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ABSTRACT. Let G = [[;_, Gi be a product of simple real algebraic
groups of rank one and I" an Anosov subgroup of G with respect to a
minimal parabolic subgroup. For each v in the interior of a positive
Weyl chamber, let R, C I'\G denote the Borel subset of all points with
recurrent exp(R4v)-orbits. For a maximal horospherical subgroup N of
G, we show that the N-action on R, is uniquely ergodic if r = rank(G) <
3 and v belongs to the interior of the limit cone of I', and that there
exists no N-invariant Radon measure on R, otherwise.
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1. INTRODUCTION

Let G be a connected semisimple real algebraic group, and I' < G be a
Zariski dense discrete subgroup. Let N be a maximal horospherical subgroup
of G, which is unique up to conjugation. We are interested in the study of -
invariant ergodic Radon measures on the quotient space I'\G (from now on,
all measures we will consider are implicitly assumed to be Radon measures).
When I' is a uniform lattice in G, the N-action on I'\G is known to be
uniquely ergodic, that is, there exists a unique N-invariant ergodic measure
on I'\G, up to proportionality, which is the G-invariant measure. This result
is due to Furstenberg [15] for G = PSLy(R) and Veech [42] in general. Dani
[10] classified all N-invariant ergodic measures for a general lattice I'. Later,
Ratner [33] gave a complete classification of all invariant ergodic measures
for any unipotent subgroup action when I' is a lattice of G.
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2020 grant no. 833423 (Lindenstrauss) and the NSF grant 0003086 (Oh).
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When G is of rank one and I' is geometrically finite, there exists a unique
M N-invariant ergodic measure on I'\G, not supported on a closed M N-
orbit, where M is a maximal compact subgroup of the normalizer of N,
called the Burger-Roblin measure. This result is due to Burger [6] for convex
cocompact subgroups of PSLy(R) with critical exponent bigger than 1/2,
and to Roblin [34] in general. For G % SLa(R), Winter [43] showed that
the Burger-Roblin measure is N-ergodic, and hence the N-action on I'\G
is essentially uniquely ergodic. This relies on the fact that M is connected.
Indeed, for G ~ SLy(R) where M = {+e}, the Burger-Roblin measure has
one or two N-ergodic components depending on I' (cf. [27, Thm. 7.14]).

For geometrically infinite groups, there may be a continuous family of N-
invariant ergodic measures, as first discovered by Babillot and Ledrappier
([1], 12]). See ([36], [37], [24], [25], [30], [22], [23]) for partial classification
results in the rank one case.

In this paper, we obtain a measure classification result for the N-action
on Anosov homogeneous spaces I'\G which surprisingly depends on the rank
of GG: on the recurrent set in an interior direction of the limit cone of I', the
N-action is uniquely ergodic if rank G < 3, and admits no invariant measure
if rank G > 3.

When the rank of G is one, the class of Anosov subgroups coincides with
that of Zariski dense convex cocompact subgroups. To define it in general,
let P be a minimal parabolic subgroup of G. Let F denote the Furstenberg
boundary G/P, and F©) the unique open G-orbit in F x F. A Zariski
dense discrete subgroup I' < G is called an Anosov subgroup (with respect
to P) if it is a finitely generated word hyperbolic group which admits a
I-equivariant embedding ¢ of the Gromov boundary OI' into F such that
(C(x),¢(y)) € FO for all x # y in JT'. First introduced by Labourie [21] as
the images of Hitchin representations of surface groups, this definition is due
to Guichard and Wienhard [16]. The class of Anosov groups in particular
includes any Zariski dense Schottky subgroup (cf. [32], [13, Lem. 7.2]).

Let P = AMN be the Langlands decomposition of P, so that A is a
maximal real split torus of G, M is a compact subgroup which commutes
with A and N is the unipotent radical of P. Fix a positive Weyl chamber
at C a=1logA, and denote by £Lr C a™ the limit cone of I, i.e., Lr is the
smallest closed cone of a™ which contains the Jordan projection of T' (see
(2.1) for definition). It is known that if I" is Zariski dense, Lr is a convex
cone with non-empty interior [3, Thm. 1.2]. We denote by A C F the limit
set of I', which is the unique I'-minimal closed subset of F. Then

E:={[g] eT\G:gP €A}

is the unique P-minimal closed subset of I'\G. For each vector v € inta™,
define the following directional recurrent subset of &:

Ry = {z € I'\G : xexp(t;v) is bounded for some t; — +o00}. (1.1)
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It is easy to see that R, = 0 unless v € Lr. Since v € inta™ and AM
centralizes exp(Rv), R, is a P-invariant dense Borel subset of £ when it is
non-empty. In particular, R, is either co-null or null for any N-invariant
ergodic measure on I'\G. We are interested in understanding N-invariant
ergodic measures supported on R,.

In the rest of the introduction, we assume that

G= IL[Gi
i=1

where each G; is a rank one simple real algebraic group; hence r = rank G.
While G; can be isomorphic to PSLy(R), we exclude the case when G; is
isomorphic to SLa(R) in order to ensure that P is connected. We let I' < G
be an Anosov subgroup. For each v € int Lr, we denote by m>R the M N-
invariant Burger-Roblin measure for the direction v (see (6.1)). For Anosov
subgroups, it was shown by Lee and Oh that the family {m>® :v € int £r}
gives all N-invariant ergodic and P quasi-invariant measures on £, up to
proportionality ([26], [27]).
The main result of this paper is as follows:

Theorem 1.1. Let I' < G be an Anosov subgroup and v € inta™.

(1) Forr < 3 and v € int Ly, the N-action on R, is uniquely ergodic.

More precisely, m\,BR 1s the unique N -invariant measure supported
on Ry, up to proportionality.

(2) Forr > 3 orv ¢ int Lp, there exists no N-invariant measure sup-

ported on R,.

This theorem uses the result by Burger, Landesberg, Lee and Oh [8] that
R, is a co-null (resp. null) set for mER for r < 3 (resp. r > 3), which was
developed simultaneously, in part for the purpose of this work.

We note that the unique ergodicity as in (1) implies that mBR is N-
ergodic, reproving some special cases of [27, Thm. 1.1]. When r = 1 and
I" is a convex cocompact subgroup of G, this theorem recovers the unique
ergodicity of the N-action on &.

We deduce the following classification of N-ergodic measures supported
on the directional recurrent set

R = Uveint a+RV'

A measure p on I'\G is said to be supported on R if the complement of R
is contained in a p-null set.

Corollary 1.2. The space M of all N -invariant ergodic measures supported
on R is given by

M= {{m?R:veintﬁp} forr<3

0 for r> 3.
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We apply our theorem to some concrete examples considered in [7]. Let 2
be a surface subgroup with two convex cocompact realizations in rank one
Lie groups G1 and G». For each i = 1,2, denote by 7; : ¥ — G an injective
homomorphism with Zariski dense image. We assume that mo o 7 1 does
not extend to an algebraic group isomorphism G; — Ga.

It is easy to check that 'z, r, := {(m1(7),m2(y)) : v € £} is an Anosov
subgroup of G := G1 X Gs.

Corollary 1.3. For I' = I', », as above, the N-action on R, is uniquely
ergodic for each v € int Lr.

On the proof of Theorem 1.1. In the rank one case, i.e., when I is convex
cocompact, Theorem 1.1 follows from the combined works of Roblin [34] and
Winter [43] (see also [28] and [38] for G = SO°(n, 1) case). These proofs are
all based on the finiteness and the strong mixing property of the Bowen-
Margulis-Sullivan measure. In the higher rank case, although there exists
an analogous measure (which is also called the Bowen-Margulis-Sullivan
measure) for each direction v € int Lr, this is an infinite measure [26, Cor.
4.9] and it is not clear how to extend the approaches of the aforementioned
papers. We henceforth follow an approach of the recent work of Landesberg
and Lindenstrauss [22] for the case G = SO°(n,1) which is in the spirit
of Ratner’s work. The main technical result we prove in this paper is the
following:

Proposition 1.4. Let I" be a Zariski dense discrete subgroup of G and
v € inta™. Then any N-invariant ergodic measure p on Ry is P-quasi-
movariant.

Remark 1.5. We refer to Theorem 4.1 for a more general version, analogous
to the main theorem of [22] for G = SO°(n, 1).

Following [22], our proof of Proposition 1.4 utilizes the geometry observed
along the one-dimensional diagonal flow exp(Rv) of points in the support
of u to obtain an extra quasi-invariance of p. Roughly speaking, if, for pu-
a.e. ¢ € I'\G, we have zexp(t,v)g, = zexp(t,v) for some infinite sequence
t, — oo and g, € G converging to some loxodromic element gy € G, we show
that the generalized Jordan projection of gy preserves the measure class of
1, provided the attracting fixed point of gg is in general position with that
of gy L The last condition always holds in the rank one setting as any two
distinct points on F are in general position. In the higher rank setting,
this property is needed to ensure that the high powers of gg attract some
neighborhood of its attracting fixed point to itself, which is an underlying
key point which makes our analysis possible.

For G = SO°(n, 1), the conjugation action of an element of A on N is
simply a scalar multiplication, and both the Besicovitch covering lemma and
Hochman’s ratio ergodic theorem for Euclidean norm balls in the abelian
group N ~ RI™N were used in [22], in order to control ergodic properties
of N-orbits. In our setting where G is a product [[G; of rank one Lie
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groups, the horospherical subgroup N is a product [ N; of abelian and two-
step nilpotent subgroups and the conjugation action by exp(tv) scales N;’s
by different factors. The existence of exp(tv)-invariant family of quasi-balls
satisfying the Besicovitch covering property in this case is a consequence of
the work of Le Donne and Rigot [11, Thm. 1.2]. This is precisely the main
reason for our assumption that G is the product of rank one Lie groups. We
note that in the higher rank case, the ratio ergodic theorem with respect
to this family of quasi-balls in our N = [][N;, is available only when N
is abelian [12].] To sidestep the lack of the ratio ergodic theorem in the
generality we need, we use in this paper a modified argument relying only
on the Besicovitch covering property. In addition to technical difficulties
arising in the higher rank setting and from the fact that N is not necessarily
abelian, our proof of Proposition 1.4 is different from [22] also in this aspect.

Theorem 1.1 is then deduced from Proposition 1.4 together with the clas-
sification of I'-conformal measures on A of [26] (Theorem 6.1) and the di-
chotomy on the recurrence property of the Burger-Roblin measures accord-
ing to the rank of G, obtained in [8] (Theorem 6.2).

Rank one groups. While the main emphasis in this paper is on the higher
rank case, one can also deduce the following new result for all rank one
groups. Given Theorem 4.1 and the description of N-ergodic invariant and
P°-quasi invaiant measures (cf. [22, Lem. 5.2], [27, Prop. 7.2]), the following
corollary can be proved almost verbatim as [22, Cor. 1.1, 1.2] and [23, Thm.
1.5] where similar statements were established for G = SO°(n, 1).

For y € I'\G, we denote by radinj(y) the supremal injectivity radius at y.

Corollary 1.6. Let I" be a Zariski dense discrete subgroup of a simple real
algebraic group G of rank one. Let u be an N-invariant ergodic measure
supported on &.

(1) If the injectivity radius on T\G is uniformly bounded away from 0, then
at least one of the following holds:
(a) p is quasi-invariant under some lozodromic element of P,
(b) limy_,o radinj(x exp tv) = 0o for p-a.e. x and v € inta™.
(2) If the injectivity radius on T\G is uniformly bounded from above or if T'
is a normal subgroup of a geometrically finite subgroup of G, then either:
(a) p is proportional to mER|y for some T'-conformal measure v on A
and a P°-minimal subset Y C T\G (see (6.1) for the definition of
mBR ) or

(b) p is supported on a closed M N -orbit.

We remark that by a recent work of Fraczyk and Gelander [14], the injec-
tivity radius on I'\G is never bounded from above when G is simple with
rank G > 2 and Vol(I'\G) = cc.

1We mention that the only case when the ratio ergodic theorem is known and N is not
abelian is when G ~ SU(n, 1) and N is Heisenberg [20].
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Remark 1.7. For I' geometrically finite, an atom of a I'-conformal density
is necessarily a parabolic limit point which yields a closed M N-orbit, and
the so-called Patterson-Sullivan measure, say, v, is the unique atom-free I'-
conformal measure on A [40]. Therefore Corollary 1.6(2) implies the essential
unique ergodicity for the N-action as well as the N-ergodicity of ml]?OR]y for
each P°-minimal subset Y. Noting that the proofs given in [28] and [38] on
the N-unique ergodicity for SO°(n, 1) rely on the ratio ergodic theorem for
the abelian subgroup N which is not available for a general rank one group,

our paper gives the only alternative proof for a general rank one case after
Roblin and Winter ([34], [43]).

Organization. In section 2, we set up notations and recall basic definitions.
In section 3, we deduce the Besicovitch covering lemma for our setting from
[11] and state several consequences including the maximal ratio inequality.
In section 4, we prove Theorem 4.1, which is the main technical result of
this paper. In section 5, we prove Theorem 5.1 which in particular implies
Proposition 1.4, using Theorem 4.1 together with some properties of Zariski
dense subgroups. In section 6, we specialize to Anosov subgroups and prove
Theorem 1.1.

We close the introduction with the following open problems.

Open problem 1.8. For r < 3 and I' Anosov, is any N-invariant ergodic
measure on £ necessarily supported on R, for some v € int L?

Acknowledgement. We would like to thank Emmanuel Breuillard and
Amir Mohammadi for useful conversations on this work.

2. PRELIMINARIES

Let G be a connected, semisimple real algebraic group. We fix, once and
for all, a Cartan involution 6 of the Lie algebra g of G, and decompose g as
g =t P p, where £ and p are the +1 and —1 eigenspaces of 8, respectively.
We denote by K the maximal compact subgroup of G with Lie algebra ¢.
Choose a maximal abelian subalgebra a of p. Choosing a closed positive
Weyl chamber at of a, let A := expa and AT = expa™. The centralizer of
A in K is denoted by M, and we set N~ and N to be the contracting and
expanding horospherical subgroup: for a € int AT,

Nt ={geG:a"ga" — e as n — Foo}.

We set P* = MAN®*, which are minimal parabolic subgroups. As we will
be looking at the N ~-action in this paper, we set N := N~ and P = P~
for notational simplicity. We also set L = MA = PN P*.

Let wy € Nk (A) be the Weyl element satisfying Ad,, a*™ = —a™. Then
wy satisfies wgP_wal = PT. For each g € G, we define

gt :=gPc€G/P and g :=gwyP € G/P.
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Let F = G/P and F@) denote the unique open G-orbit in F x F:
FO =Glet,e)={(gt,g7) e Fx F:geG}.

We say that &, 7 are in general position if (£,7) € F®?).

Any element ¢ € G can be written as the commuting product gpgegu,
where g, g. and g, are unique elements which are conjugate to elements of
At K and N, respectively. We say ¢ is lozodromic if g, € @(int AT)p~! for
some @ € G, and write

M (g) == ¢ lgnp € int AT (2.1)
calling it the Jordan projection of g. We set
yg =" (2.2)

this is well-defined independent of the choice of ¢. We note that g fixes y,
and for any h € N, limg_, g¥(phe™) = y,, uniformly on compact subsets
of N, and for this reason, y, is called the attracting fixed point of g.

Bruhat coordinates. The product map N x Ax M x Nt — @G is injective
and its image is Zariski open in G. For ¢ € G and n € N with gn €
NAMNT, we write

gn = b (g,n)b*M (g,n)bN" (g,n) (2.3)

where bV (g,n) € N, b4 (g,n) € AM, bV" (g,n) € N* are uniquely deter-
mined. For each subgroup x = N, AM or Nt b*(g,n) is a smooth function
for each g € G and n € N whenever it is defined.

For convenience, for £ = ne™ with n € N and g € G with g¢ € Ne™, we
set

b*(g,€) == b"(g,n).

If g € G is a loxodromic element with y, € Ne™, the following generalized
Jordan projection of g is well-defined:

Ag) = 0" (g,y,).

We mention that the condition y, € Ne™ implies that there exists p € NN
such that ¢ = wa 'mp~! for unique a € int AT and m € M. In this
case, A\(g) = a~'m. In particular, the A-component of \(g) coincides with
M (g1, If ¢ is not loxodromic, we set A(g) = e.

3. COVERING LEMMA FOR exp tv-CONJUGATION INVARIANT BALLS

In the rest of the paper, let G :=[];_; G; where Gj is a connected simple
real algebraic group of rank one. For each 1 <14 <r, we identify G; with the
subgroup {(g;); € [[; Gj : gj = e for all j # i} < G and weset H; := HNG;
for any subset H C G. We have A = [, 4; and AT = [, A" where 4; is
a one-parameter diagonalizable subgroup of G;. Let «; denote the simple
root of G; with respect to A;. The subgroup N = N~ is of the form
N =TI, Ni, where N; is the contracting horospherical subgroup of G for Aj
and P = H.PZ for -Pz = MZAZNZ We set J—‘; = C:Z/.PZ
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As G has rank one, N; is a connected simply connected nilpotent sub-
group of at most 2-step. Let n; denote the Lie algebra of N;. When n; is
abelian, for each a; € A;, Adg, |, is the multiplication by e®i(logai)  When
n; is a 2-step nilpotent, we can write n; = n;, ®n;, where [n;;,n;,] C n;, and
n;, is the center of n;. We have that for a; € A;, Ad,, ’% = evillogai) gnqd
Ad(li |ﬂz'2 = e2ai(logai) (Cf [29])

We call a function d : N x N — [0,00) a quasi-distance on N if it is
symmetric, d(z,y) = 0 iff z = y, and there exists C' = C(d) > 1 such that

d(z,y) < C(d(z,z) +d(z,y)) forall z,y,z€ N. (3.1)

For s > 0 and =z € N, we set By(z,s) = {y € N : d(z,y) < s}. For
simplicity, we write By(s) := By(e, s). Note that whenever d is left-invariant,
By(x,s) = xBy(s) for all x € N and s > 0.

When N is abelian, it is well-known that Euclidean norm-balls of N
satisfy the Besicovitch covering property. In general, we deduce the following
from [11].

Proposition 3.1. For any v € inta®™ U {0}, there exists a continuous
left-invariant quasi-distance d = d, on N such that the family of balls
{B4(u,s) = uBy(s) : u € N,s > 0} satisfies the Besicovitch covering prop-
erty. That is, there exists a constant ky > 0, depending only on d,, such
that for any bounded subset S C N, and any cover {uBgy(ty) : u € S} of
S, for some positive function u +— t, on S, there exists a countable subset
F C S such that {uB4(ty) : u € F'} covers S and

Z ILU«Bd(tu) S Fv-

ueF

Moreover, if v =10, we can take d, = dg to be a distance, and if v # 0, we
have

By(e'r) = exp(tv) By(r)exp(—tv)  for allt € R and r > 0. (3.2)

Proof. For A > 1, consider the Lie algebra homomorphism n — n given
by X = Adep(ogay) X- Let I := {i : n;abelian} and J := {i :
n; is of 2-step}. Set t; := «;(v) > 0. For i € I, set V;, := n; and for
i€ J,set Vy, :=n;, and Vo, := n;,. Since J) acts on each V;, (resp. Va,)
by A (resp. M%), and > ,.; Vi, + Y ;e Var, is the center of n, it follows
that n = (®icrus Vi) ® (BiesVar,) provides commuting different layers for
the family {0x|A > 0} in the terminology of [11]. Hence [11, Thm. 1.2] pro-
vides the required quasi-distance such that d(dx(n1),dx(n2)) = Ad(ni,n2)
where 0y (n) = e198MVpe=(08 )V 450 denotes the Lie group isomorphism of
N induced from &y. For A\ = e!, this implies (3.2). If v =0, then ¢; = 2t; = 0
for all 4, and hence n = V. Now [11, Cor. 1.3, Def. 2.21] implies that do
can be taken to be a distance. (|
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Indeed, an explicit construction of d, has been given in [11]: for v € int a™,
for (X;);, (Yi)i € [I; Ni, and

dy((Xi)i: (Y)i) = maxd;(X;, y;)t/ei) (3.3)

where d; is a left invariant metric on NV; induced from an Euclidean norm
on n;.

For each v € intat (resp. v = 0), we fix a quasi-distance d, as above
(resp. a distance dp), and write for any € > 0 and u € N,

B,(u,¢) := By, (u,e), and By(e):= Byg,(e). (3.4)
We denote by m a Haar measure on N and by 2p the sum of all positive

roots, i.e., 2p =Y i, a;(dimN +dimZ(N)), where Z(N) denotes the center
of N. For v # 0, we have from (3.2) that for any R > 0 and u € N,

m(By(u, R)) = R*Ym(B,(u,1)). (3.5)
For v =0, dp is a left-invariant metric and by [17] (see also [5]), we have
m(Bo(u, R)) = O(RIMNFdmZ(N)), (3.6)

Lemma 3.2. Fizv € inta®, 3 >0, 0 < g < 12 and let u — t, be a
positive function on N. Consider the two collections of balls { By (u,etun;) :
u € N,t, > 0} for i = 1,2. Then for any bounded subset S C N, there
exists a countable subset ' C S such that { By (u;,e™iny) : u; € F'} covers S
and the following holds: for each u; € F,

#{uz S F: BV(Ui,et“inl) C Bv(ujyetujTIQ)) |tuz - tuj‘ S B} S “*(Vaﬁﬂhﬂh)

m(Bv(12)) ||2
m(Bv(ni))eH PlB, .

where K« (v, B,m1,m2) 1=

Proof. Set B, := By(u,e'*nm) and C, := By(u,euns). Let F C S and
{Bu, : u; € F} be respectively the countable subset and the corresponding
countable subcover of S given by Proposition 3.1. Fix u; € F'. Suppose that
By, U---UB,y,, CCy, and that [t,, —t,,| < for all 1 <4 < p. Since

p
Z ﬂBui S Ky :H-U?:IB“%"
=1

we have
m(Cy) 2 U B) 2 S m(By,). (37)
Vii=1
Using (3.5), we get
_ m(Bu)m(Bv(n2))
m(B,)>e 1261157, ), and m(C,.) = J .
(Bu) > (B)), and m(C,) = Tt

(By

It then follows from (3.7):
m)) . cl2elé,

M > £6_H2P”B, and hence p < o
m(Bumn)) > - Bl

—
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proving the claim. [l

The following is a consequence of the polynomial growth of the quasi-balls
B,(t) in N:

Lemma 3.3. Let u be an N-invariant ergodic measure on a Borel space Z
and fixv € int aTU{0}. For any bounded Borel subset 2 of Z with u(2) > 0,
there exists a co-null subset Z' (depending on Q) such that for all x € Z',
we have the following: for any r,e > 0, there exists a sequence t; — 0o such
that

va (ti+7) 1o(zn)dn

fB ]lQ xn)dn

<l+e (3.8)

Proof. For x € Z and a subset () C Z, we write
To(z) ={u € N :zu € Q}. (3.9)

By ergodicity of u, we know that p-almost every N-orbit intersects (2
non-trivially. Indeed, consider the set

E:={xeZ|m(Tq(x)N By(sy)) > 0 for some s, > 0}.
If x € E, then, for any u € N, there exists s > s, satisfying
B, (sz) C uBy(s)
and consequently
m(Ta(zu) N By(s)) = m(Ta(x) NuBy(s)) > m(Tq(x) N By(sz)) > 0,

implying zu € E. Hence the set F is N-invariant. Now, by ergodicity of p,
the set F is either null or conull. On the other hand, since

/ng DNB(1))du(z / /Jlnﬂmdu Jdn = m(B,(1))u(%) > 0,

the set {z € Z : m(Tq(z) N By(1)) > 0} has positive measure. Therefore
u(E) > 0, and hence E is conull. Set Z/ = E. Let € Z’ and s, > 0 be
such that m(Tq(z) N By(sy)) > 0. Suppose that (3.8) does not hold for x.
Then there exists t, > s, such that for all ¢ > ¢,

m(By(t+ 7)) >m(Tao(x) N By(t+7)) > (1+e)m(Tq(z) N By(t)).
It follows that for all k& > 1,
m(By(ty + kr)) > (1 +)*m(Tqa(z) N By(ts)).

Since m(By(t; + kr)) grows polynomially in k£ by (3.5) and (3.6), and since
m(Tq(x) N By(t;)) > 0, this yields a contradiction. O

A standard consequence of the Besicovitch covering property is the max-
imal ratio inequality. These are in fact equivalent when considering sym-
metric averaging sets, see [19] and references therein. For completeness we
include below a proof of this implication applicable to our setup:
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Lemma 3.4 (Maximal ratio inequality). Let u be an N-invariant ergodic
measure on a Borel space Z. Fiz v € inta™ U {0} and o > 0. For any
bounded measurable subsets Q1 and Qo of Z with u(2) < oo, we have

(N EY < 26,07 tu()

where

Et = {az €Z:3R>0 s.t/ 1g,(zn)dn > a/ 1g,(zn) dn} .
BV(R) V(R)
Proof. For Ry > 0, set
E(Ry) := {$ €Z:30< R<R;st / Lo, (zn)dn > a/ 1g,(zn) dn} .
V(R) V(R)

Since E(R;) is an increasing sequence of subsets whose union is ET and
1(Q2) < oo, it suffices to show that for any Ry > 0,

w(Q N E(Ry)) < 2rya ().

Fix a compact subset D = D(R;) C N so that 0 < m(DBy(R;1)) < 2m(D),
which is possible in view of (3.5) and (3.6). Let To(z) be defined as in (3.9).
For each x € Z with zu € E(Ry), there exists 0 < R, < R; such that

m(Tq,(z) N By(u, Ry)) < oc_lm(TQ1 (x) N By(u, Ry)).

Consider the cover C(z) = {By(u, Ry) : u € DN Tgg,)(z)} of the subset
D N Tg(g,)(z). By Proposition 3.1, we can find a countable subset I, C N
such that the family {By(u, Ry) : u € I} C C(x) covers D N Tg(g,)(z) and

> 1wr. < fvlps,(ry):
UEI(E
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‘We obtain:

(2 N E(Ry)) / / Lo,ne(ry) (Tn) dndp(z)

- m(lD / m(D N Tﬂsz(R1>( ) N (Uuer, By(u, Ry)))dp(z)

gm(lp/z (Tau (@) N By(u, Ry))dpu(a)

< a.wll /u;/ 1wy (1) - Lo, () dja()
i | | (Z 1, 0. (n >1al<m>du<m>dn
u€el

IN

/ /lgl xn)du(x) dn
Q-m DB, (R1)

a (m(D)Rl)) ulsh)

< 2—u(Q9).
au( 1)

4. SCENERY ALONG exp(R4v)-FLOW AND QUASI-INVARIANCE

As before, let G := [];_; G; where G; is a connected simple real algebraic
group of rank one. Let I' be a discrete subgroup of G. Let p be an N-
invariant ergodic measure on I'\G. In the whole section, we fix a vector
v € inta™, and set

a; :=exp(tv) fort e R.
For all x € T'\G, define

Si(v) == hmiup a; Ly~ 'Tga; = limsup Stabg(zay).

t—+00

The limsup,_, , ,, above is the topological limit superior, i.e., the collection
of all accumulation points; hence we may otherwise write

o0
= m U a_tg~1Tgay.

n=1t>n

As v € inta™, we have S, (v) = S;(v) for all n € N, and hence the measur-

able map x — S, is N-invariant. Since p is N-ergodic, there exists a closed
subset S,,(v) of G for which S,(v) = S,(v) for p-a.e. z € IT'\G.
For £,n € F, we set

D(gm) = {h €G: 10X0d1‘0mic, (yha§)7 (yh—lvn) S F(Q)}
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We remark that as G;’s are rank one groups, for a loxodromic element
h = (hi, -~ ,hy) € G with h; € G; and € = (&1,---,&) € F with & € F;,
we have (yp,,€) € F® if and only if yp, 7 & forall 1 <i <r.

The main result of this section is the following;:

Theorem 4.1. We have
A (SH(V) N (D(e-ﬁ—’e—) U D(e—,e+))) C Stabg([p]) (4.1)
where Stabg([p]) denotes the stabilizer in G of the measure class of .

When G is of rank one, any loxodromic element of G belongs to either
O(et,e-) OF Do +). Therefore (4.1) is same as saying

A(Su(v)) C Stabe([ul]);

this generalizes [22, Thm. 1.3] to all rank one Lie groups.
Since S, (v) ™1 = S, (v), D(ei ) = O (e~ e+), and Stabg([u]) is a subgroup

of G, (4.1) follows if we show:
A(Su(¥) 1D e+ o) C Staba([s]) (42)

The rest of this section is devoted to the proof of (4.2). We fix the left-
invariant quasi-distance d, as in (3.3) and set

N, := By(n) for each n >0
where B, (n) is defined as in (3.4). We set

ti = a;(v) >0 foreach1<i<r.

Since dy, = max; di1 /t where d; is a left-invariant metric on N;, for any n > 0,
the quasi-ball Ny, is a product of balls in N;:

Ny = [ Vin") (4.3)
i=1

where N;(n') := {x € N; : di(e;,z) < n'} and e; denotes the identity
element of G;.2
Fix any loxodromic element

ho € Spu(v) N O (et e-)-

Our goal is to show that \(hg) € Stabg([u])-

Writing hg = (h1,- -+, hy) component-wise, each h; is a loxodromic ele-
ment of G;. We write h; = gpia;lmigD;l for some a; € A;r —{e}, m; € M;
and ¢; € G; so that ¢, = p;e; € F; and gpj = gpie;r € F; are the unique

* e JF; means

attracting fixed points of h; and hi_1 respectively; here e;

2\We stress that the notation N; with subscript 7 is used solely for the subgroup G; NN,
whereas N, N, etc are used for quasi-balls in V.
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the i-th component of et € F = [L; Fi- As Gj is of rank one, we have
Fi = Nje; U {ej}. Since hg € O (¢+ o), we have, for all 7,

0, # e;-" and goj' #e; .
We denote by n; the unique element of N; such that
o, =mne; € Nse, . (4.4)

Using the diffeomorphism between N; and N;e; given by n — ne; , we
may regard d; as a left-invariant metric on N;e; , so that

di(ne; ,n'e; ) =di(n,n’) for all n,n’ € N;. (4.5)

7

Definition of 7. Since e; # gpzr and hence e; € ¢;N;e; , there exist
1o > 0 and J > 0 such that

Nye™ C HgoiNi(J)ei_. (4.6)
i=1

Lemma 4.2. There exists pgp = po(ho) € N such that for all p > po, and
1 <i<r, we have

1

for all z;, z; € ;N;(J)e; .

p P)e; and M, is a compact sub-

group normalizing N;, we have (a;lmi)pne; — e; as p — oo, uniformly for
all n € N;(J). Therefore w;(a; 'm;)PN;(J)e; is contained in a compact sub-
set of N, = Nje; for all sufficiently large p. Since Nje; is endowed with
a metric d;, induced from a Euclidean norm on n;, the Lipschitz constant
Lip(¢i|(a;1mi)PNi(J)ei‘) is well defined and finite. Since h? = ¢;(a; 'm;)Pp; !,

Proof. Since (a;lmi)pnef = (@i_p(m ”mz’_p)a

we have

Lip(hﬂwNi(J)ej)
< Lip(‘Pi|(ai—1mi)pNi(J)e )Lip((a;

i

1 1
mi)p|Ni(J)ei—)L1p(goi |%Ni(J)ei—)~
Since Lip((ai_lmi)p]Ni(J)ef) — 0asp— oo and (a; 'm;)PNi(J)e; — e; , we
have Lip(h? |%_ Ni( J)ef) — 0 as p — co. Therefore the lemma follows. O
Since h{ [T, niNi(néi)e_ — yn, uniformly, as p — oo, and yp, € Ne™,
by possibly increasing pg if necessary, we may assume that pg satisfies that
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for all p > po,

hh [ [ niNi(nfi) € NLN (4.8)
=1
sup | Jac, bV (Rb, )| < 1/2; (4.9)
uENnOyhO
hoNryny C Ny jayn,  for all 0 <7 < ng. (4.10)

We make use the following simple observation:
Lemma 4.3. If there exists p1 > 1 such that

{A(hg) : p = p1} C Stabg([ul),
then A(ho) € Stabg([u]).

Proof. Since Stabg([p]) is a group and A(ho)? = A(h{), the above lemma
implies that

A(ho) = M(ho)PT A (h) P € Stabg([u]).
O

Hence it suffices to show that for all p > pg, A(Rf) € Stabg([p]). In the
rest of this section, fix any p > pg and set

go = h‘g .
We now assume that

to := Mgo) ¢ Staba([1]) (4.11)

and will prove that this assumption leads to a contradiction.
We write g; = hY so that

9o = (g1, 9r)-
Noting that ¢;" and cpj are the attracting fixed points of g; and g, L re-
spectively, we set ¢ = (p1, -+ ,¢r). Hence pT = (o, -+, ) are the
attracting fixed points of gOil respectively. We set
Ygo ‘=@ -
Note that yg4, = yn,. By (4.7), for all £k € N, we have

di(gFzi, gf2}) < -di(zi, 2;) (4.12)

o(ti+1)k

for any z;, 2 € ;i N;(J)e; .
We begin by presenting a long list of constants and subsets in a carefully
designed order to be used in getting two contradictory upper and lower

bounds in Lemmas 4.15 and 4.16.
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Definition of E, O and Oy,. We fix subsets £ C I'\G and Oy, C L as
given by the following lemma:

Lemma 4.4. There exist an N-invariant p-conull set E C T\G and a
symmetric neighborhood Op, C L of e such that

ENE(OL = 0.

Proof. Since p is N-ergodic and ¢y ¢ Stab[u], p and p.fy are mutually
singular. Hence there exists a p-conull subset E' C T'\G with E' N E'{y = .
Let ¢ = 1if |u| = oo, and ¢ = |u| otherwise. Choose x € E’' N supp(u)
and a bounded neighborhood O C G of e such that p(zQ) > ¢/2. Set
F:=FEn x(%al(’). Since Fly C E'ly is a bounded null set, there exists
a symmetric neighborhood O, € LN O of e such that u(FOLl) < ¢/4.
Noting that u(xO — FOrly) > ¢/4, we may choose a compact subset C' C
2O — FOply with pu(C) > c/4. Since Cly 'O, C 20451 O, we have

Cly*OLNE C x06'ONE =F.

Since Cly 'O NF = () by the choice of C, we get Cl; 'O, NE’ = § and hence
pu(Cty '®1) = 0. Consider the following N-invariant measurable subsets:

E,:={zeI\G: / 1c(zn)dn >0}  and
N

Ey:={zeT\G: / Logio, (zn)dn = 0}.

Recall B,(j) denotes the set {n € N : dy(n,e) < j} for each j € N. Since
Jeerva S,y Le(zn)dndu(z) = p(C)m(By(1)) > 0, we have pu(E1) > 0 by

Fubini’s lemma. Since
/ / ' RCKJIOL (zn)dndu(z) = M(CﬁalOL)m(Bv(j)) =0,
zel\G v (7)

again by Fubini’s lemma, E3(j) is p-conull, where Es(j) := {z € T'\G :
va(].) ]105816% (zn)dn = 0}. Since Ep = M52, Es(j), the set Ey is p-conull as
well. Therefore, if we set ¥ = F1 N F», then E is an N-invariant measurable
subset with u(E) > 0. Now the N-ergodicity of  implies that F is a p-conull
subset. Moreover, we have £ N Eﬁal(’)L = (); to see this, suppose z = yﬁo_lﬁ
for some z,y € F and £ € Op. Then fN 110651(% (yfalfn)dn = 0. By chang-
ing the variable £; ' ¢n(¢51¢)™" — n, it implies that I ﬂczgloLE—leo (yn)dn =
0. Since C' C Cﬁal(’)Lf_lEo, we get [ Lc(yn)dn = 0, implying y ¢ E, yield-
ing contradiction. O

We set
Oy, = 6,0y, (4.13)
so that EN E(’)(ZJ1 = 0.

For a differentiable map f: N — N, let D, f : T,yN — T}, N denote the
differential of f at w € N. Let 7, : N — N denote the left translation map,
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i.e., 7y(n) = un for n € N. Choosing a basis B, := {v1, -+ , v} of TN, the
collection By, := {D¢ 7y (v1), -+, De (v )} gives a basis for T, N for each
w € N. The following Jacobian of f at u € N is well-defined, independent
of the choice of B,:

Jacy f = det [Dy flp/.

B . . .
Here [D, f] Bi ™) denotes the matrix representation of D, f with respect to
the indicated bases.
bAM(

Definition of rqi,ry. Since 90, Ygo) = Yo and bAM(

at Ygo, WE can find 0 < 71 < min; Wno such that

go, -) is continuous

bAM(907NT1y90) - 050‘
Set
.3
To = 47‘1.

Definition of k, ¢, 7. By (4.6), we have g} N;,je™ — yg4, uniformly as j — ooc.
Hence we may fix a large integer k > 1 which satisfies the following three
conditions for all 1 <7 <r:

er/QyQO - NTO g(];Nﬂoei C erygo§ (4.14)
o™ (g5, Ni(mo'")) € nali(rg /4); (4.15)
90b™ (96, Ny )Ny € NLNT (4.16)

where n; is given in (4.4). Since gFej # gFe;, we can choose 0 < n < %770
satisfying

gfel @ bNi(gF, e))Ni(n')e;  for all i (4.17)
We fix a small number 0 < ¢ < 1/2 so that for all 1 < i < r and z,y €
Ni(n'")e;

(2C)tidi($a y) < di(bNi (gzkv x)? b (957 y)) (4'18)
and

2¢ < min < inf | Jac, b™ (go, -], iIJl\f | Jac, b (g8, )|> .

u€Nr, ueNr,
Lemma 4.5. We have
b™ (g5, €)Nacy € b (g, Nyy) C b (g6, €) Ny, (4.19)
and
0™ (96, New) < bV (g5, €) Neoy. (4.20)
Proof. Fix 1 < i <'r. By (4.17), we have b"i(gF, e;)N;(nt)e; C gFNie;
and hence bVi(g¥, e;) Ni(n'?) C bNi(gF, N;). Let n € N;((2¢cn)t) be arbitrary.
There exists n’ € N; such that 6™ (gF, e;)n = b™i (gF, n’). We have, by (4.18),

(2¢)fd; (e, ') < di(b™i (g, €q), o™i (gF, )
=d; (" (gF, e:), i (gF, e;)n) = di(es,n) < (2en)"
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and hence d;(e;,n') < n'i. It implies
b (gf, e = 0™ (gf,n') € b (g, Ni("™)).

This proves the first inclusion in (4.19).
By (4.12) and (4.6), we have

di(gFne;, gfn'e;) < 27Fd;(ne;,n'e;) for all n,n’ € Ny(n').

In other words, for all n,n’ € N;(n'),

di (b™ (g7, n), 0™ (gF,n')) < 27Fdy(n, n'). (4.21)
Hence bYi(gF,-) has Lipschitz constant less than 1 on N;(n'), the right
inclusion in (4.19), as well as (4.20) follow. O

Lemma 4.6. We have
bN(go, bN(glg,v)Nro) C bN(gg,v)NrO for all v € N,,. (4.22)

Proof. As d; is left-invariant, the choice of k as in (4.15) implies that for any
v € N;(n'), we have

Vi (gf,v)Ni(réi) D niNi(?)Té"/Zl) and
i (gf, Ni(n')) Ni(ro") € niNi(3rg' /2).
Since r1 < min; mng and hence 37”61' /2 < 7731' by the definition of rg,
it follows from (4.12) and the property g;po; = ¢; that

gmiNi(?)réi/Q) C n,Nz(?)ré’/él)
Therefore, for any v € N;(n'),
O™ (g3, 0™ (g7, ) Ni(ro™)) C niNi(3rg /4) € 0™ (gF, ) Ni(r).
This proves the lemma. [l

Definition of V{. Since the following (4.23)- (4.30) are all open conditions
which have been proved at g = go in (4.9),(4.10), (4.14) and Lemmas 4.5 and
4.6, we may choose a bounded neighborhood Vj of gg in G such that those
conditions continue to hold for all g € Vp, u € N,,bY (g*, N,)) and v € N,;:

9N Ygo C Ny /2Ygos (4.23
Nm/?@/go C Nro gane_ C NT;[ygm (
bAM(gvu) € 0507 (
bN(gkae)NQCn C bN gk,Nn) C bN(gk,e)Nn and (
bN(gka Ncr]) C bN(gk, e)Ncn- (4.27
2¢ < | Jac, bV (g,)| < 1, 2¢ < |Jac, b (g%, )| <1 (
vN (g,0™ (6%, 0)Nyy) € b (g5, 0) N, (
gb™ (g*, N,)N,, C NLN*. (
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Definition of R, B, and By+. Since the sets Vo, N, and {b™ (g%, N,)) N;,, :
g € Vp} are bounded, it follows from (4.30) that there exist R > 0 and
bounded symmetric neighborhoods By, C L and By+ C N1 of e such that
for all g € Vp,

g"N, € NgBrBy+ and g™ (¢", N;)Nyy C NpBLBy+. (4.31)
Definition of 3, R’ and k.. We fix § > 0 such that
a; ' NpNyaiNe, C Noey  for all t > 8. (4.32)
We also fix R’ > 0 so that
U NeNy(aN,NeNeya; ') € Np. (4.33)
te[-5,8]

Recalling the notation from Lemma 3.2, we set

Np
Ky = Ky(v, B,cn, R') = mgve%nﬂ. (4.34)
e

Definition of Q, Q, On+, Q, Q. and Ty. Let E be an N-invariant -
conull set as in Lemma 4.4. We fix a compact subset 2 C E with () > 0,
and define

Q= QBB+ (4.35)
Since () = u(QNE), we can find a compact set Q C Q C QN F satisfying

~ c

Q- . 4.

Since @ C FE, we know N(Q(onl) = 0. By the uniform convergence theorem,
there exists a bounded symmetric neighborhood O+ C B+ of e for which
the set

Q1 = QO0N+O,] (4.37)
satisfies
2
S E— 4.
QL) < 16/{\,&0n*'u (4.38)
We fix Ty > 0 such that
Adg, By+ C On+  forall t > Tp. (4.39)

Definition of T3, i, 9, E and O. Since S;(v) = S,(v) for p-ae. z €
I'\G, we can find T} > Ty so that the set

QO := {2 € Q: Stabg(za;) N Vp # 0 for some Ty <t < Ty} (4.40)
satisfies
W€ - 00) < (o). (4.41)

Set
Q=N . (4.42)
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Since Q C Q. we have

~ 3
p() > () — (@~ ) > (), (4.43)
We define
2= {x e\G:3t>0st / 1g, (zn)dn > 20/ Ig(zn) dn}
atNyga; " atNpga; !

(4.44)

Set
Oy =0 — . (4.45)

Recall the notation for distance dy on N and the corresponding metric
balls By(r), r > 0, from Proposition 3.1. Consider the following set
0= {m eIN\G:3Ir>0st / lo=(zn)dn > < Lo, (xn)dn
Bo(T) R Bo(T)
(4.46)

Proposition 4.7. We have

p(022 —©) > (@)

Proof. Since a;Nyya; " = By(elrg) for any t,r¢ > 0, we may apply the max-
imal ratio inequality (Lemma 3.4) and (4.38) and get

2K 2 c

v Ry
o C Q) =
2c @) < c 16/<;V/<;0/£*'u( 16Kk«

Therefore, by (4.36),
pOQNE) < u(Q - Q) +u(@QNE) <
By (4.43), we have

() = (S — ) 2 (@) — @) > (- ) (@) > Jule)

w@NE) <

1(§2)

Q).
8H0K*M( )

Employing the maximal ratio inequality yet again, we deduce

20K« ~ 2K0K c 1
NHNO) < QNE . Q) = —u(Q
p(€2NB) < ——u( )<, SHM*M( )= ),
implying the claim by (4.43). O

Choice of zg, R;, Ry and D. We fix Ry, Rs > 0 so that N C By(Ry1)
and

U atBo(R1)a; ' C Bo(Ry). (4.47)
0<t<Ty

We choose zg and D as in the following lemma:



INVARIANT MEASURES AND RANK DICHOTOMY 21

Lemma 4.8. There ezist xg € I'\G and a ball D = By(Ry,) with Ry, > Ro
such that

fD ]lfma(xon) dn < < and faR Lo, (zon) dn 1
Jplea(@on)dn = k.’ Jp Loy (xon) dn <3

where 0p By(Rz,) := Bo(Ry,) — Bo(Rzy — 7).

Proof. Choose any xg € 2o — O, which is possible by Proposition 4.7. By
the definition of ©, x satisfies the first inequality for any ball D = By(R).
By Lemma 3.3, there exists R;, > Ry satisfying the second inequality, as
required. ([l

For any X C I'\G, define the subset Txy C N by
Tx :={neN:zme X}

Definition of ¢, a,, g,. By the definition of §; in (4.40), for each u € Tq,,
we can choose Ty < t,, < T3 such that

Stabg(zouayr, ) N Vy # 0.
We set a,, := a, for the sake of simplicity, and choose
gu € Stabg(xouay,) N Vp.
Lemma 4.9. For u € Tq,, we have ua,b™ (g%, Ny)a, ! C T=.

Proof. Let u € Tq, and vy € N, be arbitrary. Setting v} := b™ (g%, vy), we
need to show that zgua,vja,' € Z. Observe that for all v € N,

zou(ayva,t) = rouay(g.v)a, (4.48)
= zouay (b (gu, v) &M (gu, v) BV (gu, v))ay
= 20u(ayd" (gu, v)ay ) 8™ (g, 0) (@™ (gu, v)az ),

whenever b(g,,v) is defined. For any n € N, we can plug v = vjn into
(4.48) by (4.30), and get

zou(a,vhnay, ') = zou(ab®™ (gu, vhn)a, )(EaubN+ (gu, von)ay )

where £ := bAM (g, vin) € Oy, by (4.25).
Recall that bV (g, vin) € B+ by (4.31) and Adg, (By+) C O+ for all
t > Ty by (4.39). It follows that

aub™ " (gu, vin)agt € One.
Since
zou(ayb™ (gu, vhn)a;t) = xou(auvénagl)(aubN (gu,von)a; )1,
and Q| = QOn+ (’)[Ol as defined in (4.37), we have for all n € N,

]lQ(xouauvénagl) <lg, (a:ou(aubN (Gus vén)a;l)). (4.49)
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Note that

/ 1g(zouayvgay (aynayt)) dn
N

70

< / 1o, (xouaubN(gu,vén)agl) dn by (4.49)

0

< (20)_1/ 1g, (zou(aynay,')) dn by (4.28) and Lemma 4.10
bN(guy'U(l)N'ro)

< (2¢)7! //N 1g, (zou(aynay,t))dn by (4.29)
Yo4V¥ro

= (2¢)71 / 1o, (zouayvhay (aynayt)) dn.

0

Hence by the change of variable formula, we have

/ ) HQL (wouauvéaqjln) dn > 20/ ) HQ(wouau’Uéa;ln) dn.
auN,-Oa;

auNTO Ay

In view of definition (4.44), this proves that zoua,vjay leE. O

Although the following lemma, which was used in the above proof, should
be a standard fact, we could not find a reference, so we provide a proof.

Lemma 4.10. For any measurable function f: N — R and a differentiable
map ¢ : N — N, we have

[ (£ 0w gac, ol dn = [ fu)an

Proof. Since N is a simply connected nilpotent Lie group, the Haar measure
dn on N is the push-forward of the Lebesgue measure d Leb on n = Lie N by
the exponential map. Let ¢ := logo ¢ o exp. Note that Id +% ad, € GL(n)
is unipotent for all z € n, as ad, € End(n) is a nilpotent element. We claim
that | Jaces ¢| = | Jacy @|.

Since N is a nilpotent Lie group of at most 2-step, we have for any n,n’ €
N7

1
log(nn') = logn + logn’ + i[log n,logn'].



INVARIANT MEASURES AND RANK DICHOTOMY 23

Hence, we get via a direct computation:
d
- log ¢(e”) " 1o(e"e)

dt
d =tlx
= Slogg(er) I p(en i)

d r i z T\— T 1 T
= 2 (logo(e") " + log 6(e" ) 1 llog p(e”) !, log (e300 )

= (dahad_g) (LG + 1+ 3]

= (Id +% ad_gg(x)) o (Dy qg)(y + %[:L”,y])

Now let x € nand y € T.=N. In view of the identification n = T,.N ~ T, N
for n = e” and ¢(e"), we have

Der 6(4) = | ole”) o(e"e)
7 i exp olog gi)(ea’)_lqb(ezety)

log (c*) ("))

d
- Doesp) (|

~ 1
= (DO exp) © (Id“ +% ad—q;(z)) o (DI ¢) (y + 5[1‘7 y])
= (Dgexp) o (Idn+3 ad_j,)) © (Dy §) © (Idy +3 ady) (y)
where we have used the convention %\tzoﬁ S T,B(O)N to denote the element
of T() NV represented by a smooth curve 8 : (—¢,e) — N. Since Dgexp :

Ton — T, N = n is the identity map Id, under the identification Thn ~ n and
Id, +% ad, : n — n has determinant one for any z € n, being a unipotent

matrix, we deduce that det(Der ¢) = det(D, ¢), proving the claim. Hence
for any measurable function f: N — R, we have

J (7o) | Tacyoldn = [(Fod)(e) | Jacer o] dLeb(a)
= [(Fo)(@) 300 6l dLeb(o) = [ Fla)dLebia) = [ fn)dn

where we have used the change of variable formula for the Lebesgue measure
in the second last equality. This proves the lemma. O

Definition of B,, J,. For each u € Tq,, we define

B, = uauNcnagl, and

Ju = {ua, b (¥, n)ay! : n € Ny, wouayna;’ € Q.
Lemma 4.11. For all u € Tg,, we have

2c-m(By N Tq) <m(Jy).
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Proof. Defining ¢, : N — N by ¢, (n) = u(a,na;!), we have
Ju = (pu o b™(g5,7) 0 03 )(Bu N Ta).
For all v € N, CN,, we have 2c < | Jac, b™ (gF, )| by (4.28), and hence
2¢ < | Jacy(@y 0 bV (g%, ) 0 o b))
The lemma follows from Lemma 4.10. (]
Lemma 4.12. For any u € Tq, N (D — 0r,D), we have
Ju C Tarz N D.

Proof. Let u € T, and v € J, be arbitrary. Then v = u(a,b" (g¥,n)a; ")
for some n € Ng,;. Since zou € €21 we have for all n € N,

zou(aynay, ') = zouay(gin)a;* (4.50)

= aouan (b (g5, m) b (95, m) b (g, m))ar!

= aou(aub® (g5, may ) b (g, ) (anb™” (g, m)ay),
with bAM (g% n) € By, and bV (g%, n) € By+, by (4.31). Since t, > Tp, we
have a,b™" (g%, n)a;’ € Oy+ by (4.39). Hence,

wov = zou(ayb™ (g5, n)ay ")
= zou(auna, ) (@™ (g5,m) " a0 (gl )~ € QO+ By
Since On+ C By+ we deduce
zov € QBy+Br, C Q.

By Lemma 4.9, since v = u(a,b™ (g%, n)a; ') with u € Q; and n € N, C N,
we have zgv € E implying v € Tg =
Further assuming that u € D — dg, D, since b™ (g¥,n) € Nr C Bo(R1),
by (4.31), it follows from (4.47) that
aub™ (g%, n)a, ' € Bo(Ry).
Since dy is a distance, satisfying the triangle inequality, we deduce that
v € D, as claimed. O

Properties of coverings. For all u € Tq,, we have
v (g, e)Nacy C v (g, N,) C vV (g, e)N, and (4.51)
bN (gl Nen) bV (ghs €) Ney.
Setting
wy = ua b (¥, e)a; !, (4.52)
we have
Ju C wuauNcnaqjl and (4.53)

-1 N k -1 -1
Wy Ay Noeny,w C uayb™ (gy, Np)a,  C wyayNpay, ™.
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Since bV (gk,e) € Ng by (4.31), we have w, € ua,Nga;'. Hence
Jy C wuauNgcnagl C uaubN(gﬁ, Nn)a;1 C uauNRNnazjl. (4.54)
Lemma 4.13. If u;,u; € Tq, satisfy that Jy, 0 Jy; # 0, then
(1) a;}aug‘NRNnanlau@-Ncn Z Nacy,
(2) ui_luj S auiNRNna;ilauanNRa;jl,
(3) By, C uiauiNRNn(a;ilaujNnNRNcna;jlaui)a;il, and
(4) a;ilauj C exp([—8, B]v).

Proof. To prove (1), let v € J,,NJy;. By (4.54), we have uj_lv € ay; NRNna;jl
and by (4.53), we have v wy, € ay,Neya, !, using the fact that Ne, is sym-
metric. Hence,

-1

5w, = (uj o) (0 wy,) € au; NrNyay, ! ay, Neay, ' (4.55)

u J

Since u; € T, and uj € Tz, we have u; ¢ uiauibN(gﬁi,Nn)a;il by Lemma
4.9. It follows from (4.53) that u; & wy, @y, Nocnay !, or equivalently,

;

Wy, & G, Ngcna;}.
Note that by (4.55),
a;}u;l

proving (1). We now prove (2). Since Jy, N Jy, # 0, by (4.53) and (4.54),

-1 -1
Wy Oy € Ay, aujNRNnauj Ay, Ney — Noe,

uiauiNRNna;il N W)y, NRNna;jl # (.
Since N,, and Npr are symmetric, we get
ui_luj € auiNRNna;ilauanNRa;jl.
To check (3), observe that
By, = ujay, Ncna;jl = ui(ui_luj)auj Ncna;j1 (4.56)
C ui(auiNRNna;ilauj NnNRa;jl)auj Ncnagj1
-1

-1 -1
= Uiay; Nr Ny (ay, auanNRNcnauj Qo )y, s

where the inclusion C follows from Claim (2). Claim (4) follows from (1) by
the choice of § as in (4.32). O

Lemma 4.14. For a bounded subset S C Tq,, consider the covering {B,, :
u € S}. There exists a countable subset F' C S such that {By, : u; € F'}
covers S and

D 1y, < ke (4.57)

where Ky is given in (4.34).
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Proof. Let {B,, : u; € F} be a countable subcover of S given by Lemma
3.2 with respect to the parameters 8,71 = c¢n and n2 = R'. Since S C Tq,,
note that whenever J,, N J,,; # 0, we have |t,;, —t,,;| < 8 by Lemma 4.13(4).
Moreover by Lemma 4.13(3), and the definition of R’ > 0 as given in (4.33),
we also have

-1 . -1
By, = ujauchnauj C Cu; = ujay;Nrra,,

Therefore, if Jy, N--- N Jy, # 0 for some g > 2, then

q
U By, C Cy,
j=1
and [t,; —t,,| < B for all 1 <4,j < ¢q. Hence by Lemma 3.2, we get g < K.
Hence the claim follows. U

Lemma 4.15 (Lower bound). We have

m( |J unD )= m(Te,nD)

Rk

Proof. First, note that the union in the statement is indeed measurable as
this is a union of open sets in N. Consider the cover

F:={B,:ueTq,N(D—0gr,D)}

of the bounded subset Tq, N (D — Jr,D), where Ry is given (4.47). By
Lemma 4.14, we can find a countable subset F' C Tq, N (D — dr,D) such
that the collection {B,, : u; € F'} covers Tq, N (D — dr,D) and

> 1y, <A (4.58)
u; EF

By Lemma 4.12, we have J,, C D for all u; € F' C Tq, N (D — 0gr,D).
Hence, using (4.58), we get

m( |J unD|=m| |J Z%Zm(Jm).

ueTq, wEF *ueR

Since m(Jy,) > 2c-m(By, N To) by Lemma 4.11 (recall that Qy C Q), we
have

2 2
m( |J JunD ZK—CZm(BuiﬂTQ)Z;Cm(TQQH(D—aRZD)),

UGT92 * u; EF

where the last inequality holds as {B,, : u; € F'} is a cover of Tq, N (D —
Or, D). Since

2-m(Tq, N (D —0gr,D)) >m(Tq,ND)
by the second inequality of Lemma 4.8, the claim follows. (|



INVARIANT MEASURES AND RANK DICHOTOMY 27

Lemma 4.16 (Upper bound). We have

m| |J JunD | < Zm(Tg,ND).

UGTQQ

K

Proof. By Lemma 4.12 and the fact that Qo C 21, we have

lJ ZunDcTgnD.

’LLETQ2

By the choice of z( satisfying the first inequality in Lemma 4.8, we have

mﬁmgﬂn<émﬁmﬂm,

implying the claim. ]

These two lemmas yield a contradiction to the hypothesis (4.11) that
Mgo) = A(hf) & Stabg([u]). As p > pp was arbitrary, we deduce that
A(ho) € Stabg([p]) by Lemma 4.3. Therefore we have proved (4.2) and
hence Theorem 4.1.

5. MEASURES SUPPORTED ON DIRECTIONAL RECURRENT SETS

Let G = [[;_; G; be a product of simple real algebraic groups of rank one.
Let I'g < G be a Zariski dense discrete subgroup of G, and I' be a Zariski
dense normal subgroup of ['y.

For v € int a™, define

Ry ={T\I'g € I'\G : limsup T'p\Log exp(tv) # 0}. (5.1)
t—o00

As T is normal in I'g, Ry is well-defined.

The main goal of this section is to deduce the following theorem and
corollary from Theorem 4.1:

Theorem 5.1. For v € inta™, any N-invariant, ergodic measure pi sup-
ported on Ry is P° quasi-invariant.

Corollary 5.2. Set R*(intat) := Uycintat RE. Any N-invariant, ergodic
measure p supported on R*(int a™) is P° quasi-invariant.

We remark that any N-invariant, ergodic and P°-invariant measure on £
is of the form mBR|y for some I'-conformal measure v on A and P°-minimal
subset Y C I'\G (see (6.1) and [27, Prop. 7.2]).

Proposition 1.4 is a special case of Theorem 5.1 when I' = I'g and M is
connected. We recall that as long as none of Gj is isomorphic SLa(R), M is
always connected [43, Lem. 2.4].
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Properties of Zariski dense groups. In the following Theorem 5.3, and
Lemmas 5.4 and 5.5, we let ¥ be a Zariski dense discrete subgroup of any
semisimple real algebraic group G. Note that ¥ contains a Zariski dense
subset of loxodromic elements [3]. The following theorem can be deduced
from the work of Guivarch and Raugi [18].

Theorem 5.3. [27, Cor. 3.6] Any closed subgroup of M A containing the
generalized Jordan projection \(X) contains M°A.

We denote by A(X) C F the limit set of ¥, which is the unique ¥-minimal
subset.
We refer to [13, Def. 7.1] for the definition of a Schottky subgroup of G.

Lemma 5.4. Let O be a Zariski open subset of F. Any Zariski dense
subgroup 3 of G contains a Zariski dense Schottky subgroup 31 with A(¥1) C
0.

Proof. This can be proved similarly to the proof of [3, Prop. 4.3] (see also
proof of [13, Lem. 7.3]). First, we may assume that ¥ is finitely generated.
Hence there exists an integer n := ny > 1 such that the subgroup (")
generated by " is Zariski connected for all v € ¥ [41].

Since @ and F®) are Zariski open in F and F x F respectively, we can
choose open subsets bf;t, 1 = 1,2 whose closures are contained in O and which
are pairwise in general position.® By [3, Lemma 3.6], for each i = 1,2, the
subset {7 € X : loxodromic, (yy,y,-1) € b; x b; } is Zariski dense. Hence
there exists g € ¥ such that v, := g7 is loxodromic and (y.,, yvfl) € bf xby .
By [41, Proposition 4.4], there exists a proper Zariski closed subset F,, C G
containing all proper Zariski closed and Zariski connected subgroups of G
containing ;. Hence we can find a loxodromic element go € ¥ — F,; such
that (ng,yg;1) € by x by. Set 2 := gi. By definition of n and F,,, the
subgroup X := (vF,~5) is Zariski dense for any k > 1.

We can find open subsets Bi:t C F,i=1,2such that N\Z_ (B NB;) £0
and 7% (B:F) C b for all sufficiently large k > 1. Fix one such k. If we take
& € M2_1(B;FNB;"), then $x& is contained in the union U;—; (b Ub; ) C O.
Since the closure of ¥;&y contains A(Xy), which is the minimal Yi-subset,
it follows that A(3;) C O. O

Lemma 5.5. For any £, € F, set
O(em =19 € G : lozodromic, (yy,€), (yg-1,1) € F@n, (5.2)

For any Zariski dense subgroup ¥ of G, the intersection ¥ N O ¢ ) contains
a Zariski dense Schottky subgroup of G.

Proof. For £ € F, the subset Og := {¢' € F : (£,¢') € F?)} is Zariski open.
By Lemma 5.4, 3 contains a Zariski dense Schottky subgroup 1 consisting

3Two subsets A and B of F are in general position if A x B C F®,
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of loxodromic elements and with A(31) C O¢. Now ¥; contains a Zariski
dense Schottky subgroup Yp with A(¥3) C O,. Then X5 C O (¢ ) since

{yy1 € F iy € Ba} C A(X2) C Oy N Og.
]

Proof of Theorem 5.1. As p is supported on R, there exists z = [g] € R}
such that S, (v) = S;(v). By the definition of R}, there exist v; € I'g and
t; — 400 such that ;g exp(t;v) converges to some hy € G. Since I is normal
in T, it follows that S,(v) contains X := hg 'Thg, and hence

Su(v) D X
Hence by Theorem 4.1,
AEND et ey) C Stabg([u]).

Since X is Zariski dense, by Lemma 5.5, the intersection 3 N O+ .- con-
tains a Zariski dense discrete subgroup, say Y’. Since the closure of the
subgroup generated by A\(X') contains AM® by Theorem 5.3, we get AM° C
Stabg([u]), proving the claim.

Proof of Corollary 5.2. By Theorem 5.1, it suffices to show the following
lemma:

Lemma 5.6. Any N-invariant, ergodic measure ji supported on R*(int a™)
is supported on R for some v € inta™.

Proof. For any subset U C inta™, we set
R*(U) := Uyer'RY, € T\G.

Note that R*(U) is N-invariant, since R} itself is N-invariant for each u €
int a*. Note that R*(int a™) = J,cg Rf where S := {u € inta™ : |Jul = 1}.
Let (I'\G, A, 1) be the completion of the measure space (I'\G, B, ), where
B is the Borel o-algebra of I'\G.

Claim. For any open set U C S, the set R*(U) belongs to A and is either
p-null or co-null.

Given U, denote Xy = I'\G x U equipped with the product o-algebra
B ® By with respect to the Borel o-algebras on I'\G and U. Define the
function ¢ : Xy — [0, 00| by

(@, u) = lim inf dp\g (2, 2 exp(tu)),

where dr\ is the metric induced from the left-invariant metric on G. The
function @ is clearly B ® By-measurable and therefore so is the set W :=
¢71([0,00)). Note that R*(U) = mp\g(W) is the image of W under the
projection map 7\ : Xy — ['\G. We would have liked to conclude that
R*(U) is itself Borel measurable but this might not be true. Fortunately,
we have the following Measurable Projection Theorem [9, I11.23]:
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Let (Y, F) be a measure space and let (U,By) be a Polish space, i.e. a sep-
arable completely metrizable space, together with its Borel o-algebra. Let
X =Y x U together with F ® By be the product measure space. Then for
any set W € F ® By, the projection ny (W) C Y is universally measur-
able, that is, wy (W) is contained in the completion of F with respect to any
probability measure v on (Y, F).

The space U is clearly Polish whenever U is open in S. Since y is equiva-
lent to a probability measure, say, fdu for some 0 < f € L*(p) of norm= 1,
this theorem implies that R*(U) = mp\q(W) € A. By the properties of the
completion o-algebra, there exist Borel measurable sets Q1 C R*(U) C Q2
satisfying u(Q2 — Q1) = 0. Since R*(U) is N-invariant we have

Q1N C R*(U)N = R*(U) C Q,

and hence pu(Q1AQ1N) = 0, where A denotes symmetric difference. By
ergodicity, this implies that @1, and hence also R*(U), are either p-null or
co-null, proving the claim.

Now take a countable basis {Uy ;} of S consisting of open balls of diameter
at most 1/2. By the claim above, the sets R*(Uy ;) are either p-null or co-
null. Since p is supported on

R*(inta®) = R*(S) = [ R*(U1,),
i>1
there exists some i; for which R*(Uy,,) is co-null. Take a countable ba-
sis {Ua;} of Uy, consisting of open balls of diameter at most 1/4. Then
there exists Us;, C Uy, for which R*(Uas,) is co-null. Continuing in-
ductively, we get a decreasing sequence of balls Uy;, D Us;, D --- of di-
ameters diam Uy ;, < 2k satisfying that R*(Uy;,) are p-co-null. Hence
i Uk,i,, = {v} for some v € S and R} =, R*(Uk,,) is co-null for p. O

6. UNIQUE ERGODICITY AND ANOSOV GROUPS

We begin by recalling the definition of Burger-Roblin measures given in
[13]. Let I' be a Zariski dense discrete subgroup of a connected semisimple
real algebraic group G. Denote by ¢r : a - RU{—o00} the growth indicator
function of I' defined by Quint [31]. Let ¢ be a linear form on a and v a
(T, ¢)-conformal measure supported on the limit set A. This implies ¢ > ¢p
[31, Thm. 1.2]. When the rank of G is one, 1 is simply a real number and
Yr is equal to the critical exponent of I'. The Burger-Roblin measure mBR
associated to v is the M N-invariant Borel measure on I'\G which is induced
from the following measure mER on G/M: using the Hopf parametrization

G/M = F@ x a given by gM — (g%, 97, By+ (e, 9)),
dmBR(g) = VPt (©ON+2005-(©9) g, (g )dmy (g™ )db, (6.1)

where db is the Lebesgue measure on a, m, is the K-invariant probability
measure on F and 3.+ (e,g) € a and 3,- (e, g) € a are respectively given by
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the conditions
g € Kexp(By+(e,9))N and g € K exp(Adu, (B, (e, 9)))NT.

Now, let T' be an Anosov subgroup of GG, as defined in the introduction.
For each v € int Lr, there exist a unique linear form ¢, € a* such that
¥y > Ypr and ¥y(v) = ¢r(v) and a unique (I',,)-conformal probability
measure supported on the limit set A, which we denote by v, (see [35] and
[13, Theorem 7.9]). We set

mBR . — mEVR. (6.2)

Note that if Rv = Ru, then 1, = 1, and hence mER = mBR,

We recall the following result of Lee and Oh, which is based on their
classification of I'-conformal measures on A [26, Thm. 7.7]:

Theorem 6.1. [27, Prop. 7.2] Any N-invariant ergodic and P°-quasi in-
variant measure on & is of the form mBR|y for some v € int Lr and some
P°-minimal subset Y C T'\G, up to proportionality.

Indeed in [26], it was also shown that each mP®|y in the above theorem
is N-ergodic; however we will not need this result.
For v € inta™, set
Ry :={z € € : limsupzexptv # 0}.
t—+o00
We also recall the following recent result obtained by Burger, Landersberg,
Lee and Oh:

Theorem 6.2. [8] Let v € int Lr and u € inta™.
e Ifrank G < 3, then mPR(I\G — R,) = 0.
e Ifrank G > 3 or Ru # Ry, then mBR(R,) = 0.

Proof of Theorem 1.1. Let p be an N-invariant measure supported on
Ry for some u € inta™. In view of the ergodic decomposition, we may
assume without loss of generality that p is ergodic. By Proposition 1.4, u
is P quasi-invariant. Since P = P° under the hypothesis that none of G; is
isomorphic to SLa(R), it follows from Theorem 6.1 that u = mP® for some
v € int Lr. By Theorem 6.2, this implies that rank G < 3 and Rv = Ru and
hence u € int Lr; in other cases, such p cannot exist. This proves the claim.

Proof of Corollary 1.2. By Corollary 5.2, any N-invariant ergodic mea-
sure supported on R is supported on R, for some u € inta™. Hence the
claim follows from Theorem 1.1.
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