1 ((1—qu®)(1+u)\"" ﬁ H ju?deev
— B (f . 2)[ du (-2 —q un-‘rl (1 _ qu) e 1 + udegv)(l _|_judegv)

v

— lim 1 d? (=1 —qu*)(1 +u)? H H ju2degv
Cusgt (00— 2)) dut? g’ tynt! (1 4 udesv)(1 + judesv) ) -

j=1 v

Let

1 — (1= qu®)(1+ )\ 1 2 deg v
17 )= g (S )T (- s )

j=1 v

17
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Then, using the product rule for derivatives, we get

A(u) 1 d=2-i
Resy—q- Yl lim Z( ) U (un—H) due—z—iHZ(u)

u—q—

-2 i ' —o—
~ lm Z(é;Q) (=1)in+1)--- (n+1d) d Hyfw)

u—q— — uhtitl duéfoi
2

0—2—1

-
-\ n+i d
= ( > (ﬂ+ 1) (n+l)q +itl WH@(U)
=0

)
u=q~1!

which proves that this residue is given by a polynomial evaluated in n.
We take a closer look at the main term of this polynomial, which is the dominating term
when n — co. We obtain

Alw) 1L (D740 (n4+0-2) ((—(1—qu*)(1 +u)""
Res,—q—1 untl ul_lgll (0 —2)! -1 ( g1 >
ju2degv
" 31_111:[ ( 1+udegv)(1+judegv>> (1+0(1/n))
nZ—Q 1 n jq—2degv
:_(€—2)! )" HH( (1+q %) (1 + jq degv)) (1+0(1/n)).

j=1 v
For the other residues, coming from simple poles,
~ B(u)
u=(q€;°) "1 gyn+1

_—1e—doy {=
= lim (u=—a &)

Res

1

(1 —q&u?)(1+ &) H (1 + bv)udev)
I1

u*ﬂ]_lf;jo unJrl j=1 ( - Qggu) v E;i (1 + (fgu)degv)
L SO0 eg Qo0 g pp (o)
uma e uragy g, e SRS (1 (gu)s)
(g€ (1— g D) ‘ﬁ (L= g ") (L4 ¢ "™") pp _(L+b(v)(g g 7))
= —(q¢ — - v EpTE—
j=1,j#70 (1 - ’SZ ]0) v Hj:i (1 + (q 155 Jo)d & )
We note that the line above is O(¢") and it contributes to the constant coefficient of P(n).
Replacing the residues in (16) with the equations above completes the proof. 0
p g q p p

In spite of the fact that Corollary 1.2 can be deduced from the statement of Theorem 1.1,
we will prove it first and independently of Theorem 1.1 as a way of introducing the key ideas
in the proof of Theorem 1.1.

Proposition 4.2. Let vy € Vi be a place of K, let g € {ramified, split, inert}, and let
N(ZJVZ,n, vy, €p) be the number of extensions of F (X) with Galois group Z/lZ such that

the degree of the conductor is equal to n and with the prescribed behavior €y at the place vy.
18



Then,

(¢ = g
1+ (£ — 1)q dezv
1
01+ (€ — 1)gdesw)
1
01+ (€ — 1)g—degw)

N(ZJ0Z, 0, vy, ramified) Coq" Pa(n) + O (q(%JrE)n)

N(ZJZ,w, vy, split)

Cog"Ps(n) + O (gl3+)")

N(ZJVZ,n, vy, inert)

Cog"Pi(n) + 0 (ql79)") .

where Cy is the non-zero constant defined by (3), Pr(X) and Ps(X) € R[X] are monic
polynomials of degree { — 2 and Pr(X) = (£ — 1)Pg(X).

Proof. The generating function for the number of extensions counted in N(Z/¢Z,n) ramified
at vg is

Fr(s) = ), OL/K)
Gal(L/K)~Z/¢Z
vg ramified

= (= DN " T (1+ (0= 1)Nu= =02

v#£vo
+(¢ — 1)b(vo)NUO_(Z_1)S H (1+b(v)No~=09)
VF#v0
_ —(£-1)s —(=1)s
_ =Dy Als) + (¢ — 1)) Ny B(s).

1+ (0 —1)Nyy 70 1+ b(vg) Nog “1

where we have excluded the case of ¢,,(gy,) = 0 to account for vy ramified.

With the change of variable u = ¢~ “~1*, we obtain
(f _ 1)udegvo b(vo)udegvo
F = A (—1 )
r(v) 1+ (€ — 1)udegvo (w) +( )1 + b(vg)udeso (v)
Then, applying Theorem 2.1 and Lemma 3.3 with § = 2(%_1) + ¢ for any € > 0, we get
/—1 deg vg A
N(Z/UZ,n, v, ramified) = —Res,—,- ( Ju ()

1 1 T (f _ 1)udegv0 unJrl

-1
b(vo)udee®  B(u)
_(6 - 1) Z ReSUZ(QEg)71 14+ b(Uo)udegUO untl!
j=1

+0 (q(%“)") .

For the residue involving the function A(u), we have

(0 — 1)udesvo  A(u) r d=% (0 —1)udesv  Hy(u)

= lim

T+ (0 — Tyudegvo yntl  yg=1 dul=21 4 (0 — 1)ydegvo yntl
19
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where Hy(u) is given by (17). This yields
(0 — 1)udesv  A(u)
u=q~1 1+ (6 . l)udegvo uhtl

-2 —2—1 degvo
:Z (ﬁ 2) Fln A1) (ni)grt (L= Du Hw)|

dut=2711 4 (£ — 1)udesvo

Res

=

and we obtain the polynomial in n as in the case of the proof of Theorem 4.1. As before, we
record the main coefficient as the term dominating when n — oo to be

(0 — 1)udesvo  A(u)
1+ (€ — 1)udegvo gyntl

e ﬁH(l— L ) (+ 01w
IR A TR VR (g =) (14 jg )

Resy—q—1

j=1 v
(g o l)q—degvg
1+ (€ — 1)g—degvs

For the residues involving the function B(u), we notice that, since the poles are of order
one,

e ¢ (14 O(1/n)).

b(vo)u'®*™  B(u) _ bvo)(g€7) ™ B

u:(lﬁg)_l 1+ b(vo)udegvo uhtl 1+ b(vo)(qgg)fdegvo S“:(QEz)_l untl ’

The number above is equal to O(¢") and it will contribute to the constant coefficient of the
polynomial Pg(n). This proves the result for the number of extensions ramifying at vy. We
now consider the case of extensions splitting at vy. First, we write the generating function
for the number of extensions of K unramified at vg is, up to a constant,

Fuls)=t+ Y  DL/K)™
Gal(L/K)~Z/{Z
vg unramified

-1

H ( < jdegu | ,,,_}_géﬁ—l)jdegv) NU—(z—1)s>

Res

N

J=0 v#£vg
=[] 0+ (=DNo D) 4 (0= 1) TT (1 + b(o)No~ %)
v#£vg v#vo
1 (-1
- s Als) + ( )—(e—1)sB(S)'
1+ (¢ —1)Nvy, 1 4 b(vg) N,

Using the notation of Section 3, recall that b, = ,u% where y is a generator of F)* (hence
be is an fth root of unity in Fy), and o : F* — C is a character of order £. Let py = o(by),
which is then a primitive /th root of unity in C. For each v, denote by n, the positive integer
such that the image of vy in (O, /(m,))™ is g™. Then ¢,(vg) = n,¢,(g,). Hence by (8) vy is
unramified and split if and only if ¢,,(O.;) = 0 and

—(deg ) oo (Too) + Z Ny®u(g,) =0 (mod £)

VAV, Voo

20



which is equivalent to
p; deg vo¥oo (Too) H pzz@v(gv) =1
VFV0,Voo
for the primitive ¢th root of unity p, coming from the choice of primitive root b, € F; that

we fixed in Section 3.
Thus vy # Vs is unramified and split if and only if ¢,, (O, ) = 0 and

(18) D(U0> — p;degvollﬂoo 7Too) H XU,Z(UO)qsv(gv) — 1
Ug{v()vvoo}

Since D(vp) is a ¢th root of unity, we can rewrite (18) as

-1 . . . .
1 , 1 if vy is unramified and split,
(19) 72 Dlwy ={ ’ b

0 otherwise,

and this is the criterion that we will use in the generating series.
Analogously, we also have that v, is unramified and split if and only if ¢, (O} ) = 0 and

pg_ deg Voo oo (Woo) — 1’

since deg v, = 1.
We claim that the Dirichlet series for cyclic extensions splitting at a fixed place vy # v
is

N

-1

N

-1 ¢-1

1 —rkdegv
.Fs(s) = E_Q 0y g0
7=0 k=0 r=0
T (1 (G v + -+ €745 w) VR VoD
VFV0,Voo
(1 _'__ ( ]degvoo . + flgé_l)]degvoo)Non_o(e_l)s> ‘

Recall from Section 2 that we have to count the maps ¢ : 7% x [, O — Z/{Z satistying (7),
together with the splitting conditions (18) and ¢,,(O,;) = 0. Let Cond(¢) be the conductor
of such a map ¢, and v a place of the conductor. For each fixed j, k,r in the first line above,
the ith term p, S degvoé’” gty o(vo)* Nv==Ds in the Euler product corresponds to the map
where ¢,(g,) = i and Voo (7)) = 7, for 1 < i < £—1. Considering all the places v of Cond(¢)
(including v.,, which is accounted for in the second line of the equation), the term in the
7, k,rth Dirichlet series above corresponding to the global map ¢ equals

<€;vj¢v(gv)degfu> X p; —rk deg vo H Xvé U0>k¢v(9v) X N(Cond<¢)) (&= 1)

VFV0, Voo

Summing over j, we obtain zero unless condition (7) is satisfied. Summing over r covers all
the possible values of Yo (7). Finally, summing over k yields zero unless condition (18) is
satisfied. Thus the sum of those terms over r, k, 7, together with the correcting factor %2 will
yield £N (Cond(¢))~“~Y* if both conditions (7) and (18) are satisfied and zero otherwise.

We also remark that the constant term of Fg(s) is ¢ if £ | degvy and 1 otherwise.
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When vy = v, we have,

{—1 -1 ¢—1
JT.'S(S) _ EQZZZpe—rkdegvm H <1+ gdegv+_ +§é£—1)]degv)NU_(g_1)s>
j=0 k=0 r=0 VF Voo
eguv —(V— 1
= _Z H <1+ Jdegv +§(f 1)j deg )Nv (¢ 1)s> ZZ}_U(S)-
7=0 v#vso

We note that since vy is split in the first case, and v, is split in the second case, X, (vg) = 1
in the first case and x,,(vs) = 1 in the second case. This results in the following symmetric
formula

| e e
kd
Fi) = EY S g

J:

o
i
o
=
Il
o

X

o (6 al0) o+ €7 () R N0
VFV0

which is valid for any place vy.
Separating the term with £ = 0 from the terms with & # 0, we obtain,
1
Fs(s) = z]:U(S)
-

1 /4-1
+

1 —7" egv .
7=0 k=1
where M (s, vg, split) is given by (12).
Applying Theorem 2.1, and Lemmas 3.2 and 3.3 to the generating function Fg(s), we get
1 A(u)
1+ (€ — 1)udegvo yn+l
-1 1 B(u)
R j
; Su=(lq)- 15(1 + b(vg)udegvo) g+l

+0 (q(1/2+5)“) )

1
N(ZJVZ,n, vy, split) = —zResu:qq

As before, the residue involving the function A(u) yields ¢" times a polynomial in n of
degree ¢ — 2. The main term when n goes infinity is given by the leading term of the
polynomial, and is

1 A(u)

1
R . _ —C n, 0—2 )
ESu=q 0(1 + (0 — 1)udesvo) g+l qn 0(1+ (£ —1)gdegvo)

Similarly the value of

_ 1 B(u)
u=(&0) " 71 1 b(vg)udegro) -+l

is O(¢") and it contributes to the constant coefficient of Pg(n).
22

Res



We now consider the Dirichlet series for cyclic extensions for which a fixed place vy is
inert. It is given by

Fi(s) = ]:U( ) — Fi(s)

Z H <1+ ( ]degv +€(€ ljdegv> Nvf(gfl)s)

J=0 v#vo
1 /—1 -1 ¢—1 ‘ A
_E_Q Zzpz—rkdegvo H (1 + ( zdegva,f(UO)k 44 fgge—l)]degUXU,Z(”O)(e_l)kﬂvv_(e_l)S)
7=0 k=0 r=0 v#£v0
(6 B 1) — jdegv ((—1)jdegv —(e—1)s
= X I+ (¢ C G ) No)
7=0 v#vg
1 l—1 (-1 ¢-1 '
2 p, " aeavo H (1 + (€)% Xy o (00)* + +§ge Didegey 78@0)(6—1)1@)]\[@—(@—1)3) .
j=0 k=1 r=0 v7v0

The main term is given by

(=1 _ =1 1 ) (-1 )
—f ]:U( ) / (1 4 (E— 1) Nvo_(e_l)s-A( )+ 1 +b(UO)NUO_(g_1)SB( )) .

The proof proceeds exactly as in the split case. In particular, this proves that
N(ZJ0Z,n, vy, inert) = (¢ — 1)N(Z/lZ,n, vy, split) + O (q(1/2+€)“) :
This concludes the proof of the Proposition 4.2. O
We are now ready to prove a more general statement.
Theorem 4.3. Let Vg, Vs, V; be three finite and disjoint sets of places of K. Let
N(Z/0Z,n; VR, Vs, Vi)

be the number of extensions of F,(X) with Galois group Z/lZ such that the degree of the
conductor is n, and which are ramified at the places of Vg, (completely) split at the places of
Vs and inert at the places of Vr. Let YV = Vr U Vs UV;. Then,

N<Z/€Z7 n VR7 VS) VI) = C@ (H CU> anVR7V57VI (n) +0 (q(%"ﬁ?)n)

e - (1) (o)

where Py, vg v, (X) € R[X] is a monic polynomial of degree ¢ — 2 and Cy is given by

(1 _ q72)€fl =2 ( jq72degv )
Cp=— 11 1- .
=l § 9V S e ey
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In addition,
¢ (g_ 1)q—degvo
1+ (£ — 1)g—dezwo
1

A EEE D
-1

Zf Vo c VR,

\ 6(1 + (6 — 1)q_degv0) if vo € Vr.

Proof. Let Vy = Vs U V.

We first construct the Dirichlet generating series with prescibed conditions for Vg, Vy,
and Vg = {vy,...,v,} C Vy. In other words, for the elements v € V; we will only prescribe
that they are in Vy and we will ignore the inert condition for the moment. We claim that
the generating series is then

Fyrvscvy (8)

_ Y ;7 Sl dosn
En—i—l .

< 11 ( ( Yo gl Udeg”HXM wp) =Dk )Nu“ 1)5)
vE€VrUVy he1l

> H < gdegv +§£€ 1]degv> NU_(Z_I)S.

vEVR

S,
o
@
0
N3
e b
>~
<
c\
@
=

Let us check that the formula above is correct. We want to count the maps ¢ with parameters
({r,},r) which are ramified at the primes of Vg, unramified at the primes of Vy and split
at the primes of Vg. Assume that we have 0 < r, < ¢ — 1 for all v € Vg, and r, = 0 for all
primes of Vy. For each fixed j, ki, ..., k,, the map ¢ with parameters ({r,},r) corresponds
to the component

( H ,OZ_T Soh—1kn degvhfgrv degv H Xv,f(vh Tvkh> < H é’%] degv) X N(Cond(gb))—w—l)s

vgVrUWy h=1 vEVR

of the Euler product. Summing over all j, k1, . .., k,, we get that the coefficient of N(Cond(¢))~~1*
is given by

/—1
—rkl deg v1 rvk E : —rkn deg vn 7'1) kn
< HXvE Ul 1) : ( Py Xv@ Un

k1=0 kn=0

- J Zu|C0nd(¢) Ty degv
X <§ &
=0

_ L f Zv|Cond(¢) rodegv =0 (mod ¢) and ¢ is split at vq,..., vy,
0 otherwise.
We now write the generating series as Fy, vscvy () = F, vacvy (5) + Fipvscyy (5), where

the first series contributes to the main term and the second to the error term. Taking
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(k1y ... ko) = (0,...,0) in Fy, vecyy, (s), we have

1 (6 — 1)Ny~(=Ds 1
1 — J—
Fravsen (8) = & ( 11 1+ (¢ = 1)Ny=(=Ds 11 14 (6 — 1)Nv—<€—1>s“4<5)

vEVR veEVY

b(v)Ny~—(=Ds 1
= 1 e 1 1+b(U>NU—<f—1>sB(S))’

vEVR vEVY

where as usual j = 0 gives the function A(s) defined by (13) and the other values of j give
¢ — 1 copies of the function B(s) defined by (14).
Taking (ki,...,k,) # (0,...,0) in Fy, yecy, (s), we have

1
II%R,VsCVU (S) = IS Z Z G(S) Mj,kl 77777 kn (5’ VR; VS, VU)
RTINS ST
where
G(s) — pzrzﬁq ky, deg vy, H < Zdegv 4. _i_géffl)jdegv) Nvf(gfl)s
r=0 ’UEVR

is analytic for all s € C, and where for each fixed vector (ki,...,k,) # (0,...,0), and for
each 0 < 7 </ — 1, we have that

M;er,on (8 VR, Vs, Vi)
= H <1 + ( Zdegv H Xv,f(vh>kh 4t gééfl)jdegv H Xv,é(vh)(el)kh> NU(€1)5> '
vg€VRrUVy h=1 h=1

Let N'(Z/0Z,n; Vg, Vs, V) be the number of extensions where the degree of the conductor
is n and with the prescribed ramification conditions at the primes of Vi and Vg, and unram-
ified at the primes of V;, i.e. the extensions counted by the generating series Fy, vscvy, (S)
above. By Theorem 2.1, and Lemmas 3.2 and 3.3,

N'(ZJUZ,n; Vg, Vs, Vi) =

1 (0 — 1)udesv 1 A(u)
_f_” <Resu=q_1 H 1+ (g _ 1)udegv H 1+ (g _ 1)udegv uhtl
vEVR vEVY

-1
b(v)udesv 1 B(u)
-1 Jv_1 _—
+(€ ) JZI ReSu:(QQ) H 1+ b(v)udegv 1_\)[ 14+ b(v)udegv untl
= vEVY

vEVR
+0 (q(1/2+5)n) )

As before, the residue involving the function A(u) yields ¢" times a polynomial in n of
degree £—2, and the residues of B(u) are O(¢"), so they contribute to the constant coefficient

of the polynomial, and not to the main term. The main term when n tends to infinity is
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then given by the leading term of the polynomial which is

1 (g _ 1>udegv ]_ A(U)
_6” (Resu:q—1 H 1+ (6 — 1)udegv H 1+ (g _ 1)udegv untl

vEVR vEVY
1 (0 —1)g 98 1 -2
20 = — Cog"n" "=,
( ) /n H 1+ (f— 1)q—degv H 1+<£_ ]_)q—degv eq
vEVR veEVY

We now proceed to add the conditions at the primes of V; = Vi \ Vs. Using inclusion-
exclusion, it is easy to see that

(21)  N(Z/UZ,w; VR, Vs, Vi) = Y (=DVIN'(Z)0Z,0; VR, Vs UV VP V).
f)]CV[

We can rewrite this in terms of generating series. Let Fy, vq v, (s) be the generating series
for the extensions counted by N(Z/(Z,n; Vg, Vs, V;). Then, it follows from (21) that

‘FVR7VS7VI(S) - Z (_1)IVI|‘FVR,V5U]>ICVU (8)
]}[CV[

- Z (_l)l ! (fVR,VsUf/ICVU(S) + FVR’VSUY/ICVU (S)) ’
VicVy

. . . . . 1
and the main term will be given by the sum of the poles of the generating series ]:VR,VSWICVU (s).

Using (20), this is given by

n 02 (=M (£ —1)g— " 1
Ceg"n Z €|v5|u|fjl| H 14+ (g _ 1>q—degv H 1+ (g _ 1)q—degv

ViCVr vEVR vEVyY

1 [Vs| /—1 [Vr| (g_ 1)q—degv 1
= C@qnn£72 <_> (—) H —degv H —degv
4 14 e 14+ (0 —1)gdes ey 14+ (£ —1)gdes

= () ( H Cu) qnnf—27

veEVRUVsUVT

where the ¢, are as in Theorem 4.3.
Dividing the last line by (15) completes the proof of the statement. O

4.1. Quadratic extensions. We now look specifically at the case £ = 2 as we obtain the
number of quadratic extensions of K with conductor n with no error term, and the ramified
case with a better error term without using the Tauberian theorem. The generating function
F becomes

F)=2+ Y DUL/E)T=][@+No)+ [ (1+ (-1)*"No™).
Gal(L/K)~Z/27 v v
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In this case,

A(s) = [T 1+ No=) =] —(f[_]]vj;_:f

Gkl (- g )14 g)
Ck(2s) 1—qg'=s
After making the change of variables u = ¢—*, we obtain

Ay = B0,

Analogously,

(1—¢">)(1—q)
1 _i_qlfs

B(s) = H (1 + (_1)deng,U—s) _

v

which equals A(—u) after the change of variables u = ¢~*. Then,
F(u) = A(u)+ A(—u)

_ (1_qu2>(1+u N 1—u>‘

1l—qu 1+qu

By identifying the coefficients in the power series expansion in u of the above rational
function for n > 0 with the coefficients of

24> N(Z/2Z,n)u",

n=1

we finally obtain that
(14 (=D (¢"—¢"%) n>3

N(Z/)2Z,n) = < 2¢* n=2
L0 n=1
(2(¢" — ¢ n> 2,1 even,
(22) = {9 n=2,
0 n odd.

Remark 4.4. Recall that the number of square-free monic polynomials of degree d > 1 is
g — ¢%='. In this case, we are counting twice the number of square-free monic polynomials.
The counting happens twice since every monic square-free polynomial f gives two quadratic

extensions corresponding to K (+/f) and K(y/Bf ) where 3 is a non-square in F*.
We now proceed to the ramified case.
udeg Vo (_u)deg V0
Frlv) = men AW+ T A0
udesv (1 + u) (—u)dsvo (] — y) )

= (1 — qu2) ((1 n udegvo)(217— qu) (1 + (—u)degvo)(l + qu)




We have

Thus,

udeg Vo

1 + udeg V0

A(u)

Aw) = (- )

= 1+ (g+Du+du®+ ) (¢"—q" .
n=3

n=3

W

Z(_l)k—lukdegvo + ((]+ 1)

k=1

£
Il
—
>~
Il
—

WE

k
Z(_l)k—lukdeg’uo + (q+ 1)

k=1 k=1 k=1
|~degv J
+ § E : m kdegvg quk:degvon)um
m=3+degvg k=1
00
1—q?2
E — qm degvou + O § u™
1+ q—gesvo
m=3-+deg vg m=deg vg

By identifying the coefficients of Fr(u) with the power series

we obtain,

N(Z/2Z,n, vy, ramified) =

Z N(Z]2Z,n, vy, ramified)u",

n=1

(1-q¢7?)

Trgdawd 0 OaL).

5. DISTRIBUTION OF THE NUMBER OF POINTS ON COVERS

(Z(—l)’“‘lu"“deg“) (1 +(g+ Dut g’ + ) (0" —q"

(_1)k—1ukdegvo+1 + q2 Z(_l)

)

(_1)k—1ukdegvo+1 + q2 Z(_l)

k—luk degvo+2

k—luk degvo+2

We explain in this section how the results of this paper apply to the distribution for the
number of F-points on covers C' on the moduli space H, .
Consider an f(-cyclic cover C' — P! defined over F, and let L be the function field of
C. As mentioned in Section 2.2 the genus go of the cover C' is related to the discriminant

Disc(L/K) via

which implies

(23)

2gc = (£ — 1) [~2 + 2 Disc(L/K)),

29c
= 2
n €—1+ ,

where n is the degree of Cond(L/K).
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Recall that the zeta function of a curve C' is given by

(24) Zo(u) = exp (Z #C(Fqn)%) :

Moreover,
Zp(u) = Zo(u)

with the usual identification u = ¢~*.
We recall that Vi is the set of places of K. Suppose that L/K is a Galois extension. We
can write

(25) Zu(w)= [ (- uf(v)degv)_r(”)’

VEVEK

where for each prime v, we denote by e(v), f(v),r(v) the ramification degree, the inertia
degree and the number of primes of L above v respectively.
Taking logarithm on both sides of the equality Z¢(u) = Z1(u) using (24) and (25), we get

umf(v) degv
m

S #OENS = 3 S )

vEVEK m=1

Equating the coefficients of u™ on both sides gives

(26) #CFp) = > r(v)f(v)degu.
£(0)depoln

Note that formula (25) implies that the fiber above an F -point of P! that corresponds to
the place v of degree 1 of K contains

¢ distinct Fy-points,  if v splits completely,
1 Fg-point, if v ramifies,
0 F,-points, if v is inert.

More generally, a place v of K corresponds to a Galois orbit of rational points of the same
degree of P'. The fiber above each point in the orbit contains

¢ distinct points of degree degwv if v splits completely,
1 point of degree degv if v ramifies,
1 point of degree ¢ deg v if v is inert.

To get the distribution of #C(F,) over H,,, we use the relative densities
N(Z/UZ, 7% + 2; Vg, Vs, V1)
N(ZJVZ, 25 + 2)

7 4—1

where we take the sets Vg, Vg, Vs to be mutually disjoint, and such that Vr U Vs U V; is a

subset of the set of primes of degree 1 in V.
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Then, using (26) with n = 1 and Theorem 1.1, we get
HC € Hyo(By) + #C(F,) = mj|
|Hg7f(Fq)|
N(Z/UZ, 2% + 2; VR, Vs, V1)
N(ZJ0Z, 2 +2)

- ¥

£ Vs|+|Vr|=m ) I—1
Z < -1 )|VR| ( q )IVS ( (5 _ 1)(] )q+1—|VR|—|vR|
sl NHO=L) g+ 0= ) g+ -1)

q+1
= Prob (2:)(Z = m) ,

=1

where the X, are the random variables of Theorem 1.3.
5.1. Affine models. We compare the results of this paper with the results of [BDFL10]

write the covers concretely in terms of affine models. Each such cover has an affine model
of the form

(27) C:Y'=f(X)=BALF i}
where the f; € F,[X] are monic, square-free, and coprime in pairs, of degrees dy, . .., dy—1. The
degree of the conductor depends on the degrees d, . .., d,_; and whether there is ramification

at the infinite place. The ramification at the infinite place is determined by whether the total

degree of the polynomial is divisible by £. When d; + - - -+ (¢ — 1)d,_ is a multiple of ¢, then

the cover does not ramify at infinity, otherwise there is ramification at infinity. In the first

case the degree of the conductor is d;+- - -+dy_1 and in the second case it is dy+- - -+dp_1+1.
By the Riemann-Hurwitz formula the genus of this cover is given by

go=U—-1)(di+-+dp1—2)/2=(L-1)(n—-2)/2
in the first case, and
go=U—=1)(di+-+d1—1)/2=(~-1)(n~-2)/2,

in the second. Either way, we recover the relation (23) between the genus g and the degree
of the conductor n.
For a given conductor, each § € F)/(F)" yields a different cover given by formula (27).

That is, there is one such extension for each element of F/ (]F;)Z . Using the notation from
[BDFL10], we define

Flar,de ) = 1(f1,- -+, fe=1) © fi monic, square-free, pairwise coprime, deg f; = d;,i = 1,...,(—1}.
Formula (3.1) of [BDFL10] says that

L, oqtit—+dea £-1
(28) |,F(d1 ..... dl71)| _ J4 Zq<2)£1 (1 ‘I’ O (Z qE(dh+~-~+d2—l)_dh + q—d1/2 ’
q

h=2
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where

=2 jq72degv
Ly o= 1-— )
0—2 ];[ H ( <1+q—degv)(1+jq—degv>>
The formula above may be rewritten as

/—1

(£ — 2)1C gt o)y

\Fiarode )| = RNy 1+0 an<dh+ Hden)=dn g o=d/2 ] |
h=2

Now suppose that we want to count the number of covers of genus g. For a conductor
fifz--- ffjll, there are ¢ different covers according to the class of leading coefficient as an
element of F/(F))*. Thus, we can write

(29) |H9,€(FQ>| - Z £|‘F[d1 ----- d£—1}|7

d1+~~-+d4_1:2(9+2)/(£_1)
di++({—1)dy_1=0mod £

where, for dy +---+ ({ —1)dy—1 =0 (mod ),

-1
ﬁch ,,,,, de_1] — .F(dl ..... de—1) U U -F(dl ..... di—1,...,dg_1)
j=1
This gives
Hoe(F)| = (£—2)ICq" Z (+ ET

di+-+de_1=n
di+++(¢—1)dg_1=0mod ¢

= Cm"*¢"+ ET,

where E'T" denotes an error term and in the last line, we used that the number of solutions
of dy +---+dy_; = nis given by (”M_Q) ~ A2

n e=2)

Then, the result of Theorem 4.1 is compatible with the result of Theorem 3.1 from
[BDFL10], in the sense that the summing the main terms of (28) gives the number of ele-
ments of H,, as computed with the techniques of this paper, even if the error terms coming

from (28) are only valid when dy,...,d;—1 — 0.
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