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ABSTRACT. In this note, we show that a finite collection of stable subgroups of a finitely generated
group has finite height, finite width and bounded packing.

1. INTRODUCTION

There is a well-developed theory of convex cocompact subgroups of Kleinian groups. This
has been generalized, first to mapping class groups [FM02, KL08, Ham08, MS12], and then to
Out(Fn) [DT14, HH14, ADT16] over the last several years. Further extending these notions, a
general theory of subgroup stability was introduced by Durham and Taylor [DT15].

The purpose of this note is to extend some well-known intersection properties of quasiconvex
subgroups of hyperbolic or relatively hyperbolic groups [GMRS98, HW09] to the context of stable
subgroups of finitely generated groups:

Theorem 1.1. Let H1, · · · ,Hl be stable subgroups of a finitely generated group. Then the collection
H = {H1, · · · ,Hl} satisfies the following:

(1) H has finite height.
(2) H has finite width.
(3) H has bounded packing.

The proof of finiteness of height follows the same line of argument as [GMRS98] and has already
been used to observe finiteness of height in convex cocompact subgroups of mapping class groups
and Out(Fn) [DM16]. For this, we use the treatment of stable subgroups initiated by Cordes–
Durham [CD16], which identifies subgroup stability with a form of convex cocompactness. See
Section 2.2 for details. The other two properties in Theorem 1.1 require an essentially different ar-
gument, and for this we follow ideas from Hruska–Wise [HW09]. In fact, we establish a somewhat
stronger property than bounded packing: For a finite collection of pairwise close stable subsets,
there exists a coarse barycenter, or equivalently, stable subsets satisfy a "coarse Helly property"
(see Proposition 5.3 for a precise statement).

Combining Theorem 1.1 with existing work of a number of authors, we have the following (see
[CD16] for an elaboration on these examples):

Corollary 1.2. Let the pair (G,H) of a finitely generated group and a subgroup H satisfy one of
the following:

(1) G is hyperbolic and H is quasiconvex in G.
(2) G is relatively hyperbolic and H is a finitely generated subgroup quasi-isometrically em-

bedded in the coned off graph [Far98].
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(3) G = A(Γ) is a RAAG with Γ a finite graph which is not a join and H is a finitely generated
subgroup quasi-isometrically embedded in the extension graph.

(4) G = Mod(S) and H is a convex cocompact subgroup.
(5) G = Out(Fn) and H is a convex cocompact subgroup.

Then H has finite height, finite width and bounded packing.

Proof. Item (1) is the content of [GMRS98] and [HW09]. The other items follow from Theorem
1.1 along with work by various authors establishing that H is stable in G. For (2) this is due to
[ADT16], for (3) this is due to [KMT14], for (4) this is due to [DT15], and for (5) this is again
[ADT16]. �

We also give a couple of straightforward applications. Using work in [Sag95], [Sag97], [HW09],
we have the following.

Corollary 1.3. (See Corollary 5.2.) Suppose H is a finitely generated stable codimension 1 sub-
group of a finitely generated group G. Then the corresponding CAT(0) cube complex is finite
dimensional.

Similarly, using work in [Sch97], [Mj08], we prove the following:

Proposition 1.4. (See Proposition 5.7.) Let G1,G2 be finitely generated groups with Cayley graphs
Γ1,Γ2, word metrics d1,d2, and stable subgroups H1,H2. Let Λ1, Λ2 be the limit sets of H1,H2 in
the Morse boundaries ∂MG1,∂MG2 respectively. Let Ji, i = 1,2, be the collection of translates
of Hwi, the weak hulls of Λi in Γi. Let φ : J1 →J2 be uniformly proper. Then there exists a
quasi-isometry q from Γ1 to Γ2 which pairs the sets J1 and J2 as φ does (in particular, Γ1,Γ2
are quasi-isometric).

2. PRELIMINARIES

2.1. Subgroup stability. We recall some material from [DT15, Cor15].

Definition 2.1. Let X be a geodesic metric space and f : R≥1×R≥0 → R≥0 be a function. A
quasigeodesic γ in X is f –stable if for any (K,ε)-quasigeodesic η with endpoints on γ , η ⊂
N f (K,ε)(γ), the f (K,ε)-neighborhood of γ .

The function f is called the stability function of γ .

Definition 2.2. Let Φ : X → Y be a quasi-isometric embedding between geodesic metric spaces.
X is called a stable subspace of Y and Φ is called a stable embedding if there exists a stability
function f such that every pair of points in X can be connected by an f -stable geodesic in Y .

If H ≤ G are finitely generated groups, H is called a stable subgroup of G if the inclusion map
i : H→ G is a stable embedding.

Note that if H is a stable subgroup of G, then the coset gH is also stable in G with the same
stability function. We will need the following basic lemma, which follows from the definitions.

Lemma 2.3. Suppose that H is a stable subgroup of a finitely generated group G. For any D≥ 0
there exists R≥ 0 such that if γ is a geodesic in G whose endpoints have distance D from H then

γ ⊂ NR(H).

Moreover, such a geodesic is stable with stability function depending only on D and that of H.

We conclude this section by recalling a result of Cordes:
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Lemma 2.4 ([Cor15, Lemma 2.2 and 2.3]). Suppose that X is a geodesic metric space and let α ,
β , and γ be the sides of a geodesic triangle ∆ in X. If α and β are f –stable, then ∆ is δ–thin and
γ is f ′–stable, where δ ≥ 0 and f ′ depend only on f .

2.2. Boundary convex cocompactness. The Morse boundary ∂MX of a geodesic metric space
X was defined in [Cor15, CH16]. We shall not need the exact definition. Suffice to say that one
can think of it as consisting of asymptote classes of sequences of points which can be connected
to a fixed basepoint o ∈ X by stable geodesic rays. Let H be a finitely generated group acting
by isometries on a proper geodesic metric space X . The limit set ΛH ⊂ ∂MX is the set of points
which can be represented by sequences in H · o. It is proved in [CD16] that ΛH is independent
of the base-point o. The weak hull Hw(H) of ΛH in X is the union of all geodesics with distinct
endpoints in ΛH .

Definition 2.5. [CD16] H acts boundary convex cocompactly on X if
(1) H acts properly on X;
(2) For some (any) o ∈ X, ΛH is nonempty and compact;
(3) For some (any) o ∈ X, the action of H on Hw(H) is cocompact.

Let G be a finitely generated group and H ⊂ G a subgroup. H is boundary convex cocompact
in G if H acts boundary convex cocompactly on any Cayley graph of G with respect to a finite
generating set.

The following theorem was proven by Cordes and Durham:

Theorem 2.6. [CD16] Let G be a finitely generated group and H a subgroup. Then H is stable in
G if and only if it is boundary convex cocompact.

In this case, H is hyperbolic and the inclusion map i : H → G extends continuously and H-
equivariantly to an embedding of ∂H into ∂MG which is a homeomorphism onto its limit set ΛH .

2.3. Height, Width and Bounded Packing. For a subgroup H ≤ G, we write Hg = gHg−1.

Definition 2.7. [GMRS98] Let G be a group and H a subgroup.
• Conjugates Hg1, · · · ,Hgk are essentially distinct if the cosets g1H, · · · ,gkH are distinct.
• H has height at most n in G if the intersection of any (n+1) essentially distinct conjugates

is finite. The least n for which this is satisfied is called the height of H in G.
• The width of H is the maximal cardinality of the set {giH : |Hgi ∩Hg j |= ∞}, where {giH}

ranges over all collections of essentially distinct cosets.
Similarly, given a finite collection H = {H1, · · · ,Hl}, conjugates Hg1

σ(1), · · · ,H
gk
σ(k) are essentially

distinct if the cosets g1Hσ(1), · · · ,gkHσ(k) are distinct. The finite collection H of subgroups of G
has finite height if the intersection of any (n+1) essentially distinct conjugates is finite. The width
of H is the maximal cardinality of the set {gσ(i)H : |Hgi

σ(i)∩Hg j
σ( j)| = ∞}, where {gσ(i)H} ranges

over essentially distinct cosets.

A geometric analog of height was defined by Hruska and Wise.

Definition 2.8. [HW09] Let G be a finitely generated group and Γ a Cayley graph with respect
to a finite generating set. A subgroup H has bounded packing in G if, for all D ≥ 0, there exist
N ∈ N such that for any collection of N distinct cosets gH in G, at least two are separated by a
distance of at least D.

Similarly, a finite collection H = {H1, · · · ,Hl} of subgroups of G has bounded packing if, for
all D≥ 0, there exist N ∈N such that for any collection of N distinct cosets gHi : Hi ∈H , at least
two are separated by a distance of at least D.
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Equivalently, H has bounded packing in G if for each D there exists N = N(D) bounding
the cardinality of collections {g1Hσ(1), · · · ,grHσ(r)} of pairwise D−close distinct left cosets of
elements of H . Here, closeness is with respect to minimum distance between cosets.

3. LIMIT SETS AND HEIGHT

In this section, we show that some standard arguments in the theory of Kleinian groups go
through in the more general context of stable subgroups. A proof of the following lemma is
sketched in [Gro93] for quasiconvex subgroups of hyperbolic groups.

Lemma 3.1 (Intersection of limit sets). Let H1,H2 be stable subgroups of a finitely generated
group G with limit sets Λ1,Λ2 in ∂MG. Let Λ3 be the limit set of H1∩H2. Then

(1) H1∩H2 is stable, and
(2) Λ3 = Λ1∩Λ2.

Proof. Let Γ be a Cayley graph of G with respect to a finite generating set. The first statement fol-
lows immediately from a result of Short [Sho91] which states that the intersections of quasiconvex
subgroups of an arbitrary finitely generated group is quasiconvex.

Since H1∩H2 ⊂ H1, Λ3 ⊂ Λ1. Similarly, Λ3 ⊂ Λ2. Hence Λ3 ⊂ Λ1∩Λ2.
To prove the opposite inclusion, let p ∈ Λ1 ∩Λ2. We want to show that p ∈ Λ3. Since H1,H2

are stable, there exist (uniform) quasigeodesics γi ⊂ Hi, i = 1,2 converging to p. Without loss of
generality, we may assume that γ1,γ2 both start at 1 ∈ Γ. By stability, γ1,γ2 lie in a uniformly
bounded neighborhood of each other in Γ [Cor15, Corollary 2.6]. In particular, there exists g ∈ G,
and infinitely many gi ∈ γ1, hi ∈ γ2, such that gig = hi for all i. Hence g = g−1

i hi for all i and
so gig−1

1 = hih−1
1 ∈ H1∩H2 for all i, thus producing an infinite sequence of elements in H1∩H2

converging to p. �

The proof of the following Proposition is a reprise of the elementary argument in
[GMRS98] using limit sets in the Morse boundary.

Proposition 3.2 (Finite height). Let H = {H1, · · · ,Hl} be a finite collection of stable subgroups
of a finitely generated group G. Then H has finite height.

Proof. As before, let Γ be the Cayley graph of G with respect to a finite generating set. Let Λi
denote the limit set of Hi. By Lemma 3.1, the limit set of ∩ jH

g j
σ( j) is the intersection of the limit

sets of Hg j
σ( j), which in turn is the intersection Λ∩ of the limit sets g jΛσ( j) of g jHσ( j). Supposing

that ∩ jH
g j
σ( j) is infinite, Λ∩ consists of at least two points.

If γ is a geodesic in the weak hull of Λ∩, then g−1
j γ is in the weak hull of Hσ( j) and so by

Theorem 2.6, g−1
j γ ⊂ ND(Hσ( j)), for some D depending only on H . Hence, if x is any point along

γ then ND(x) meets each g jHσ( j). The number of cosets of any Hi is therefore bounded by the
cardinality of the ball ND(x), which is finite as G is finitely generated and the Cayley graph Γ is
taken with respect to a finite generating set. The conclusion follows. �

Also, Theorem 2.6 immediately gives the following:

Proposition 3.3. Let H ⊂ G be stable. Then H is of finite index in the stabilizer of ΛH and hence
in the commensurator CommG(H) of H in G.
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Proof. The stabilizer Stab(ΛH) stabilizes the weak hull Hw(H) and acts properly on it. Since H
acts cocompactly on Hw(H) by Theorem 2.6 and H ⊂ Stab(ΛH), it follows that if K is a compact
(weak) fundamental domain for H in Hw(H) (i.e. a compact subset of Hw(H), whose H−translates
cover Hw(H)) there at most finitely many elements g of Stab(ΛH) such that gK∩K 6= /0. It follows
that [Stab(ΛH) : H]< ∞. Since CommG(H)⊂ Stab(ΛH), the last assertion follows. �

4. WIDTH AND PACKING

To prove finiteness of width and bounded packing, we cannot reprise the argument in [GMRS98]
which uses compactness of the boundary and global hyperbolicity in an essential way. In [HW09],
Hruska and Wise give a new proof of finiteness of width for quasiconvex subgroups of hyperbolic
groups. Here, we adapt their argument to stable subgroups of arbitrary finitely generated groups.

4.1. Finiteness of width and bounded packing. We begin by proving bounded packing for a
single stable subgroup.

Theorem 4.1. A stable subgroup H of a finitely generated group G has bounded packing.

Proof. Let C be a collection of left coset of H in G whose D-neighborhoods intersect pairwise.
Our goal is to bound the size of C in terms of D, and following [HW09], we do so by induction on
the height of H. This is possible by Proposition 3.2.

Translating by G, we may assume that H ∈ C . Moreover, if gH ∈ C , then gH = hxH for h ∈ H
and x ∈ BD(1), since gH is D−close to H. We fix x ∈ BD(1) and bound the number of cosets of
the form hxH in C . Since the number of such x is bounded, this will establish the theorem.

Hruska and Wise show that for any L≥ 0 there is an L′ ≥ 0 so that

NL(H)∩NL(xH)⊂ NL′(K),(1)

where K = H ∩ xHx−1 [HW09, Lemma 4.5]. Moreover, there is a bijection, hxH ↔ hK, and the
height of K in H is strictly less than the height of H in G [HW09, Lemma 4.2]. Since K is a stable
subgroup of H by Lemma 3.1, the induction hypothesis implies that K has bounded packing in H.

We finally claim that there is a D′ depending only on D such that the D′-neighborhoods of the
hK intersect pairwise in H. By bounded packing, this will imply that the number of such cosets
of bounded. Using the bijection above, this in turn bounds the size of C as required. To prove the
claim, let h1,h2 be such that h1xH,h2xH ∈ C . Pick points a,b,c ∈ G such that

a ∈ ND(H)∩ND(h1xH), b ∈ ND(H)∩ND(h2xH), c ∈ ND(h1xH)∩ND(h2xH).

Applying Lemma 2.3, we see that for R≥ 0 depending on D, [a,b]⊂ NR(H), [b,c]⊂ NR(h2xH),
and [a,c] ∈ NR(h1xH). As these form a triangle of uniformly stable geodesics (Lemma 2.3), there
is a δ ≥ 0 depending only on D (and the stability function of H) such that this triangle is δ -thin
(Lemma 2.4). Hence, there is a w ∈ [a,b] within distance δ from both [b,c] and [a,c]. We conclude
that w is contained in the intersection of the (2R+ δ )–neighborhoods of H and hixH for i = 1,2.
Applying the containment Eq. 1, there is a L′ ≥ 0 such that

w ∈ N2R+δ (H)∩N2R+δ (hixH)⊂ NL′(hiK)

for i = 1,2. We conclude that the G-distance between h1K and h2K is at most 2L′. Since H is
undistorted in G, we conclude that there distance in H is at most D′, which depending only on D
and the stability function of H. This concludes the proof. �

Theorem 4.2. Let H = {H1, · · · ,Hl} be a finite collection of stable subgroups of a finitely gener-
ated group G. Then H has bounded packing in G. Further, H has finite width.
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Proof. First, let C be a collection of coset of subgroups in H whose D–neighborhoods intersect
pairwise. By Theorem 4.1, for each i = 1, . . . , l there is a Ni ≥ 0 such that the number of coset of
Hi in C is at most Ni. Hence, #C ≤ ∑

l
i=1 Ni and so H has bounded packing.

Finite width comes from the fact that if Hg1
i ∩Hg2

j is infinite for i, j ∈ {1, . . . , l} and g1,g2 ∈ G,
then the cosets g1Hi and g2H j have intersecting D–neighborhoods, for D depending only on H .
To see this, set K = Hg1

i ∩Hg2
j and let k ∈ K be an infinite order element. Since k is a Morse

element of G, it produce two points k∞ and k−∞ in

ΛK = g1ΛHi ∩g2ΛH j ⊂ ∂MG,

using Lemma 3.1. Let γ be a geodesic in the weak hull of K joining k−∞ and k∞. Then g−1
1 γ

lies in the weak hull of Hi and g−1
2 γ lies in the weak hull of H j. Since each subgroup of H acts

cocompactly on its weak hull by Theorem 2.6, there is a D depending only on H , such that γ lies in
the intersection of ND(g1Hi) and ND(g2H j). Finite width now follows from bounded packing. �

5. APPLICATIONS

A number of applications of finite width and bounded packing can be found in the literature. In
this Section, we mention a couple of these consequences for stable subgroups. Note that we have
listed a number of examples of stable subgroups in the introductory section (Corollary 1.2).

(1) Dimension of cubulation
In [Sag95, Sag97] (see also [HW09]), Sageev proves the following:

Proposition 5.1. Suppose H is a finitely generated codimension 1 subgroup of a finitely gener-
ated group G satisfying bounded packing. Then the corresponding CAT(0) cube complex is finite
dimensional.

Combining with Theorem 4.2 we have as an immediate Corollary:

Corollary 5.2. Suppose H is a finitely generated stable codimension 1 subgroup of a finitely gen-
erated group G. Then the corresponding CAT(0) cube complex is finite dimensional.

(2) Relative Rigidity
In [Mj08], the first author showed that a uniformly proper bijection between configurations of weak
hulls of limit sets of quasiconvex subgroups of hyperbolic groups comes from a quasi-isometry of
the groups, thus extending a result of Schwartz [Sch97]. The same proof works here once we
prove the following strengthening of bounded packing, which provides a "coarse Helly property"
for stable subsets:

Proposition 5.3 (Coarse centers). Let H = {H1, · · · ,Hl} be a finite collection of stable subgroups
of a finitely generated group G. For each D≥ 0 there exists R≥ 0 such that if C is a collection of
pairwise D–close cosets of subgroups of H , then there is an x ∈ G such that,

NR(x)∩gHi 6= /0

for each gHi ∈ C .

Proof. Fix a Cayley graph Γ for G and for simplicity assume that Γ contains Cayley graphs of the
Hi as subgraphs. By Theorem 4.2, #C ≤ N for some constant N ≥ 0 depending only on D.

Consider the connected subgraph of Γ,

Y =
⋃

ND(gHi),
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where the union is over all gHi ∈ C .

Claim 5.4. The subgraph Y is f ′–stable in X, where f ′ depends only on D and the stability con-
stants of the subgroups in H .

Let us see how the proposition follows from the claim. Since Y is stable in X , Y is δ–hyperbolic,
with δ depending only on f ′ ([DT15, Lemma 3.3]) and the subgraphs gHi are quasiconvex. Hence,
we may apply either [NR03, Lemma 7] or [Mj08, Lemma 3.3] which give an R≥ 0, depending on
N and δ , and an x ∈ Y such that the R–ball about x in Y meets each gHi ∈ C . This will complete
the proof.

Hence, it remains to establish the claim. We do so by induction on N = #C . For N = 1, there is
nothing to prove. In general, write Y =YN ∪Z where Z = ND(gHi) for some gHi ∈ C and YN is the
union of D–neighborhoods of the cosets in C \ {gHi}. Note that YN is f ′–stable by the induction
hypothesis and Z is stable with stability function depending only on D and that of Hi. Let a,b ∈ Y
and assume (as we may) that a ∈ YN and b ∈ Z. Further, pick any c ∈ YN ∩Z and choose geodesics
α = [a,c], β = [b,c], and γ = [b,c]. By stability of YN and Z, α and β are uniformly stable and we
conclude from Lemma 2.4, that γ is contained in a uniformly bounded neighborhood of Y and is
uniformly stable. Hence, we conclude that Y is uniformly stable in Γ. (Note that “uniform” here
depends on N, which is bounded by Theorem 4.2.) �

Let G1,G2 be finitely generated groups with Cayley graphs Γ1,Γ2, word metrics d1,d2, and
stable subgroups H1,H2. Let Λ1, Λ2 be the limit sets of H1,H2 in ∂MG1,∂MG2 respectively. Let
Ji, i = 1,2, be the collection of translates of Hwi, the weak hulls of Λi in Γi. Each di induces a
pseudo-metric on the collection Ji for i = 1,2 by regarding J,K ∈Ji as closed subsets of Γi. We
continue calling this induced metric di.

Definition 5.5. A bijective set map φ from J1 →J2 is said to be uniformly proper if there
exists a function f : N→ N such that

(1) For all J,K ∈J1, d1(J,K))≤ n⇒ d2(φ(J),φ(K)≤ f (n),
(2) For all J,K ∈J2, d2(J,K))≤ n⇒ d1(φ

−1(J),φ−1(K)≤ f (n).

Definition 5.6. A map f from Γ1 to Γ2 is said to pair the sets J1 and J2 as φ does if there exists
a function h : N→ N such that for all p ∈ Γ, J ∈J1, d1(p,J)≤ n⇒ d2( f (p),φ(J))≤ h(n).

The axioms of [Mj08, Section 3.4] are now verified exactly as in that paper. (The main point in
[Mj08] is the existence of a coarse barycenter, which in our context is established by Proposition
5.3.) We thus have the following:

Proposition 5.7. Let G1,G2, Γ1,Γ2, d1,d2 and J1,J2 be as above. Let φ : J1→J2 be uni-
formly proper. Then there exists a quasi-isometry q from Γ1 to Γ2 which pairs the sets J1 and J2
as φ does (in particular, Γ1,Γ2 are quasi-isometric).
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